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PREFACE. 


WE have endeavoured in the present work to combine some of 
the modern developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modern notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Regarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. VI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution ; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
case of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
found it necessary, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 


gible as possible to the beginner; and at the same time to omit 
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no proposition which might be found useful in the application 
of this calculus. For many of the examples in this Chapter, 
as well as in other parts of the work, we are indebted to the 
kindness of Mr. Cathcart, Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the medium of the functions of the diffe- 
rences of the roots of equations—this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraic forms. In the Chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly 
the Traité @ Algébre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, which have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are 
indebted mainly, among published works, to the Lessons 
Introductory to the Modern Higher Algebra of Dr. Salmon, and 
the Theorie der bindren algebraischen Formen of Clebsch ; and 
in some degree to the Théorie des Formes binaires of the 
Chev. I’. Fua De Bruno. We must record also our obligations 
in slices department the doh as to Mr. ae Roberta, ke 


bd Theory and Solution y daseia poe Laie. 1835 ; eaiag and 
Solution of Cubic and Biquadratic Equations, London, 1842; and Theory and 
Solution of Algebraical Equations of the Higher Orders, London, 1843. 


Preface. vil 


whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the University of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by him at the Uni- 
versity Hxaminations. 

In the Chapter on Complex Numbers and the Complex 
Variable we have followed closely the treatment of imaginary 
quantities given by M. Briot in his Legons a’ Algébre. 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Rubini, and papers in the mathematical journals by Boole, 
Cayley, Hermite, and Sylvester. 


In the present edition we have introduced a short Chapter 


on the Covariants and Invariants of Combined Forms, and 


have added, in Notes at the end of the volume, an enumeration 
of the concomitants of the quintic and sextic. The section also 
of the last Chapter treating of Geometrical Transformations has 
been considerably enlarged. In the preparation of this edition 
we have received many valuable suggestions from Mr. Russell, 
Fellow of Trinity College, to whom we desire here to express 


our acknowledgments. 


Trinity CoLieeE, 


May, 1892. 


Norr.—The first ten chapters of this work may be regarded as forming am 
elementary course. In reading these chapters for the first time, Students are 
recommended to omit Art. 53 of Chap. V., and to confine their attention in 
Chap. VI. to Arts. 55, 56, 57, 61, 62, 63, and 64. 
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THEORY OF EQUATIONS, 


INTRODUCTION. 


1. Definitions.—Any mathematical expression involving a 
quantity is called a function of that quantity. *, 

We shall be employed mainly with such algebraical fune- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which v is a positive integer, is a rational 
and integral algebraical function of x :— 


aa” + bat * + cate kkk. + ka + |. 


It is to be observed that this definition has reference to the 
quantity x only, of which the expression is regarded as a func- 
tion. The several coefficients a, b, c, &c., may be irrational or 
fractional, and the function still remain rational and integral 
in @. 

A. function of x is represented for brevity by F(x), /(7), (2), 
or some such symbol. 

The name polynomial is given to the algebraical function 
to express the fact that it is constituted of a number of terms 
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containing different powers of # connected by the signs plus or 
minus. Jor certain values of 2 regarded as variable one poly- 
nomial may become equal to another differently constituted. 
The algebraical expression of such a relation is called an equa- 
tion; and any value of x which satisfies this equation is called a 
root of the equation. The determination of all possible roots 
constitutes the complete solution of the equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of «x 
in the following manner :— 


Aye” + Ae" + age + kt Unik + Oy = 0. 


The highest power of x in this equation being , it is said to 
be an equation of the x” degree in x For such an equation we 
shall, in general, employ the form here written. The suffix 
attached to the letter a indicates the power of x which each coef- 
ficient accompanies, the sum of the exponent of # and the suffix 
of a being equal to n for each term. An equation is not altered 
if all its terms be divided by any quantity. We may thus, if 
we please, dividing by a, make the coefficient of x” in the above 
equation equal to unity. It will often be found convenient tc 
make this supposition; and in such cases the equation will be 
written in the form 


a” + 9, a" + p.a" + eees + Pani? + Dn = 0. 


An equation is said to be complete when it contains terms 
involving « in all its powers from » to 0, and incomplete when 
some of the terms are absent; or, in other words, when some of 
the coefficients p,, p., &e., are equal to zero. The term Dns 
which does not contain «, is called the absolute term. An equa- 
tion is numerical or algebraical according as its coefficients are 
numbers or algebraical symbols. 

2. Numerical and Algebraical Equations.—In many | 
researches in both mathematical and physical science the final _ 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It is natural, 
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therefore, that the attention of mathematicians should have been 
at an early stage in the history of the science directed towards 
inquiries of this nature. ‘The science of the Theory of Equa- 
tions, as it now stands, has grown out of the successive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coefficients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coeflicients are such symbols, may be expressed in terms 
of these coefficients in a general formula; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula for the solution of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain cases these formulas fail to supply the solution of 
a@ numerical equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it 
may now be regarded as established by the researches of modern 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher be: 
in terms of the coefficients. 
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3. Polynomials.—From the preceding observations it is 
plain that one important object of the science of the Theory of 
Equations is the discovery of those values of the quantity x 
regarded as variable which give to the polynomial f(x) the 
particular value zero. In attempting to discover such values of 
x we shall be led into many inquiries concerning the values 
assumed by the polynomial for other values of the variable. 
We shall, in fact, see in the next chapter that, corresponding to. 
a continuous series of values of x varying from an infinitely 
great negative quantity (- 0) to an infinitely great positive 
quantity (+ 0), f(x) will assume also values continuously vary- 
ing. The study of such variations is a very important part of 
the theory of polynomials. The general solution of numerical 
equations is, in fact, a tentative process; and by examining the 
values assumed by the polynomial for certain arbitrarily assumed 
values of the variable, we shall be led, if not to the root itself, 
at least to an indication of the neighbourhood in which it exists, . 
and within which our further approximation must be carried on. 

A polynomial is sometimes called a quantic. It is convenient 
to have distinct names for the quantics of various successive 
degrees. The terms quadratic (or quadric), cubic, biquadratic (or 
quartic), quintic, sextic, &c., are used to represent quantics of the 
2nd, 3rd, 4th, 5th, 6th, &c., degrees; and the equations obtained 
by equating these quantics to zero are called guadratic, cubic, 
biquadratic, &¢c., equations, respectively. 


CHAPTER I. 


GENERAL PROPERTIES OF POLYNOMIALS. 


4. In tracing the changes of value of a polynomial correspond- 
ing to changes in the variable, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very small are assigned to z This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 
Aya” ee ee = ; 
a € Ax: Ay «# Ay & 
it is plain that its value tends to become equal to a.” as x tends 
towards 0. ‘The following theorem will determine a quantity 
such that the substitution of this, or of any greater quantity, 
for « will have the effect of making the term a” exceed the 
sum of all the others. In what follows we suppose a to be 
positive; and in general in the treatment of polynomials and 
equations the highest term is supposed to be written with the 
positive sign. 
Theorem.—// in the polynomial 


Aye” + AU" + Av? +... +t One + Ay 


ak : 
the value jeez 1, or any greater value, be substituted for x, where a; 
0 


ts that.one of the coefficients ay, do, . . . dn whose numerical value is 
greatest, irrespective of sign, the term containing the highest power 
of x will exceed the sum of all the terms which follow. 

The inequality 


Ay 0” > A, 0" + Og 3 +... + On 2 + An 
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is satisfied by any value of # which makes 
Aye” > ay (a + a +...4+@4 1), 


where a; is the greatest among the coefficients a, da, . «+ Anas A 
without regard to sign. Summing the geometric series within 
the brackets, we have 


a" —1 ar 
a. > @&———,, or 2” > 
2-1 Ay (@ - 


1) (x" ey 1), 
which is satisfied if a (w - 1) be > or = a, 


that is ore ft 
| a 

The theorem here proved is useful in supplying, when the 
coeflicients of the polynomial are given numbers, a number such 
that when x receives values nearer to + 0 the polynomial will 
preserve constantly a positive sign. If we change the sign of x, 
the first term will retain its sign if x be even, and will become 
negative if x be odd; so that the theorem also supplies a nega- 
tive value of 2, such that for any value nearer to — o the 
polynomial will retain constantly a positive sign if » be even, 
and a negative sign if n be odd. The constitution of the poly- 
nomial is, in general, such that limits much nearer to zero than 
those here arrived at can be found beyond which the function 
preserves the same sign; for in the above proof we have taken 
the most unfavourable case, viz. that in which all the coefficients 
except the first are negative, and each equal to aj; whereas in 
general the coefficients may be positive, negative, or zero. 
Several theorems, having for their object the discovery of such 
closer limits, will be given in a subsequent chapter. 

5. We now proceed to inquire what is the most important 
term in a polynomial when the value of x is indefinitely dimi- 
nished; and to determine a quantity such that the substitution 
of this, or of any smaller quantity, for x will have the effect of 
giving such term the preponderance. © 

Theorem,.—// in the polynomial 


Apt” + Ae + 00 + Ag ® + An 


Theorem. fd 


a ; : 
the value ee, or any smaller value, be substituted for x, where ay, 
An ak 
is the greatest coefficient exclusive of an, the term dy, will be nume- 


rically greater than the sum of all the others. 
To prove this, let = then by the theorem of Art. 4, 
a; being now the greatest among the coefficients a, a, .. . dn-1, 


without regard to sign, the value ~ +1, or any greater value of 


n 


y, will make 
Ani > dna” + Ono” +... + hY + A, 


. . 1 1 1 
that is, An > Api-~ +nrazt-.-&—; 
Y Y Y 


An 


hence the value 72 OF any less value of x, will make 
k 


n 


Gag > Gait + Gust Fos et’. 


This proposition is often stated in a different manner, as 
follows :— Values so small may be assigned to « as to make the 


polynomial 
Aint + An2 +... + Aya” 


less than any assigned quantity. 
This statement of the theorem follows at once from the above 
proof, since a, may be taken to be the assigned quantity. 
There is also another useful statement of the theorem, as 
follows :— When the variable « receives a very small value, the sign 
of the polynomial 
An10 + Ane® +o... + Aya” 


is the same as the sign of its first term an... 
This appears by writing the expression in the form 


{Gn + Ann@ +... + Av}; 


for when a value sufficiently small is given to x, the numerical 
value of the term a,_, exceeds the sum of the other terms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of ay. 
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6. Change of Form of a Polynomial corresponding 
to an increase or diminution of the Wariable. Derived 
Functions.— We shall now examine the form assumed by the 
polynomial when « + Ais substituted for x. If, in what follows, 
h be supposed essentially positive, the resulting form will corre- 
spond to an increase of the variable ; and the form corresponding 
to a diminution of w will be obtained from this by changing the 
sign of / in the result. 

When z is changed to z + h, f (x) becomes f (wv + h), or 


Ay(at+h)"+a(w+h)" + a,(et+ hrs... t+ dna (eth) +a. 


Let each term of this expression be expanded by the binomial 


theorem, and the result arranged according to ascending powers 
of h. We then have 


Apt” + aya" + aga +... + An + An 10 + On 


+ h{nagu" + (n-1) aya”? + (n-2) aga? 4+ 2.64 Q2dn ot + An1} 


2 


fj 


| 3” (n-1) agu”? + (n-1) (n- 2) aya" +...+ Zan} 
+ 

if | RN De 
Be Ie Sa Gee Potente 


It will be observed that the part of this expression indepen- 
dent of / is f (x) (a result obvious d priori), and that the succes- 
sive coefficients of the different powers of / are functions of a of 
degrees diminishing by unity. It will be further observed that 
the coefficient of A may be derived from f(z) in the following 
manner :—Let each term in f(z) be multiplied by the exponent 
of x in that term, and let the exponent of # in the term be 
diminished by unity, the sign being retained; the sum of all 
the terms of f(x) treated in this way will constitute a polynomial 
of dimensions one degree lower than those of f(x). This poly- 
nomial is called the first derived function of f (wv). It is usual to 
represent this function by the notation /’ (xz). The coefficient 
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of “5 may be derived from /’(#) by a process the same as that 


employed in deriving /” (x) from f(x), or by the operation twice 
performed on / (x). This coefficient is represented by /” (x), and 
is called the second derived function of f(x). In like manner the 
succeeding coefficients may all be derived by successive opera- 
tions of this character ; so that, employing the notation here 
indicated, we may write the result as follows :— 


a (x) : i ft” (w) A i 

Flot h) =F (e) Fe) be tt 4 EN) tc agi 
It may be observed that, since the interchange of x and h 
does not alter f(# + /), the expansion may also be written in the 

form 
FAG) 
\ 

Slath)=f(h)+f'(h)ax + rot fos 


C+. at Ose. 


We shall in general employ the notation here explained ; 
but on certain occasions when it is necessary to deal with derived 
functions beyond the first two or three, it will be found more 
convenient to use suffixes instead of the accents here employed. 
The expansion will then be written as follows :— 


2 hr 
f(a@+h) =f(x) + fi(a)h+fr(a) Pate thle) at oo 


EXAMPLE. 


Find the result of re « + h for x in the polynomial 47° + 62? - 7z+4. 


Here 
T(z) = 4a + 6”? — 7x + 4, 


S'(z) = 122? + 12% - 7, 
S'’'(z) = 24” + 12, 
f(a) = 24; 


and the result is 


A 
423 + 62? — Tx +44 (12224122 —- Tyh+ (240412) “424 


ey 
The student may verify this result by direct substitution. 


7. Continuity of a Rational Integral Function of z.— 
If in a rational and integral function f(x) the value of # be 
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made to vary, by indefinitely small increments, from one quan- 
tity a to a greater quantity b, we proceed to prove that /(w) at 
the same time varies also by indefinitely small increments; in 
other words, that f(x) varies continuously with x. 

Let x be increased fromatoa+h. ‘The corresponding incre- 
ment of / (x) is 


S (ath) -fla); 
and this is equal, by Art. 6, to 


2 
I (ah + f(a) ae +...+ ah", 


in which expression all the coefficients /” (a), f” (a), &c., are finite 
quantities. Now, by the theorem of Art. 5, this latter expres- 
sion may, by taking 4 small enough, be made to assume a value 
less than any assigned quantity ; so that the difference between 
t(a+h) and f(a) may be made as small as we please, and will 
ultimately vanish with 4. The sameis true during all stages of 
the variation of z from a tu ; thus the continuity of the func- 
tion f(x) is established. 

It is to be observed that it is not here proved that (7) 
increases continuously from f(a) to f(b). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but the above proof shows that it cannot pass per saltum from 
one value to another; and that, consequently, amongst the 
values assumed by f(x) while x increases continuously from a to 
6 must be included all values between f(a) and f(b). The sign 
of /’(a) will determine whether (z) is increasing or diminishing ; 
for it appears by Art. 5 that when / is small enough the sign of 
the total increment will depend on that of /’(a)h. We thus 
observe that when f’(a) is positive f(x) is increasing with x ; and 
when f(a) is negative f (x) is diminishing as # increases. 

8. Form of the Quotient and Remainder when a 
Polynomial is divided by a Binomial, — Let the quotient, 
when 

At” + 0,2" + aga... + In 12 + An 


es ee en 
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is divided by a - h, be 


bya” + b,2"* teen + Dn-ot + ae 


This we shall represent by Q, andthe remainder by Rk. We 
have then the following equation :— 


J (a) = (@-h) Q+ Rf. 


The meaning of this equation is, that when Q is multiplied 
by «— h, and R added, the result must be identical, term for term, 
with f (x). In order to distinguish equations of the kind here 
explained from equations which are not identities, it will often 
be found convenient to use the symbol here employed in place 
of the usual symbol of equality. The right-hand side of the 
identity is 
box” +b, ja 14+ b, jah Pt... tba |et+R 

~ ms - as ~ a —Ndbyr. 


Equating the coefficients of 2 on both sides, we get the fol- 
lowing series of equations to determine 0, ,, b2,... baa, R:— 


bo = My 

b =bh+a, 
b, =)dh+ ay 
bs = DA + as, 


Dua = On gh + Gants 
R = bn-h + Ans 
These equations supply a ready method of calculating in 
succession the coefficients 4, d,, &c. of the quotient, and the 


remainder R. For this purpose we write the series of operations 
in the following manner :— 


Moy iy Ar, Az, «+ ee An-ry Any 
bh, b,h, bh, eile ee Dnoh, bywrh, 


am ee es Oe 


In the first line are written down the successive coefficients 
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of f(z). The first term in the second line is obtained by multi- 
plying a (or %, which is equal to it) by 4. The product do’ is 
placed under m, and then added to it in order to obtain the 
term 6, in the third line. This term, when obtained, is multi- 
plied in its turn by /, and placed under a,. The product is 
added to a, to obtain the second figure 6, in the third line. The 
repetition of this process furnishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 


EXAMPLES. 
1. Find the quotient and remainder when 324 — 52° + 10x? + 11” — 61 is divided 
by « — 3. 
The calculation is arranged as follows :— 
a = G10 11 -61. 
9 12 66 231. 
4 22 77 170. 


Thus the quotient is 3x5 + 4x? + 22% + 77, and the remainder 170. 
2. Find the quotient and remainder when #° + 52? + 38x42 is divided by x—1. 
Ans. Q=2°+674+9, R=11. 
3. Find Q and R when #5 — 4x4 + 7x3 — 11x — 13 is divided by a — 5. 
N.B.—When any term in a polynomial is absent, care must be taken to supply 
the place of its coefficient by zero in writing down the coefficients of f(z). In this 
example, therefore, the series in the first line will be 
1 -—4 7 0 —-11l -13. 
Ans. Q=a4+ 23+ 1227+ 60% +289; R=1422. 
4. Find Q and R when 2° + 3z7 — 15z? + 2 is divided by x — 
Ans. Q=28 + 2x7 + 7x® + 1425+ 2824 + 56x73 + 1122? + 2092 4 #e R=838. 
5. Find Q and R when 2 + z?- 10z + 113 is divided by +4. 
Ans. Q= at — 425+ 162*— 63874242; R=-—855. 


9. Tabulation of Functions.—The operation explained 
in the preceding Article affords a convenient practical method 
of calculating the numerical value of a polynomial whose coef- 
ficients are given numbers when any number is substituted for a. 
For, the equation 


J (z) = («@-h) Q+R, 


since its two sienibiers are identically equal, must be satisfied 


. 
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when any quantity whatever is substituted for a Let «=A, 
then /(h) = R, « — h being = 0, and Qremaining finite. Hence 
the result of substituting 4 for x in f(x) is the remainder when 
f(x) is divided by x — h, and can be calculated rapidly by the 
process of the last Article. 

For example, the result of substituting 3 for x in the poly- 
nomial of Ex. 1, Art. 8, viz., 


dat — 52° + 102? + lla - 61, 


is 170, this being the remainder after division by e- 3. The 
student can verify this by actual substitution. 
Again, the result of substituting — 4 for w in 


a +2-10%+118 


is — 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as x receives a continuous series of values increasing from - o to 
+ 0, f(x) will pass through a corresponding continuous series. 
If we substitute in succession for z, in a polynomial whose coef- 
ficients are given numbers, a series of numbers such as 


Hic Sh hoe oes Bo Se ee 


and calculate the corresponding values of f(x), the process may 
be called the tabulation of the function. 


EXAMPLES. 


1. Tabulate the trinomial 22? + z — 6, for the following values of #:— 


wa oh a0 ut. 0, 2 8, 4. 


Values of z, —-4 | -3 | -2 | a 1 2 | 3 j 4 
ee We. ee | Sweets | -3 | « feds | 30 
2. Tabulate the polynomial 1023 — 17z? + x + 6 for the same values of x. 

Values of 2, eee tive | 1 y f/8 4 
ow fe a8 ae 144 | -22]| 6 | o | 20 | 126 | 378 


10. Graphie Representation of a Polynomial.—In 
investigating the changes of a function /(x) consequent on any 
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series of changes in the variable which it contains, it is plain 
that great advantage will be derived from any mode of repre- 
sentation which renders possible a rapid comparison with one 
another of the different values which the function may assume. 
In the case where the function in question is a polynomial with 
numerical coefficients, to any assumed value ofa will correspond 
one definite value of f(x). We proceed to explain a mode of 
graphic representation by which it is possible to exhibit to the 
eye the several values of f(x) corresponding to the different 
values of «. 

Let two right lines OX, OY Y 
(fig. 1) cut one another at right 
angles, and be produced indefi- 49" *) 
nitely in both directions. These 
linesare called the azis of x and avis 
of y, respectively. Lines, suchas x B' 
OA, measured on the axis of « at 


the right-hand side of O, are re- T 
garded as positive; and those, such : 
as OA’, measured at the left-hand : 
side, as negative. Lines parallel Fig. 1. 


to OY which are above XX’, such as AP or BQ, are positive ; 
and those below it, such as AZ or A’P’, are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

Any arbitrary length may now be taken on OX as unity, 
and any number positive or negative will be represented by a 
line measured on XX’; the series of numbers increasing from 0 
to +0 in the direction OX, and diminishing from 0 to - © in the 
direction OX’. Let any number m be represented by OA ; cal- 
culate f(m); from A draw AP parallel to OY to represent /(m) 
in magnitude on the same scale as that on which OA represents 
m, and to represent by its position above or below the line OX 
the sign of f(m). Corresponding to the different values of m 
represented by OA, OB, OC, &c., we shall have a series of points 
P, Q, &, &c., which, when we suppose the series of values of 
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m indefinitely increased so as to include all numbers between 
—-o and +o, will trace out a continuous curved line. This 
curve will, by the distances of its several points from the line 
OX, exhibit to the eye the several values of the function f(z). 

The process here explained is also called tracing the function 
f(z). The student acquainted with analytic geometry will observe 
that it is equivalent to tracing the plane curve whose equation 
is y = f(). 

In the practical application of this method it is well to begin 
by laying down the points on the curve corresponding to certain 
small integral values of 2, positive and negative. It will then 
in general be possible to draw through these points a curve 
which will exhibit the progress of the function, and give a general 
idea of its character. The accuracy of the representation will 
of course increase with the number of points determined between 
any two given values of the variable. When any portion of the 
curve between two proposed limits has to be examined with care, 
it will often be necessary to substitute values of the variable 
separated by smaller intervals than unity. The following ex- 
amples will illustrate these principles. 


EXAMPLES. 


1. Trace the trinomial 22? +2-6. 

The unit of length taken is one-sixth of 
the line OD in fig. 2. iy Pe 

In Ex. 1, Art. 9, the values of f(z) are 
given corresponding to the integral values A 
of x from — 4 to + 4, inclusive. 

By means of these values we obtain y 
the positions of nine points on the curve; 
seven of which, 4, B, C, D, E, F, G, are 
here represented, the other two correspond- : 
ing to values of f(z) which lie out of the E4 
limits of the figure. 

The student will find it a useful exercise 
to trace the curve more minutely between 
the points @ and £ in the figure, viz. by 
calculating the values of f(x) corresponding Fig. 2. 
to all values of x between — 1 and 1 separated by small intervals, say of one-tenth, 
as is done in the following example. 
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2. Trace the polynomial 
1023 — 1727 + w + 6. 


This is already tabulated in Art. 9 for values of 2 between — 4 and 4. 

It may be observed, as an exercise on Art. 4, that this function retains positive 
values for all positive values of 2 greater than 2°7, and negative values for all 
values of # nearer to — © than —2°7. The 
curve will, then, if it cuts the axis of at all, 
cut it at a point (or points) corresponding to 
some value (or values) of x between — 2°7 and 
+ 2°7; so that if our object is to determine, or | \ 
approximate to, the positions of the roots of the | 
equation f(x) = 0, the tabulation may be con- } 
fined to the interval between — 2°7 and 2°7. { 

\ 


This is a case in which the substitution of 
integral values only of x gives very little help 
towards the tracing of the curve, and where, x’ OM x 
consequently, smaller intervals have to be ex- 
amined. We give the tabulation of the func- 
tion for intervals of one-tenth between the 
integers —1,0; 0,1; 1,2. From these values 
the positions of the corresponding points on y’ 
the curve may be approximately ascertained, 


Fig. 3. 
and the curve traced as in fig. 3. id 
Values of x oh -°9 | —°8 ae —°5|-°4/--3| --2|-°1 
y> 99 f (@) |—22'-15-96|— 10°8|-6°46,-2°88} 0 |2-24] 3-9 | 5-04 a 
Values of x 0 ‘1 2 3 oe Me tk Ms oe ect Go ates | ea 
ees gE 6 5°94 | 5°6 | 5:04 | 4°32 | 3°5 |2°64| 1°8 | 1°04 | °42 
Values of x at ive ee ee 1°3 41132617 ts | 1°9 2 
i ge FU 0 boas 0 *54 | 1°52 3 |5°04| 7°7 |11°04;15°12} 20 


The curve traced in Ex. 1 cuts the axis of w in two points 
(a number equal to the degree of the polynomial): in other 
words, there are two values of # for which the value of the given 
polynomial is zero; these are the roots of the equation 2z? + # 
— 6 = 0, viz. - 2, and 1°5. Similarly, the curve traced in Ex. 2 
cuts the axis in three points, viz. the points corresponding to the 
roots of the cubic equation 10x’ - 17z7+%+6=0. The curve 


: Sa 
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representing a given polynomial may not cut the axis of x at 
all, or may cut it in a number of points less than the degree of 
the polynomial. Such cases correspond to the imaginary roots 
of equations, as will appear more fully in the next chapter. For 
example, the curve which represents the polynomial 2z* + x + 2 
will, when traced, lie entirely above the axis of x; in fact, since 
this function differs from the function of Ex. 1 only by the ad- 
dition of the constant quantity 8, each value of f(x) is obtained 
by adding 8 to the previously calculated value, and the entire 
curve can be obtained by simply supposing the previously traced 
curve to be moved up parallel to the axis of y through a distance 
equal to 8 of the units. It is evident, by the solution of the 
equation 2x7 + w + 2 = 0, that the two values of « which render 
the polynomial zero are in this case imaginary. Whenever the 
number of points in which the curve cuts the axis of « falls 
short of the degree of the polynomial, it is customary to speak 
of the curve as cutting the line in imaginary points. 

11. Maximum and Minimum Walues of Polynomials. 
—It is apparent from the considerations established in the pre- 
ceding Articles, that as the variable changes from - 2 to+o, 
the function /(7) may. undergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may commence to diminish ; it may then cease to diminish and 
commence again to increase; after which another period of 
diminution may arrive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to diminish, it is said to have attained a 
maximum value; and when it ceases to diminish and com- 
mences to increase, it is said to have attained a minimum value. 
A polynomial may have several such values; the number 
depending in general on the degree of the function. Nothing 
exhibits so well as a graphic representation the occurrence 
of such a maximum or minimum value; as well as the 
various fluctuations of which the values of a polynomial are - 


susceptible. 
c 
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A knowledge of the maximum and minimum values of a func- 
tion, giving the positions of the points where the curve bends 
with reference to the axis, is often of great assistance in tracing 
the curve corresponding to a given polynomial. It will be 
shown in a subsequent chapter that the determination of these 
points depends on the solution of an equation one degree lower 
than that of the given function. 

It is easy to show that maxima and minima occur alter- 
nately; for, as the variable increases from a value correspond- 
ing to one maximum to the value corresponding to a second, 
the function begins by diminishing and ends by increasing, 
and therefore attains a minimum at some intermediate stage. 
In like manner it appears that between two minima one maxi- 
mum must exist. 


CHAPTER II. 
GENERAL PROPERTIES OF EQUATIONS. 


12. Tue process of tracing the function f(r) explained in 
Art. 10 may be employed for the purpose of ascertaining ap- 
proximately the real roots of a given numerical equation; for 
when the corresponding curve is accurately traced, the real roots 
of the equation f(x) = 0 can be obtained approximately by 
measuring the distances from the origin of its points of inter- 
section with the axis. With a view to the more accurate nume- 
rical solution of this problem, as well as the general discussion of 
equations both numerical and algebraical, we proceed to establish 
in the present chapter the most important general properties of 
- equations having reference to the existence and number of the 
roots, and the distinction between real and imaginary roots. 

By the aid of the following theorem the existence of a real 
root in an equation may often be established :— 

Theorem.—/J// two real quantities a and b be substituted for 
the unknown quantity x in any polynomial f (a), and if they furnish 
results having different signs, one plus and the other minus; then 
the equation f (a) = 0 must have at least one real root intermediate 
in value between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function f(x) established in Art. 7 ; for 
since f(x) changes continuously from f(a) to f(b), and therefore 
passes through all the intermediate values, while 2 changes from 
a to b; and since one of these quantities, f(a) or / (2), is positive, 
and the other negative, it follows that for some value of « inter- 
mediate between a and 0, f(z) must attain the value zero which 
is intermediate between f(a) and f (0). 

C2 
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The student will assist his conception of this theorem by 
reference to the graphic method of representation. What is 
here proved, and what will appear obvious from the figure, is, 
that if there exist two points of the curved line representing the 
polynomial on opposite sides of the axis OX, then the curve 
joining these points must cut that axis at least once. It will 
also be evident from the figure that several values may exist 
between a and 6 for which f(x) = 0, ¢.e. for which the curve 
cuts the axis. For example, in fig. 3, Art. 10, « =- 2 givesa 
negative value (— 144), and 2 = 2 gives a positive value (20), 
and between these points of the curve there exist three points of 
section of the axis of x. 

Corollary.— Jf there exist no real quantity which, substituted 
for x, makes f(x) = 0, then f(x) must be positive for every real value 
of x. 

For it is evident (Art. 4) that 2 = 0 makes f(x) positive; 
and no value of x, therefore, can make it negative ; for if there 
were any such value, the equation would by the theorem of 
this Article have a real root, which is contrary to our present 
hypothesis. With reference to the graphic mode of representa- 
tion this theorem may be expressed by saying that when the 
equation f(z) = 0 has no real root, the curve representing the 
polynomial f(z) must lie entirely above the axis of z. 

13. Theorem.—Lvery equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in succession —- ©, 0, 0 for w in the poly- 
nomial f(x). The results are, being odd (see Art. 4), 


for =- 0, f(x) is negative ; 
» v«=0, sign of f(x) is the same as that of a, ; 
5» t=+ 0, f(x) is positive. 


If a, is positive, the equation must have a real root between 
—~o and 0, i.e. a real negative root; and if a, is negative, the 
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equation must have a real root between 0 and », i.e. a real 
positive root. The theorem is therefore proved. 

14. Theorem.—Lvery equation of an even degree, whose last 
term is negative, has at least two real roots, one positive and the 
other negative. 

The results of substituting - 0, 0, o are in this case 


—-Q, +, 
0, ne 
+O, +> 


hence there is a real root between — © and 0, and another be- 
tween 0 and + 0; 7.e. there exist at least one real negative, and 
one real positive root. 

We have contented ourselves in both this and the preceding 
Articles with proving the existence of roots, and for this purpose 
it is sufficient to substitute very large positive or negative values, 
as we have done, for z. It is of course possible to narrow the 
limits within which the roots lie by the aid of the theorem of 
Art. 4, and still more by the aid of the theorems respecting 
the limits of the roots to be given in a subsequent chapter. 

15. Existence of a Root in the General Equation. 
KImaginary Roots.— We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. Y 
Such an equation may have no 
real root at all. It is necessary 
then to examine whether, in the 
absence of real values, there may 
not be values involving the ima- 
ginary expression ,/— 1, which, 
when substituted for x, reduce the 
polynomial to zero; or whether 
there may not be in certain cases 
both real and imaginary values 
of the variable which satisfy the equation. We take a simple 


O x 


Fig. 4. 
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example to illustrate the occurrence of such imaginary roots. 


As already remarked (Art. 10), the curve corresponding to the 
polynomial 
SJ (#) = 2a? +7 + 2 


lies entirely above the axis of x, as in fig. 4. The equation 
f(x) = 0 has no real roots; but it has the two imaginary roots 


ee ane : a 


as is evident by the solution of the quadratic. We observe, 
therefore, that in the absence of any real values there are in 
this case two imaginary expressions which reduce the polynomial 
to zero. 


The corresponding general proposition is, that Every rational 
imtegral equation has a root of the form 


a+ 2 Ji, 


a and (3 being real finite quantities. This statement includes 
both real and imaginary roots, the former corresponding to the 
value 3=0. When a and 3 are numbers, such an expression 
is called a complex number ; and what is asserted is that every 
numerical equation has a numerical root either real or complex. 

As the proof of this proposition involves principles which 
could not conveniently have been introduced hitherto, and 
which will present themselves more naturally for discussion 
in subsequent parts of the work, we defer the demonstration 
until these principles have been established. For the present, 
therefore, we assume the proposition, and proceed to derive 
certain consequences from it. 


16. Theorem.— Every equation of n dimensions his n roots, 
and no more. 

We first observe that if any quantity / is a root of the equa- 
tion f(x) = 0, then f(z) is divisible by # — h without a remainder. 
This is evident from Art. 9; for if f(A) = 0, @.e. if A is a root 
of f(x) = 0, R must be = 0 
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Let, now, the given equation be 
ST (@) = a + pia + pga? + 00. + Pn ide + fn = 0. 


This equation must have a root, real or imaginary (Art. 15), 
which we shall denote by the symbol a,. Let the quotient, 
when f(x) is divided by # - a, be ¢: (x); we have then the 
identical equation 
S(2) = (# - ay) $s (2). 

Again, the equation ¢:(%) = 0, which is of » - 1 dimensions, 
must have a root, which we represent by a,. Let the quotient 
obtained by dividing ¢,(#) by x - a, be ¢2(v). Hence 


gs (x) = (@ — as) $2 (2); 
and .*. f(x) = (@ — a:)(# - a2) $2(x), 


where ¢,(«) is of m — 2 dimensions. 

Proceeding in this manner, we prove that (7) consists of the 
product.of » factors, each containing ~ in the first degree, and a 
numerical factor ¢,(v). Comparing the coefficients of x”, it is 
plain that @,(¢)=1. Thus we prove the identical equation 


J (x) = (@ - ai) (@ — az) (@ — a3) ..... ( @- an1)(%— ay). 


It is evident that the substitution of any one of the quanti- 
ties a1, a2, ... a, for # in the right-hand member of this equation 
will reduce that member to zero, and will therefore reduce /(2) 
to zero; that is to say, the equation /(x) = 0 has for roots the n 
quantities ai, a2, a3 .-. @n1, a,- And it can have no other roots ; 
for if any quantity other than one of the quantities ai, a2, ... an 
be substituted in the right-hand member of the above equation, 
the factors will be all different from zero, and therefore the pro- 
duct cannot vanish. | 

CorolMary.— Two polynomials each of the n™ degree in «x 
cannot be equal to one another for more than n values of x without 
being completely identical. 

For if their difference be equated to zero, we obtain an equa- 
tion of the n™ degree, which can be satisfied by n values only 
of x, unless each coefficient be separately equal to zerv. 
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The theorem of this Article, although of no assistance in the 
solution of the equation /(x) = 0, enables us to solve completely 
the converse problem, ¢.e. to find the equation whose roots are 
any ” given quantities. The required equation is obtained by 
multiplying together the » simple factors formed by subtract- 
ing from « each of the given roots. By the aid of the present 
theorem also, when any (one or more) of the roots of a given 
equation are known, the equation containing the remaining 
roots may be obtained. For this purpose it is only necessary 
to divide the given equation by the product of the given bino- 
mial factors. The quotient will be the required polynomial 
composed of the remaining factors. 


EXAMPLES. 


1. Find the equation whose roots are 
ee ems ae ae 


Ans. x* — 523 — 132? + 5382 + 60 = 0. 
2. The equation 
z* — 64° + 82? — 1774+ 10 =0 


has a root 5; find the equation containing the remaining roots. 
Use the method of division of Art. 8. 


Ans. B® -— 2+ 384-2=0. 
3. Solve the equation 3 


xt — 1623 + 86x? — 176x + 105 = 0, 
two roots being 1 and 7. 
Ans. The other two roots are 3, 5. 
4. Form the equation whose roots are : 


aa 4 3, - 
Ans, 1423 - 2327 - 607 + 9= 0, 
5. Solve the cubic equation 
e-1=0. 
Here it is evident that z = 1 satisfies the equation. Divide by x — 1, and solve the 
resulting quadratic. ‘The two roots are found to be 


a | — Me | _. 
“gt evs, ~g-9v °* 


6. Form an equation with rational coefficients which shall have for a root the 
irrational expression = 
VARIA C 
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This expression has four different values according to the different combinations 
of the radical signs, viz. 


Vo+/a -Vp-VG Ve-VG% -VPtVo 
The required equation is, therefore, 
(2- f/p-VS 9) (e+ ptJV9) (e-S P+ Va) (et+Vp-V9)=%, 
or 
(a? — p- g-2/ pq) (P@—p— 7+ 2v/p9) = 9, 


or, finally, 
a4- 2(pt+g)2?+(p- 9)? =0. 


17. Equal Roots.—It must be observed that the n factors 
of which a- polynomial /(«) consists need not be all different 
from one another. The factor x — a, for example, may occur in 
the second, or any higher power not superior to n. In this case 
the equation f(x) = 0 is still said to have » roots, two or more 
being now equal to one another ; and the root a is called a mul- 
tiple root of the equation—double, triple, &c., according to the 
number of times the factor is repeated. 

A reference to the graphic construction in Art. 10 (fig. 3) 
will help to explain the occurrence of multiple roots. We see 
by an inspection of the figure that the two positive roots of the 
equation 102° - 1727 + + 6 = 0 are nearly equal, and we may 


conceive that a slight addition to the absolute term of this poly- 


nomial, which is, as already explained, equivalent to a small 
parallel movement upwards of the whole curve, would have the 
effect of rendering equal the roots of the equation thus altered. 
In that case the line OX would no longer cut the curve in two 
distinct points, but would touch it. Now, when a line touchesa 
curve it is properly said to meet the curve, not once, but in two 
coincident points. The student acquainted with the theory of 
plane curves will have no difficulty in illustrating in a similar 
manner the occurrence of a triple or higher multiple root. 
Equal roots form the connecting link between real and 
imaginary roots. We have just seen that a small change in the 
form of a polynomial may convert it from one having real roots 
into another in which two of the real roots become equal. A 
further small change may convert it into a form in which the 
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two roots become imaginary. Let us suppose that the above 
polynomial is further altered by another small addition to the 
absolute term. We shall then have a graphic representation in 
which the axis OX cuts the curve in only one real point, viz. 
that corresponding to the negative root, the two points of 
section corresponding to the two positive roots having now dis- 
appeared. 

Consider, for example, the polynomial 10° — 172° + x + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily construct the figure; the point 
corresponding to A in fig. 3 will now lie much above the axis 
of x. Divide by 2 + 1, and obtain the trinomial 10x? — 277 + 28 
which contains the remaining two roots. ‘They are easily found 
to be 
ee a at Jf 39l 

V7 oe ee 


5 


We observe in this case, as well as in the example of Art. 15, 
that when a change of form of the polynomial causes one real 
root to disappear, a second also disappears at the same time, and 
the two are replaced by a pair of imaginary roots. The reason 
of this will be apparent from the proposition of the following 
Article. 

18. Emaginary Roots enter Equations in Pairs.— 
The proposition to be now proved may be stated as follows :— 

If an equation f (x) =0, whose coefficients are all real quantities, 
have for a root the imaginary expression a + 23 /- 1, tt must also 
have for a root the conjugate imaginary expression a — [3 Wee 

We have the following identity :— 


(r-a-B/-1)(@-a+B /-1) = (x-a)* + B’. 


Let the polynomial f(x) be divided by the second member of 
this identity, and if possible let there be a remainder Re + KR’. 
We have then the identical equation 


J (#) ={(e@- a)? + B?} Q+ Rr+ RP, 


where Q is the quotient, of » - 2 dimensions in x. Substitute in 
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this identity a + 3./- 1 for «. This, by hypothesis, causes f(z) 
to vanish. It also causes (# - a)’ + (3° to vanish. Hence 


R(a+BV/- 1)+R =0, 
from which we obtain the two equations 
Ra + Vid = 0, Rp =o 0, 


since the real and imaginary parts cannot destroy one another ; 


hence 
R=0, R =0. 


Thus the remainder Rx + R’ vanishes; and, therefore, / («) 
is divisible without remainder by the product of the two factors 


e@-a-B/-1, @e-atPvy-l. 


The equation'has, consequently, the root a - 3 \/- 1 as well 
as the root a + 3 /- 1. 

Thus the total number of imaginary roots in an equation 
with real coefficients is always even ; and every polynomial may 
be regarded as composed of real factors, each pair of imaginary 
roots producing a real quadratic factor, and each real root pro- 
ducing a real simple factor. The actual resolution of the poly- 
nomial into these factors constitutes the complete solution of the 

equation. 

We observed in Art. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. This 
statement may now be regarded from another point of view. 
Suppose a polynomial has the quadratic factor (w - a)’ + #, and 
let its form be altered by means of slight alterations in the 
value of & When & is negative, the quadratic factor gives a 
pair of real roots; when k = 0, this factor has two equal roots, a ; 
when £ is positive, the factor has two imaginary roots. 

A proof exactly similar to that above given shows that suid 
roots, of the form a +f ys enter equations whose coefficients are 
rational in pairs, 
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EXAMPLES. 
1. Form a rational cubic equation which shall have for roots 


i, 84+ 27-T. 
Ans. 23 — 7x72 + 19% —13 = 0. 
2. Form a rational equation which shall have for two of its roots 
fe GVa) “Sal ai. 
Ans. #4 — 1223 + 722? — 3127 + 676 = 0. 


3. Solve the equation | 
a! + 203 — 5227 + 62 +2=0, 


—2+V3. 
Ans. The roots are — 2 + V3, l+vV-1. 


which has a root 


4. Solve the equation 
323 — 422+ 4+ 88 =0, 
one root being 2 4/— 7. 


eae 
Ans. The roots are2+V¥-7. — 3 


19. Deseartes’ Rule of Signs—Positive Roots.—This 
rule, which enables us, by the mere inspection of a given equa- 
tion, to assign a superior limit to the number of its positive 
roots, may be enunciated as follows :—Wo equation can have 
more positive roots than tt has changes of sign from + to -, ana 
from — to +, in the terms of its first member. 

We shall content ourselves for the present with the proof 
which is usually given, and which is rather a verification than 
a general demonstration of this celebrated theorem of Descartes. 
It will be subsequently shown that the rule just enunciated, and 
other similar rules which were discovered by early investigators 
relative to the number of the positive, negative, and imaginary 
roots of equations, are immediate deductions from the more 
general theorems of Budan and Fourier. 

Let the signs of a polynomial taken at random succeed each 
otlier in the following order :— 


++—-4+---4+4-4-, 


In this there are in all seven changes of sign, including 
changes from + to -, and from -to+. It is proposed to show 


‘ 
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that if this polynomial be multiplied by a binomial whose signs, 
corresponding to a positive root, are + -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 
We write down only the signs which occur in the operation 
as follows :— 
++—-+---+4+-4- 


—--+-+++--+-+4+ 


++-+-FF+4+—-4+-+4+ 


Here, in the third line, the ambiguous sign + is placed 
wherever there are two terms with different signs to be added. 
We observe in this case, and it will readily appear also for 
every other arrangement, that the effect of the process is to 
introduce the ambiguous sign wherever the sign + follows +, or 
- follows -, in the original polynomial. ‘The number of varia- 
tions of sign is never diminished. ‘There is, moreover, always 
one variation added at the end. This is obvious in the above 
instance, where the original polynomial terminates with a varia- 
tion ; if it terminate with a continuation of sign, it will equally 
appear that the corresponding ambiguity in the resulting poly- 
nomial must furnish one additional variation either with the 
preceding or with the superadded sign. Thus, in even the most 
unfavourable case—that, namely, in which the continuations of 
sign in the original remain continuations in the resulting poly- 
nomial, there is one variation added ; and we may conclude in 
general that the effect of the multiplication of a polynomial by 
a binomial factor x —- a is to introduce at least one additional 
change of sign. 

Suppose now a polynomial ied of the product of the 
factors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
«-a,v- 2, «-y, &e., corresponding to the positive roots 
a, B, y, &e., is to introduce at least one change of sign for 
each; so that when the complete product is formed containing 
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all the roots, we conclude that the resulting polynomial has at 
least as many changes of sign as it has positive roots. This is 
Descartes’ proposition. 

20. Deseartes’ Rule of Signs—Negative Roots.—In 
order to give the most advantageous statement to Descartes’ rule 
in the case of negative roots, we first prove that if — 2 be substi- 
tuted for x in the equation /(7) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identical equation of Art. 16 


J (x) = (w - ai) (@ - a2) (@ - a3)... . (u— an), 


from which we derive 


J (- #) = (- 1)” (@ + a) (a + az) (v +a3)....(&@+ an). 
From this it is evident that the roots of f(- z) = 0 are 
eat St ryt ET rN 9g. ere "erie es 


Hence the negative roots of f(x) are positive roots of f(- x), and 
- we may enunciate Descartes’ rule for negative roots as follows:— 
No equation can have a greater number of negative roots than there 
are changes of sign in the terms of the polynomial f (- x). 

21. Use of Deseartes’ Rule in proving the existence 
of Imaginary Roots.—It is often possible to detect the 
existence of imaginary roots in equations by the application of 
Descartes’ rule; for if it should happen that the sum of the 
greatest possible number of positive roots, added to the greatest 
possible number of negative roots, is less than the degree of the 
equation, we are sure of the existence of imaginary roots. Take, 
for example, the equation 


w+10e8+e-4=0. 
This equation, having only one variation, cannot have more than 
one positive root. Now, changing « into - a, we get 
a —-10e-xv2-4=0; 


and since this has only one variation, the original equation can- 
not have more than one negative root. Hence, in the proposed 
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equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes’ rule is available only in the case of incomplete 
equations; for it is easily seen that the sum of the number of 
variations in f(x) and f(- 7) is exactly equal to the degree of 
the equation when it is complete. 

22. Theorem.—/J/ two numbers a and b, substituted for x in 
the polynomial f (x), give results with contrary signs, an odd number 
of real roots of the equation f(x) =0 lies between them ; and vf they 
give results with the same sign, either no real root or an even num- 
ber of real roots lies between them. 

This proposition, of which the theorem in Art. 12 is a par- 
ticular case, contains in the most general form the conclusions 
which can be drawn as to the roots of an equation from the 
signs furnished by its first member when two given numbers 
are substituted for «. We proceed to prove the first part of 
the proposition ; the second part is proved in a precisely similar 
manner. 

Let the following m roots a1, a2, .... am, and no others, of 
the equation /(v) = 0 lie between the quantities a and 4, of 
which, as usual, we take a to be the lesser. 

Let ¢ (x) be the quotient when /(x) is divided by the product 
of the m factors (« — a,)(w — az) .... (@—am). We have, then, 
the identical equation 


T (a) = (@ — a1) (@ - az)... . (@ — an) (2). 
Putting in this successively 2 = a, « = b, we obtain 

f(a) = (a- a) (a~ a) .... («= am) $ (0), 

J (b) = (b -— a) (b- a)... . (0 - an) (0). 


Now ¢(a) and ¢(b) have the same sign; for if they had 
different signs there would be, by Art. 12, one root at least of 
the equation g(x) = 0 between them. By hypothesis, f(a) and 
f(b) have different signs; hence the signs of the products 


(a — a;) (@-— a.) .... (€-an), 
(6 - a,)(b- a.) .... (8 - an), 
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are different ; but the sign of the second is positive, since all 
its factors are positive ; hence the sign of the first is negative ; 
but all the factors of the first are negative; therefore their 
number must be odd, which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

It is instructive to apply the graphic method of treatment to 
the theorem of the present Article. From this point of view it 
appears almost intuitively true; for it is evident that when any 
two points are connected by a curve, the portion of the curve 
between these points must cut the axis an odd number of times 
when the points are on opposite sides of the axis; and an even 
number of times, or not at all, when the points are on the same 
side of the axis. | 


EXAMPLES. 


1. If the signs of the terms of an equation be all positive, it cannot have a 
positive root. 

2. If the signs of the terms of any complete equation be alternately positive 
and negative, it cannot have a negative root. 

3. If an equation consist of a number of terms connected by + signs followed 
by a number of terms connected by — signs, it has one positive root and no more. 

Apply Art. 12, substituting 0 and o ; and Art. 19. 

4. If an equation involve only even powers of a, and if all the coefficients have 
positive signs, it cannot have a real root. 

Apply Arts. 19 and 20. 

5. If an equation involve only odd powers of 2, and if the coefficients have all 
positive signs, it has the root zero and no other real root. 

6. If an equation be complete, the number of continuations of sign in f(x) is 
the same as the number of variations of sign in f(— 2). 

7. When an equation is complete ; if all its roots be real, the number of positive 
roots is equal to the number of variations, and the number of negative roots is equal 
to the number of continuations of sign. 

8. An equation having an even number of variations of sign must have its last 
sign positive, and one having an odd number of variations must have its last sign 
negative. 

‘Take the highest power of z with positive coefficient (see Art. 4). 

9. Hence prove that if an equation have an even number of variations it must 
have an equal or less even number of positive roots; and if it have an odd number of 
variations it must have an equal or less odd number of positive roots; in other 
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words, the number of positive roots when less than the number of variations must 


differ from it by an even number. 
Substitute 0 and o, and apply Art. 22. 
10. Find an inferior limit to the number of imaginary roots of the equation 
2 —327-27+1=0. 
Ans. At least two imaginary roots. 
11. Find the nature of the roots of the equation 
a4 + 152° + 7x -11=0. 
Apply Arts. 14, 19, 20. 
Ans. One positive, one negative, two imaginary. 
12. Show that the equation 
2+qut+r=0, 
where g and ¢ are essentially positive, has one negative and two imaginary roots. 
13. Show that the equation 
@-~gqtr=0, ~ + — 
_ where g and 7 are essentially positive, has one negative root; and that the other 
two roots are either imaginary or both positive. 
14. Show that the equation 
A? B c? Dh 
Hw te en, 
2-a “2£-b “-e z—l 
where a, 5, c,.... are numbers all different from one another, cannot have an 
imaginary root. ee 2. 
Substitute a+ 6 V—landa-—8 V—1 in succession for z, and subtract. We 
get an expression which can vanish only on the supposition 8 = 0. 
15. Show that the equation 
w-1=0 
has, when » is even, two real roots, 1 and — 1, and no other real root; and, when» 
is odd, the real root 1, and no other real root. 
This and the next example follow readily from Arts. 19 and 20. 
16. Show that the equation 
am+1=0 
has, when n is even, no real root; and, when m is odd, the real root — 1, and no 
other real root. 
17. Solve the equation 
at + 2a? + 3922? + 2g3x — rt = 0. 
This is equivalent to 
(x? + gu + 9°)? — gt - r#=0. 


1 3 — 
Ans. - = q+ “GP + VE +e. 


The different signs of the radicals give four combinations, and the expression 
here written involves the four roots. 


D 
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18. Form the equation which has for roots the different values of the expression 


240/74+V/11+0V7, 
where 6? = 1. 

If no restriction had teen made by the introduction of 0, this expression would 
have 8 values. The 4/7 must now be taken with the same sign where it occurs 
under the second radical and free from it. There are, therefore, only four values 
in all. Ans. x4 — 823 — 1227 + 844 —- 63 = 0. 

19. Form the equation which has for roots the four values of 


~ 94 64/187 + 3 / 34 — 20 V137, 
where 6? = 1. Ans. x4 + 362° — 4002? — 3168x% + 7744 = 0 


20. Form an equation with rational coefficients which shall have for roots all the 


values of the expression 
0: \/ Dp + 02/9 + 03/7, 


where O2=1, O%=1, 63?=1. 
There are eight different values of this expression, viz., 
Vp+V/agtvs, ~JS/p-Va-V*, 
p-Va-v%, ~-V ot atV i 
-Sp+V9-V1, Vp-Vq+V/7, 
-/p-VS atv", Vp+/a-Vr. 


w= 0S P+ 02S7 +03? 


Assume 


Squaring, we have 
a= p+ qtr+2 (0203 »/ gr + 0301 / mp + 0102 / pg). 


Transposing, and squaring again, 


(2? — p—q— 1)? =4(gr + rp + pq) + 8010203 / par (01 / p + 02/9 + 03 7). 


Transposing, substituting x for 0 re 6 p + 02 Jf q + 03 / r, and squaring, we 
obtain the final equation free from radicals 


{at - 22? (p+ g4+r) +p? + 9% 4 7? — 2gr — Ip — 2pq}? = C4pqra?. 


This is an equation of the eighth degree, whose roots are the values above. 
written. Since 6), 62, @; have disappeared, it is indifferent which of the eight roots 
tr/ptfq q + +/r is assumed equal to z in the first instance. The final equation 
is that which would have been obtained if each of the 8 roots had been subtracted 
from z, and the continued product formed, as in Ex. 6, Art. 16. 


CHAPTER III. 


RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
ROOTS. 


23. Relations between the Roots and Coefficients.— 
Taking for simplicity the coefficient of the highest power of « as 
unity, and representing, as in Art. 16, the » roots of an equation 
by ai, az, as, ... + @ny we have the following identity :— 


2” + py + pe 4 ow + Dat + Dn 
= (w— ay) (w— a) (v-ay)....(@—an). (1) 


When the factors of the second member of this identity are 
multiplied together, the highest power of « in the product is 2”; 
the coefficient of #” is the sum of the n quantities — a, — a2, &e., 
viz. the roots with their signs changed; the coefficient of 2”? 
is the sum of the products of these quantities taken two by 
two; the coefficient of «** is the sum of their products taken 
three by three; and so on, the last term being the product of 
all the roots with their signs changed. Equating, therefore, 
the coefficients of 2 on each side of the identity (1), we have the 
following series of equations :— 


Pi = — (a, + ap + ag t+....+ an), 
P= (a; a, + @, Gg + Ggd3 +..2.2-4+ Gn-1 Gn); 
Ps == (ay a2 as + ay 3M +..-. + An-2@n-1 Gn); (2) 


Pn = (— 1)" aragay... . Gas On, 
D2 
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which enable us to state the relations between the roots and 
coefficients as follows :— 

Theorem.—ZJn every algebraic equation, the coefficient of 
whose highest term is unity, the coefficient p, of the second term with 
its sign changed is equal to the sum of the roots. 

The coefficient p, of the third term is equal to the sum of the 
products of the roots taken two by two. 

The coefficient ps of the fourth term with its sign changed is 
equal to the sum of the products of the roots taken three by three ; 
and so on, the signs of the coefficients being taken alternately negative 
and positive, and the number of roots multiplied together in each 
term of the corresponding function of the roots increasing by unity, 
till finally that function ts reached which consists of the product of 
the n roots. 

When the coefficient a of x” is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 


roots is then equal to - = ; the sum of their products in pairs is 


. 


ae 
equal to —; and so on. 


Ay 

Cor. 1.—Every root of an equation is a divisor of the abso- 
lute term of the equation. 

Cor. 2.—If the roots of an equation be all positive, the 
coefficients (including that of the highest power of x) will be 
alternately positive and negative; and if the roots be all 
negative, the coefficients will be all positive. This is obvious 
from the equations (2) [cf. Arts. 19 and 20]. 

24. Applications of the Theorem.—Since the equations 
(2) of the preceding Article supply » distinct relations between 
the n roots and the coefficients, it might perhaps be supposed 
that some advantage is thereby gained in the general solution 
of the equation. Such, however, is not the case; for suppose it 
were attempted to determine by means of these equations a root, 
a,, of the original equation, this could be effected only by the 
elimination of the other roots by means of the given equations, 
and the consequent determination of a final equation of which 


Theorem. 37 


a, is one of the roots. Now, in whatever way this final equation 
is obtained, it must have for solution not only a, but each of 
the other roots a, a;,...an; for, since all the roots enter in the 
same manner in the equations (2), if it had been proposed to 
determine a, (or any other root) by the elimination of the rest, 
our final equation could differ from that obtained for a, only by © 
the substitution of a, (or that other root) for a,. The final 
equation arrived at, therefore, by the process of elimination 
must have the quantities a, a,..... a, for roots; and can- 
not, consequently, be easier of solution than the given equation. 
This final equation is, in fact, the original equation itself, with 
the root we are seeking substituted for z. This we shall show 
for the particular case of a cubic. ‘The process here employed 
is general, and may be applied to an equation of any degree. 
Let a, 8, y be the roots of the equation 


> + pie? + pow + ps = 0. 
We have, by Art. 23, 
Pi=—-(at+B+y); 
P2o= as+ay+ By; 
Ps = — aBy. 


Multiplying the first of these equations by a’, the second 
by a, and adding the three, we find 


pia’ + pra + ps = — a’, 
or a’ + pa’ + pa + ps = 0, 


which is the given cubic with a in the place of «. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In the corre- 
sponding treatment of the general case the successive equations 
of Art. 23 are to be multiplied by a™’, a”, a”, &., and added. 

Although the equations (2) afford, as we have just seen, no 
assistance in the general solution of the equation, they are often 
of use in facilitating the solution of numerical equations when 
any particular relations among the roots are known to exist. 
They may also be employed to establish the relations which 
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must obtain among the coefficients of algebraical equations cor- 
responding to known relations among the roots. 


EXAMPLES. 
1. Solve the equation 
a3 — 52? — 16x + 80 =0, 


the sum of two of its roots being equal to vero. 
Let the roots be a, B, y. We have then 


at+tBt+y= 5, 
aB + ay + By = — 16, 
aBy = — 80. 


Taking 8 + y= 0, we have, from the first of these, a = 5; and from either the 
second or third we obtain By = — 16. We find for B and y the values 4 and - 4. 
Thus the three roots are 5, 4, -— 4. 

2. Solve the equation 


two of its roots being equal. 
Let the three roots be a, a, B. We have 


2a+ 8 = 3, 
a? + 2a8 = 0, 
from which we find a = 2, and 8=—1. The roots are 2, 2, —1. 
3. The equation 
xt + 4¢° — 2a - 122 4+9=0 


has two pairs of equal roots ; find them. 
Let the roots be a, a, 8, 8; we have, therefore, 


2a+ 28 =—4, 
a + B? + 408 = — 2, 


from which we obtain for a and B the values 1 and — 3. 
4. Solve the equation 


2 — 947 + 144 4+ 24=0, 
two of whose roots are in the ratio of 3 to 2. 
Let the roots be a, 8, y, with the relation 2a= 38. By elimination of a we 


easily obtain 
5B + 2y = 18, 


3B* + 5By = 28, 


ES ee a a eee 
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from which we have the following quadratic for B :— 
19p* — 908 + 56 = 0. 


The roots of this are 4, and =i the former gives for a and + the values 6 and 

—1. The three roots are 6, 4,-—1. The student will here ask what is the signi- 
1 

ficance of the value = of 8; and the same difficulty may have presented itself in 


the previous examples. It will be observed that in examples of this nature we 
never require all the relations between the roots and coefficients in order to deter- 
mine the required unknown quantities. The reason of this is, that the given con- 
dition establishes one or more relations amongst the roots. Whenever the equations 
employed appear to furnish more than one system of values for the roots, the actual 
roots are easily determined by the condition that they must satisfy the equation (or 
equations) between the roots and coefficients which we have not made use of in 
determining them. Thus, in the present example, the value 6 = 4 gives a system 
satisfying the omitted equation 
aBy = — 24; 


while the value 6 = = gives a system not satisfying this equation, and is therefore 


to be rejected. 
5. Solve the equation 
a8 — 97? + 234 —- 15 =0, 


whose roots are in arithmetical progression. 
Let the roots be a-—38, a, a+8; we have at once 


3a = 9, 
3a? — §* = 23, 
from which we obtain the three roots 1, 3, 5. 
6. Solve the equation 
xt + 223 — 212? — 227+ 40 =0, 


whose roots are in arithmetical progression. 


Assume for the roots a— 35, a—8, a+8, a+ 38. 
Ans. —5, -—2, 1, 4 


7. Solve the equation 
2723 + 4227 - 282 — 8 = 0, 


whose roots are in geometric progression. 


Assume for the roots ap, a, - From the third of the equations (2), Art. 23, we 


8 ° . ° 
have a? = ay OF 4= > Either of the remaining two equations gives a quadratie 
2 -2 


for p. 
p Ans. -2, 3 ar 
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8. Solve the equation 
3at — 4028 + 18022 — 120x + 27 =0, 
whose roots are in geometric progression. 
Assume for the roots mh - ap, ap®. Employ the second and fourth of the 
equations (2), Art. 23. 1 
9. Solve the equation 
v++ 1523+ 702? + 120% + 64 = 0, 


whose roots are in geometric progression. Ans. —1, —2, —4, —8. 
10. Solve the equation 
623 — 1la* +67 -1=0, 


whose roots are in harmonic progression. 
Take the roots to be a, B, y. We have here the relation 


J eae 
Ly Be 
hence 5 
By+yataB=3ya; &e. ae 
: Ans. 9” 3 
11. Solve the equation 
8123 — 1822 — 364 +8 = 0, 
whose roots are in harmonic progression. 
ya 2 
Ans. 9’ 3 = 3° 


12. If the roots of the equation 
x? — pa*+qu—r=0 
: ; 5 Se 
be in harmonic progression, show that the mean root is = . 


13. The equation 
xt — 208+ 447+ 64-—21=0 


has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take a+f8=0, and employ the first and third of equations (2), Art. 23. 


Ans. +/3, —/3, 14 /-6 


3a4 — 2523 + 50a? -— 5074+ 12=0 


14. The equation 


has two roots whose product is 2; find all the roots. 
Ans. 6, =. (£472) 
15. One of the roots of the cubic 
a —pu?+q¢r—r=0 


is double another; show that it may be found from a quadratic equation. 


Examples. 41 


16. Show that all the roots of the equation 
a + par) + pow 2+... + Pn-i%+ pn=0 


can be obtained when they are in arithmetical progression. . 
Let the roots be a, o+ 3, a+23,....a+(m—1)5. The first of equations (2) 
gives 
—pi=nat {14+24+3+....4+(n—-1)} 8 


=na+t at) 8. (1) 


Again, since the sum of the squares of any number of quantities is equal to the 
square of their sum minus twice the sum of their products in pairs, we have the 
equation 

pr — 2pe= a? + (a+ 38)? + (a+ 25)? +... 


—1)(2n-1 
née entel a ue ) gp. 


(2) 


Subtracting the square of (1) from m times the equation (2), we find 3? in terms 
of p; and yz. We can then find a from equation (1). Thus all the roots can be 
expressed in terms of the coefficients ; and pe. 

17. Find the condition which must be satisfied by the coefficients of the equa- 
tion ; 

v—px*?+qr—r=0, 
when two of its roots a, 8 are connected by a relation a + B = 0. 
Ans. pg-r=0. 

18. Find the condition that the cubic 


B— px*+qxr—r=0 


should have its roots in geometric progression. Ans. pr—g=0 

19. Find the condition that the same cubic should have its roots in harmonic 
progression (see Ex. 12). Ans. 27r? — Oper + 2¢°=0. 

20. Find the condition that the equation 


at + pa + ga*+rxz+s=0 
should have two roots connected by the relation a + 8=0; and determine in that 
case two quadratic equations which shall have for roots (1) a, 8; and (2) y, 3. 
Ans. pgr—p*s—r?=0, (1) px?+r=0, (2) 2*+ px +2 = 0. 


21. Find the condition that the biquadratic of Ex. 20 should have its roots con- 
nected by the relation 8B + y= a+ 8. Ans. p> —4pq+ 8r=0. 
22. Find the condition that the roots a, B, y, 5 of 


a+ peh+qert+re+e=0 


should be connected by the relation a8 = 8. Ans. p?s—r?=0. 
23. Show that the condition obtained in Ex. 22 is satisfied when the roots of 
the biquadratic are in geometric progression. 
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25. Depression of an Equation when a relation 
exists between two of its Roots.—The examples given 
in the preceding Article illustrate the use of the equations con- 
necting the roots and coefficients in determining the roots in 
particular cases when known relations exist among them. We 
shall now show in general, that if a relation of the form (3 = (a): 
exist beticeen two of the roots of an equation f(a) =0, the equation 
may be depressed two dimensions. 

Let (x) be substituted for x in the identity 


S (a) = gt" +a," 4+... + On, 


then (p(x) ) =a (p(w) )"+ a1 (p(w) "14+... 2 + Onigd(2) + Gn. 


We represent, for convenience, the second member of this 
identity by F(x). Substituting a for x, we have 


F(a) =f ((a)) =f(B) = 9; 


hence a satisfies the equation F(x) = 0, and it also satisfies the 
equation f/(~)=0; hence the polynomials f(x) and F' (7) have a 
common measure vw — a; thus a can be determined, and from it 
¢(a) or 9, and the given equation can be depressed two dimen- 
sions. 


EXAMPLES. 
1. The equation 
a — 54? -—47+20=0 


has two roots whose difference = 3: find them. 

Here B—a=3, B=3+a; substitute «+3 for x in the given polynomial f (2) ; 
it becomes z* + 42% —7z—10; the common measure of this and f(x) is ¢ — 2; from 
which a=2, B=5; the third root is —2. 

2. The equation 

wt — 5x3 + 11z?-13%+6 =0 


has two roots connected by the relation 28 + 8a = 7: find all the roots. 
Ans. 1, 2, 144/—2. 


It may be observed here, that when two polynomials /(z) 
and F(x) have common factors, these factors may be obtained 
by the ordinary process of finding the common measure. Thus, 
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if we know that two given equations have common roots, we 
can obtain these roots by equating to zero the greatest common 
measure of the given polynomials. 


EXAMPLES. 


1. The equations 
245+ 52?- 6r-~- 9=0, 


823 + Tz? —-1ll~a-15=0 


have two common roots: find them. Ans. -1, —3. 


2. The equations 
a+ par*+qr+r=0, 


B+ p'e?+qa+r'=0 


have two common roots: find the quadratic whose roots are these two, and find also 


the third root of each. 
: oe 4 ps , pas oe — 9’ al 
ten We o4 Ok, r(p =) r'(p P). 
"Ant ee Soar r-r r—? 


26. The Cube Roots of Unity. — Equations of the 


forms 
g®-1l=0, #+1=-0, 


consisting of the highest and absolute terms only, are called 
binomial equations. The roots of the former are called the n n* 
roots of unity. A general discussion of these forms will be given 
in a subsequent chapter. We confine ourselves at present to 
the simple case of the binomial cubic, for which certain useful 
properties of the roots can be easily established. It has been 
already shown (see Ex. 5, Art. 16), that the roots of the cubic 


2-1=0 
bij; 11, 
are : -5t5v-3, 5-5-3. 


If either of the imaginary roots be represented by w, the 
other is easily seen to be w’, by actually squaring; or we may 
see the same thing as follows :—If w be a root of the cubic, w” 
must also be a root; for, since w= 1, we get, by squaring, 
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w° = 1, or (w*)* =1, thus showing that w’ satisfies the cubic 
«—-1=0. We have then the identity 


a —l=(e¢-1)(e-w)(x-w"). 
Changing « into - 2, we get the following identity also :— 
w+1=(%+1)(%+w)(w+w?), 


which furnishes the roots of 
e+1=0. 


Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by w, or w’, or by unity; for 
example, 


wi =. w = 0, w= 0°. w =", w=. w =1, &e. 


The first or second of equations (2), Art. 23, gives the o 
lowing property of the imaginary cube roots :— 


l+wt+w’=0. 


By the aid of this equation any expression involving real 


quantities and the imaginary cube roots can be written in any 
of the forms P+wQ, P+ w’Q, wP+w’Q. 


EXAMPLES. 
1. Show that the product 


(wm + wn) (wm + wn) 
is rational. Ans. m*—mn-+ n? 


2. Prove the following identities :— 
m® + n> = (m+ n)(win + w*n)(w?m + wn), 
m®> —n® =(m — n)(wm — wn) (wm — wn). 
3. Show that the product 


(a+ wB + w*y)(a+w?B + wy) 
is rational. 


Ans. a? + B*+7*- By—ya- af. 
4. Prove the identity 


(a+B+7)(a+ wB + w*y)(a + w?B+ wy) =a? + B+ 73 — 8aBy. 
5. Prove the identity 


(a+ wB + w*y)® + (a+ w*B + wy)? = (2a—B—)(2B—y—a)(2y—a- 8). 
Apply Ex. 2. 
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6. Prove the identity 
(a+ wB + wy)? — (at w°B+ wy)? =— 3 4/—8 (B—)(y— a) (a—B). 


Apply Ex. 2, and substitute for w — w? its value af 8. 
7. Prove the identity 


a3 + B'S + y’3 — 3a'B’y’ = (a3 + B* + 7 — 3aBy)?, 
where 
a’ =a’+2By, B'=B2+2ya, y' =y7*+ 2a. 
8. Form the equation whose roots are 
m+n, wn+w'n, w?m + wn. 
Ans. x° — 3mnz — (m3 +n?) = 0. 
9. Form the equation whose roots are 
t+m+n, l+owm+w'n, 14+ wm + wn. 
Ans. 2% — 3ixz? + 3 (l? —mn) x — (B+ m3 + n3 — 3lmn) = 0. 
It is important to observe that, corresponding to the n n 
roots of unity, there are n n™ roots of any quantity. The roots 


of the equation 
vw” -a=0 
are the n n™ roots of a. 


The three cube roots, for example, of a are 
V4; W Vd, wo v4, 

where Va represents the real cube root according to the ordinary 
arithmetical interpretation. Each of these values satisfies the 
cubic equation #-—a=0. It is to be observed that the three 
cube roots may be obtained by multiplying any one of the three 
above written by 1, w, w’. 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of unity. Thus, besides the 


ordinary cube root 3, the number 27 has the two imaginary 
cube roots 


8.8 ,= 3_3 _~ 
ae 5 + 5 Ts 3, sing o - aa 3, 
as the student can easily verify by actual cubing. 


10. Form a rational equation which shall have 


3 oneness 3 re 
w/ Q4V G+ P+ w/ Q-VE4 PS 
for a root; where # = 1. 
Compare Ex. 8. Ans. 2 + 3Pr-2Q=0. 
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11. Form an equation with rational coefficients which shall have 
— 3 — 
6; hd P+ 02 VA Q 


for a root, where 6;3>=1, and 6:3=1. 
Cubing both sides of the equation 


exis PY ee O, 
and substituting 2 for its value on the right-hand side, we get 
e-— P-Q= 30102\/ PQ. a. 
Cubing again, we have 


(a8 — P— Q)3=27PQz°. 


Since @; and 62 may each have any one of the values 1, w, w*, the nine roots of 
this equation are 


SP+ fOG, wf Pt+0f/Q, w/P+/fQ, 
wf Pta/G oft /Q «s/P+ SO, 
Sorte af P+ 08 /Q, Pts AO: 


We see also that, since 6; and 62 have disappeared from the final equation, it is 
indifferent which of these nine roots is assumed equal to x in the first instance. 
The resulting equation is that which would have been obtained by multiplying 


together the nine factors of the form z me A P ed Q obtained from the nine roots 
above written. 


12. Form separately the three cubic equations whose roots are the groups in 
three (written in vertical columns in Ex. 11) of the roots of the equation of the 
preceding example. 

—, 3 — 

We can write these down from Ex. 8, taking first m and » equal to od Fr; /Q; 

pees ae peo x ial 

then equal to a/ r, wr/ Q; and finally equal to w* ah P, w/Q. 
An. x2- 3/ PQx— P-Q=0, 
2 — 3u?/ PQs - P-Q=0, 


a3 — 8w »/ PQ@x—- P-Q=0. 


27. Symmetric Functions of the Roots.—Symmetric 
functions of the roots of an equation are those functions in 
which all the roots are alike involved, so that the expression is 
unaltered in value when any two of the roots are interchanged. 
For example, the functions of the roots (the sum, the sum of the 
products in pairs, &c.) with which we were concerned in Art. 23 
are of this nature; for, as the student will readily perceive, if 
in any of these expressions the root a, let us say, be written in 
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every place where a, occurs, and a, in every place where a 
occurs, the value of the expression will be unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, each root entering in the first 
degree only in any term of any one of them. 

We can, without knowing the values of the roots separately 
in terms of the coefficients, obtain by means of the equations (2) 
of Art. 23 the values in terms of the coefficients of an infinite 
variety of symmetric functions of the roots. It will be shown 
in a subsequent chapter, when the discussion of this subject is 
resumed, that any rational symmetric function whatever of the 
roots can be so expressed. The examples appended to this 
Article, most of which have reference to the simple cases of the 
cubic and biquadratic, are sufficient for the present to illustrate 
the usual elementary methods of obtaining such expressions in 
terms of the coefficients. 

It is usual to represent a symmetric function by the Greek 
letter 5 attached to one term of it, from which the entire ex- 
pression may be written down. Thus, if a, (3, y be the roots of 
a cubic, 2u’S* represents the symmetric function 


a’ (3° . a’y* + By’, 
where all possible products in pairs are taken, and all the 


terms added after each is separately squared. Again, in the 
same case, Xa’ represents the sum 


eptayt+Pyt+ Patyart+y' fp, 
where all possible permutations of the roots two by two are 
taken, and the first root in each term then squared. 


As an illustration in the case of a biquadratic we take Sa’ 3’, 
whose expanded form is as follows :— 


a®B? + a?y? + a8? + Bty? + BPS + 728. 


By the aid of the various symmetric functions which occur 
among the following examples the student will acquire a facility 
in writing out in all similar cases the entire expression when 
the typical term is given. 
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EXAMPLes. 
1. Find the value of a?8 of the roots of the cubic equation 
e+ per-+Qqr+r=0. 
Multiplying together the equations 


at+B+y=-D, 
By+yataB= 4g, 
~ we obtain Sa?B + 3aBy =— pq; 
hence Sa°B = 3r — pg. 


2. Find for the same cubic the value of 


a + B+. Ans. Sa? = p? -- 2g. 


8. Find for the same cubic the value of 
ere ry. 
Multiplying the values of Sa and 3a”, we obtain 
a? + 63 + y? + 3a°B = — p> + 2g; 
hence, by Ex. 1, 
Zae = — p> + 3pg — 3r. 
4. Find for the same cubic the value of 
By? + ya? -+- a? B?. 
We easily obtain 
BPy* + y?a? + a8? + 2aBy(at+ B+ 7) =9*, 
from which Sap? = g? — Qypr. 
5. Find for the same cubic the value of 
(B+ y) (y +a) (a + B). 


2aBy + a°B. 


This is equal to 


6. Find the value of the symmetric function 
a By + a® Bb + a8 + Bay + B°ad + Bd 
+ y’aB + 705 + 7785 + ab + Pay + FBy 
of the roots of the biquadratic equation 
w+ p+ gu?+re+s=0. 
Multiplying together 
at+tBt+y+b=-yp, 
aBy + aB3 + ayi + Byi = —7, 


we obtain Sa*By + 4aBys = pr; 


hence Sa*By = pr — 4s 


Ans. r — pq. 
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7. Find for the same biquadratic the value of the symmetric function 
a? + A? + 7? + 3. 
Squaring Sa, we easily obtain 
Sa? = p*? — 29. 
8. Find for the same biquadratic the value of the symmetric function 
a2B? + a2y? + 0282 + B27? + B28? + 7282. 
Squaring the equation 


208 = 4, 
we obtain 


3Sa?h? + 2Sa*By + GaByd = g?; 
hence, by Ex. 6, 
Sa?B? = g? - 2pr + 2s. 

9. Find for the same biquadratic the value of a°8. 

To form this symmetric function we take the two permutations a8 and Ba of 
‘the letters a, 8; these give two terms a38 and 6°a of 3. We have similarly two 
terms from every other pair of the letters a, 8, y, 5; so that the symmetric func- 
tion consists of 12 terms in all. 

Multiply together the two equations 

ZaB=9, Za* = p* — 2¢; 
and observe that 
3a? SaB = Sa°B + Sa*By. 

[It is convenient to remark here, that results of the kind expressed by this last 
equation can be verified by the consideration that the number of terms in both 
members of the equation must be the same. Thus, in the present instance, since 
2a? contains 4 terms, and Xa8 6 terms, their product must contain 24; and these 
are in fact the 12 terms which form %a°8, together with the 12 which form 3a?By.] 

Using the results of previous examples, we have, therefore, 


Sa°B = pg — 2g? pr t+ 4s. 
10. Find for the same biquadratic the value of 
at + Bt + 74 + SF. 
Squaring Xa?, and employing results already obtained, 
Za‘ = pt — 42g + 29? + 4pr — 4s. 


11. Find the value, in terms of the coefficients, of the sum of the squares of the 
roots of the equation 


2" + pia + porw? +... + pn =0. 
Squaring Xa, we easily find 


pi? = Sa)? + 23a) a2; 
hence 


Za," = pi? — 2pro. 


12. Find the value, in terms of the coefficients, of the sum of the reciprocals of 
the roots of the equation in the preceding example. 


E 
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From the second last, and last of the equations of Art. 23, we have 
A2AZ- eee Gn + ALAZe~ eee Qn+. +48 + alag. a a Gn-1 = (— 1)" pn-1, 
Al A203 ..-+An= (-1)"pn ; 


dividing the former by the latter, we have 


Le eee Fg ee OBE Sn 
a a2 ag an Pn 
or 
s - = — Dal 
a1 Pn 


In a similar manner the sum of the products in pairs, in threes, &c., of the 
reciprocals of the roots can be found by dividing the 38rd last, or 4th last, &c., co- 
efficient by the last. 

13. Find for the cubic equation 


agx? + 8a,4%? + 800% 4 a3;=0 


the value, in terms of the coefficients, of the following symmetric function of the 
roots a, 8, y:— 
(8 — )* + (y— a)? + (a— 8). 


N.B.—It will often be found convenient to write, as in the present example, an 
equation with dinomial coefficients, that is, numerical coefficients the same as those 
which occur in the expansion by the binomial theorem, in addition to the literal 
coefficients ao, a1, &c. Here the equation being of the third degree, the successive 
numerical coefficients are those which occur in the expansion to the third power, 
MIS. 1; So, ty 4: 

We easily obtain 

ao” {(B — )? + (y — a)? + (a— B)?} = 18 (a1? — aoa). 

14. Express in terms of the coefficients of the cubic in the preceding example 

the successive coefficients of the quadratic 
(uv — a)? (B ~ y)? + (w@— B)? (y - a)? + (w— y)? (a— B)?= 0, 


where a, 8, y are the roots of the cubic. 
Here, in addition to the symmetric function of the preceding example, we have 
to calculate also the two following :— 


a(B—¥)?+B (y-a)?+7(a-B), 
a (B — y)? + B?(y—- a)? + 7*(a—B)?. 
Ans. (aod2— a1") x* + (aoa — a142) x + (a143— ay) = 0. 
15. Find for the cubic of Example 13 the value in terms of the coefficients of 
(2a— B- y)(2B—y-a)(2y-a—B). 
38a 
Since ta B= y= Sa~ (a+ B+) det ~~, 
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the required value is easily obtained by substituting — 2 for z in the identity 
ao 23 + 8a, 2 + 3a2 4+ a3 = a (x — a) (4 — 8B) (x7). 
Ans. ao? (2a — B— +) (28 —y— @) (2y — a— B) =— 27 (ao? 43 — 8a0 ay az + 20°). 
16. Find, in terms of the coefficients of the biquadratic equation 
aoxt + 4a, 2° + 6agu* + 4a3x%+a4=0, 
the value of the following symmetric function of the roots :— 
(B — y)? (a — 8)? + (y — a)? (8-3)? + (a — B)* (y— 3). 


Here the equation is written with numerical coefficients corresponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
is easily seen to be identical with 


23a? B* — 23a? By + 12aByd. 
Employing the results of examples 6 and 8, we find 
ao? { (B — y)* (a — 8)? + (y — a)? (8 — 8)? + (a— B)? (y — 8)? } = 24 (aoa4 — 401 a3 + 3a2*). 


17. Taking the six products in pairs of the four roots of the equation of Ex. 16, 
and adding each product, e.g. a8, to that which contains the remaining two roots, 
75, we have the three sums in pairs 


By+as, yat+B8, aB+ 75; 
it is required to find the values in terms of the coefficients of the two following 
symmetric functions of the roots :— 
(ya + 85) (aB + 75) + (aB + 75) (By + a5) + (By + a8) (ya + 88), 
(By + a8) (ya + BS) (a8 + 75). 


The former of these is the sum of the products in pairs, and the latter the con- 
tinued product, of the three expressions above given. As these three functions of 
the roots are important in the theory of the biquadratic, we shall represent them 
uniformly by the letters A, u,v. We have, therefore, to find expressions in terms 
of the coefficients for uy +vA+Ap, and App. 


The former is 3a? Ay, and is easily expressed as follows (cf. Ex. 6) :— 
ao" Suv = 4 (4a) a3 — ads). 
The latter is, when multiplied out, equal to 
ays (a* + B? + y* + 5°) + a? Bey? 5? (= + ct + = + x) ; 
2 9 C) 
and we obtain after easy calculations the following :— 


Go Auv = 8 (240 a3" — 3a a2. a4 + 2a)" a4). 
E 2 
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18. Find, in terms of the coefficients of the biquadratic of Ex. 16, the value of 
the following symmetric function of the roots :— 


{ (y — a) (8 — 8) —(a—B) (y¥— 8) } { (@- 8B) (y- 8)-(B- y) (a-8)} 
{(B —y)(a — 8) — (y— a) (8 — 8)}. 


This is also an important symmetric function in the theory of the biquadratic. 
To prevent any ambiguity in writing this, or corresponding functions in which the 
differences of the roots of the biquadratic enter, we explain the notation which will 
be uniformly employed in this work. 

Taking in circular order the three roots a, 8, y, we have the three differences 
B-y, y—a, a—8; and subtracting 5 from each root in turn, we have the three 
other differences a—5, B—5, y—8. We combine these in pairs as follows :— 


(B—y)(a-8), (y—a) (8-8), (a-8)(y—8). 


The symmetric function in question is the product of the differences of these 
three taken as usual in circular order. ; 


Employing the values of A, yw, v, in the preceding example, we have 


~w+v= (8-7) (4-8), —v+A=(y-a)(B- 8), -A+m=(a-B)(y-3). 
We have, therefore, to find the value of 


(24 — w—y) (24—v—A) (2y—A- wi); 
or 
| (8A — 3SaB) (84 - SaB) (3v — Sa), 
in terms of the coefficients of the biquadratic. 
Multiplying this out, substituting the value of Saf, and attending to the results 
of Ex. 17, we obtain the reyuired expression as follows :— 
ao? (2A — w— v) (2u—v—A) (2vy —A—p) =— 432 { ag ae a4 + 2a) a2 43 — Ay ag? —a;7 ag—a°}. 


The function of the coefficients here arrived at, as well as those before obtained 
in Examples 13, 15, and 16, will be found to be of great importance in the theory 
of the cubic and biquadratic equations. 


19. Find, in terms of the coefficients of the biquadratic of Ex. 16, the value of 
the symmetric function 


(a— p)?+(a- 7)? + (a—8)°+(B- 7)? + (8 8)?+ (7-8) 


This may be represented briefly by 3 (a —8)?. 


Ans. a> (a _- p)?= 48 (a,? - a a2). 


20. Prove the following relation between the roots and coefficients of the biqua 
dratic of Ex. 16 :— 


ao? (B+y—a—8)(y+a—B —8) (a+ B—y—8) =382 (ao? a3 — 8aoay ag + 2015). 
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28. Theorems relating to Symmetric Functions.— 
The following two theorems, with which we close for the present 
the discussion of this subject, will be found useful in many in- 
stances in verifying the results of the calculation of the values 
of symmetric functions in terms of the coefficients. 

(1). Zhe sum of the exponents ofall the roots in any term of any 
symmetric function of the roots is equal to the sum of the suffixes in 
each term of the corresponding value in terms of the coefficients. 

The sum of the exponents is of course the same for every 
term of the symmetric function, and may be called the degree in 
all the roots of that function. The truth of the theorem will be 
observed in the particular cases of the Examples 13, 15, 16, 17, 
&e. of the last Article; and that it must be true in general ap- 
pears from the equations (2) of Art. 23, for the suffix of each 
coefficient in those equations is equal to the degree in the roots 
of the corresponding function of the roots; hence in any product 
of any powers of the coefficients the sum of the suffixes must be 
equal to the degree in all the roots of the corresponding func- 
tion of the roots. 

(2). When an equation is written with binomial coefficients, the 
expression in terms of the coefficients for any symmetric function of 
the roots, which is a function of their differences only, is such that 
the algebraic sum of the numerical factors of all the terms in it is 
equal to sero. 

The truth of this proposition appears by supposing all the 

coefficients do, a, a., &c. to become equal to unity in the general 
equation written with binomial coefficients, viz., 
n(n —1) 
a 
for the equation then becomes (x + 1)” =0, i.e. all the roots become 
equal; hence any function of the differences of the roots must 
in that case vanish, and therefore also the function of the coeffi- 
cients which is equal to it; but this consists of the algebraic sum 
of the numerical factors when in it all the coefficients a, a, da 
&e. are made equal to unity. In Exs. 13, 15, 16, 18, 20 of Art. 
27 we have instances of this theorem. 


Aya” + naa" + a0" * +....+a,=0; 
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EXAMPLES. 


1. Find in terms of p, g, » the value of the symmetric function 


dah SRG ALi ae + B? 
By ya aB 


> 


where a, 8, y are the roots of the cubic equation 


B+ per-+qrt+r=0. 


2. Find for the same equation the value of 


(B+y—a)? +(yta—B)?+ (a+B—¥)% 
Ans. 24r—p’. 


3. Calculate the value of ¥a° 6? of the roots of the same equation. 


Here Saf 2a* B? = Sa* 6? + aByZa?B; hence, &e. 
Ans. g?— 3pqr t+ 37. 


4. Find for the same equation the value of the symmetric function 
(83 — 73)? + (y3— a3) + (a3 — 63), 
2a° is easily obtained by squaring Sa? (see Ex. 3, Art. 27) 


Ans. 2p® — 12p4q + 12p3r + 18p? g?— 18 par — 643. 


5. Find for the same equation the value of 


BP +? y+ a at + B? 
B+y yta = atB° 


r~— pq 
6. Find for the same equation the value of 
a’ + By : B+ya y’?+aB8 
B+y y¥+a a+Bp- 
Ans. 


pt — 3p?q+ Bpr+ g? 
r—pq 


7. Find for the same equation the value of 


2By—a® | 2va — B? 2aB — 7 
B+y-a yta-B atB-y 


Ans. 
4pq — p* — 8r 


20 — 4dr — Jot 


pt —2p? q+ 14pr— 8¢? 


i iB dee, sii 


Examples. 5d 


pa 2 
8. Find the value of the symmetric function = (2-3) for the same cubic 
a 


equation. 
3p? g? — 4p3r — 49° — 2pgr — 9r? 


Ans 
(r — pq)? 


9. Calculate in terms of p, g, 7, 8 the value of for the equation 


a8 + p+ gqur+re+s=0. 


1 l 

Here Pps ee ire eee aid: Jat - 344 3: 
a B 7 a B 

a gr? — 29°s - prs + 43 


s* 


10. Find the value of = a of the roots of the equation 


a+ pyar) + pomh? + ....4+ pnt + pn= 0. 
Pn-1 Pn a Pip? + 271 Pn-2 pn 
A ?? — 


Ans 


11. Find for the biquadratic of Ex. 9 the value of 
(By — a8) (ya — 83) (a8 — 78). 
Compare Ex. 22, Art. 24. Ans. rv? — p*s. 


12. Find the value of 3% (aoa + a)* (B — ¥)” in terms of the coefficients of the 


cubic equation 
aox® + 8a\z? + 8agu + a3 = 0. 


Ans. ~ (ao a2 - a,")*. 


24 2 
13. Find the value of the symmetric function = = of the roots of the 
1a2 


equation 
a+ pir) + pox? + ocee + Palit + Pn = 0. 


The given function may be written in the form 


or Saiz : —n; hence, &c. ns 
a Pn 


14. Clear of radicals the equation 


Jina+ft-o+/fi-7=0, 
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and express the coefficients of the resulting equation in ¢ in terms of the coefficients 
of the cubic of Ex. 1. 


Ans. 3t?7—2(p?—2¢)t— pt + 4p2¢ - 8pr=0. 
15. If a, B, y, 5 be the roots of the biquadratic of Ex. 9, prove 
(a? + 1)(8? + 1)(y? + 1)(8 +1) = (l-—¢ +8)? + (p—7)*. 
Substitute in turn each of the roots of the equation z?+1 = 0 in the identity of 
Art. 16, and multiply. 


16. Prove the following relation between the roots and coefficients of the 
general equation of the n** degree :— 
(ai? + 1) (az? + 1) Rpaees (an? + 1lj=(l-potm- ..-)? + (p1-—pst...)* 
17. Find the numerical value of 
(a? + 2)(8? + 2)(y* + 2)(8? + 2), 
where a, B, y, & are the roots of the equation 
at — 7x3 + 82% — 64 +10 = 0. 
Substitute in turn for « each root of the equation 2? + 2=0, and multiply. 


Ans. 166. 
18. If a, B, y; 5 be the roots of the equation 


aoxu' + 4a,%3 + Cagu? + 4a3% + a4 = 0, 
prove 


ao? (B + y)(y + a)(a + B)(a + 8)(B + 8)(y + 8) = 16 (6ajaga3 — dots? — ay?ag} 
The symmetric function in question is equal to (u + v)(v+A)(A +), Or ZAZpmy 


— Amv, where A, w, v have the values of Ex. 17, Art. 27. 
19. Calculate the value of the symmetric function 3 (a — 8)‘ of the roots of the 
biquadratic equation of Ex. 9. 
Ans. 3p* — 16p*¢ + 209? + 4pr — 16s. 
20. Show that when the biquadratic is written with binomial coefficients, as in 


Ex. 18, the value of the symmetric function of the preceding example may be 
expressed in the following form :— 


aS (a — B)*= 16 {48 (aoa2 — ay”)* — ao? (aoag — 40143 + 3a2*)}. 


21. The distances on a right line of two pairs of points from a fixed origin on 
the line are the roots (a, 8) and (a’, 8’) of the two quadratic equations 


an2+2%e+e=0, a’a?+2'r+c =0; 


prove that when one pair of the points are the harmonic conjugates of the other 
pair, the following relation exists :— 


ac’ + a’c — 260’ = 0. 


22. The distances of three points 4, B, C ona right line from a fixed origin O 
on the line are the roots of the equation 


ax® + 3ba? + 8er+d=0; 
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find the condition that one of the points 4, B, C should bisect the distance between 
the other two. 
Compare Ex. 15, Art. 27. Ans, ad—3abe+28=0. 


23. Retaining the notation of the preceding question, find the condition that the 
four points 0, 4A, B, C should form a harmonic division. 
Ans. ad? — 3hed + 2c3 =0. 


This can be derived from the result of Ex. 22 by changing the roots into their 
reciprocals, or it can be easily calculated independently. 


24. If the roots (a, B, y, 5) of the equation 
ax‘ + 4bx> + 6cx? + 4ddx+e=0 


be so related that a—8, 8 —5, y— 84 are in harmonic progression, prove the relation 
among the coefficients 
ace + 2bed —ad*—b?e-=0. 


Compare Ex. 18, Art. 27. 


25. Form the equation whose roots are 


By + wya+ waB By + w?ya+ waB 
atwBt+wy ’ a+w*B+wy : 


where w® = 1, and a, B, y are the roots of the cubic 
ax® + 3bz?+ 38er+d=0. 
Ans. (ac—b*) x? + (ad — be) x + (bd—c?) =0. 
Compare Exs. 13 and 14, Art. 27. ° 


26. Express 
(2By — ya— af) (2ya — aB— By) (2a8 — By — ya) 


as the sum of two cubes. 


Ans. (By + wya t+ w* aB)® + (By + w-ya+ wa8)3. 
Compare Ex. 5, Art. 26. : 


27. Express 
(at+y+2)+ (e+ wy + wz) + (a+ wy + w2)8 


in terms of z+ y°+ 2° and xyz, where w3= 1. 
28. If 
(23 + y3 + 23 — 8xyz) (v3 + y'3+ 23 — 3a’ y's’) = X3+ Y2+ 23—-3X¥Z, 


find X, ¥, Z in terms of 2, y, 2; 2’, y', 2’. 
Apply Example 4, Art. 26. 


Ans. 3 (25+ y>+ 2°) + 18zyz. 


Ans. X=ae'+yy'+2¢, Yary’ ty +x, Zaar't+yz'+ sy’. 
29. Resolve 
(a+ B+ 7) aBy — (By + ya + a8)* 
into three factors, each of the second degree in a, 8, y. 


Ans. (a? — By) (8 — ya) (7?— 28) 
Compare Ex. 18, Art. 24. 
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30. Resolve into simple factors each of the following expressions :— 
(1). (B—+y)? (8+ y—2a) + (y— 4a)? (y+. a— 28) + (a—8)? (a+ B— 27). 
(2). (B—y) (B+y-2a)? + (y—4) (7 +a— 28)? + (a—B) (a+ Bf —2y)?. 
Ans. (1). (2a—B-—v)(2B—y—a)(2y—a—B). 
(2). —9(B—-) (y—4) (a— 8). 
31. Find the condition that the cubic equation 
ve —per+qu—r=0 


should have a pair of roots of the form a + aV—1; and show how to determine 


the roots in that case. 


If the real root is 4, we easily find, by forming the sum of the squares of the 
roots, p? —2g=0*. The required condition is 


(y? — 29) (9g? — 2pr) — 1? = 0. 
32. Solve the equation 
x? — Tx? + 20x — 24 = 0, 


whose roots are of the form indicated in Ex. 31. 
Ans. Roots 3, and2+4+2V—1. 


33. Find the conditions that the biquadratic equation 
x —pe+qer*—-re+s=0 


should have roots of the form a+aV—1, 6+5V—1. Here there must be two 
conditions among the coefficients, as there are only two independent quantities 
involved in the roots. 
Ans. p®?—2¢g=0; 7? —2¢8=0. 
34. Solve the biquadratic 


a4 + 423 + 82? — 1202 + 900 = 0, 
whose roots are of the form in Ex. 33. 
Ans. 84+3V-1, —-5F6V—1. 
35. If a+ B8V—1 bea root of the equation 
e+gr+r=0, 
prove that 2a will be a root of the equation 
e+qu—-r=0. 
36. Find the condition that the cubic equation 
B+ per-+grt+r=0 
should have two roots a, 8 connected by the relation a8 + 1=0. 


Ans. l+q+prt+r?=0. 
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87. Find the condition that the biquadratic 
a+ph+qrr+rr+s=0 


should have two roots connected by the relation a8 + 1=0. 
The condition arranged according to powers of s is 


1+¢4+pr+r?+(p?+pr—2¢-—1)8+(¢—1) s*#+s8=0. 
38. Find the value of 3 (a1 — a2)?a3a4.... an of the roots of the equation 
a” + pyar + poan-* + eeee + Pr= 0. 


This is readily reducible to Ex. 13. 
Ans. (—1)" { pipni-n* pn}. 

39. If the roots of the equation 
n(n —1) 


2 = 
1.2 a2 2" + cece t&n 0 


yz” + na, zl + 


be in arithmetical progression, show that they can be obtained from the expression 


a 4 r 3 (a@?— a) a2) 
%~ 4% n+1 


by giving to r all the values 1, 3, 5, .... m—1, when m is even; and all the values 
0,2,4,6....—1, when » is odd. 
40. Representing the differences of three quantities a, B, y by a1, Bi, yi, & 
follows :— 
ma=B-y Bizy-a yi=a-B; 
prove the relations 
a3 + 63 + 913 = 3a Bix, 
ai‘ + Bit + yi* = § {a1* + Bi? + 117}, 
ai5 + Bid + yi5 = $ {a1? + Bi? + 717} ai Bin. 
These results can be derived by taking a, 81, yi to be roots of the equation 
w+qr—r=0 


(where the second term is absent since the sum of the roots =0), and calculating 
the symmetric functions 3a)3, Sa:4, Sa:5 in terms of gandr. The process can be 
extended to form ai®, Sa:7, &c. The sums of the successive powers are, therefore, 
all capable of being expressed in terms of the product a; 6171 and the sum of squares 
a? + 8,2 +1"; the former being equal to 7, and the latter to — 2 (Bi7y1 + yia1 + 4181), 
or—2g. These sums can be calculated readily as follows :—By means of 8 =r— gz, 
and the equations derived from this by squaring, cubing, &c., and multiplying by 
# or x*, any power of x, say xP, can be brought by successive reductions to the form 
A+ Bx+ Cx, where A, B, C are functions of g andr. Substituting ai, 81, yi, and 
adding, we find 3a,7=34-—2¢C. The student can take as an exercise to prove in 
this way Sa,’ =7¢*r, Sa,!! = 1lgr (g*—7r?). 
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TRANSFORMATION OF EQUATIONS. 


29. Transformation of Equations.— We can in many 
instances, without knowing the values of the roots of an equa- 
tion in terms of the coefficients, transform it by elementary 
substitutions, or by the aid of the symmetric functions of the 
roots, into another equation whose roots shall have certain 
assigned relations to the roots of the proposed. A transforma- 
tion of this nature often facilitates the discussion of the equation. 
We proceed to explain the most important elementary transfor- 
mations of equations. 

30. Roots with Signs changed.—To transform an equa- 
tion into another whose roots shall be equal to the roots of the 
given equation with contrary signs, let aj, a2, a3,... an be the 
roots of the equation 


+o! + pet t+... . Pn 0-+ pn = 0. 
We have then the identity 
a” + pa + peat. + Pn 18 + pn = (U@—a1) (@— a2)... (@— an); 
changing « into — y, we have, whether » be even or odd, 
y" — pry" + pry”? — © 6 tDnay F Pn=(y tan) (ytar)... (Y+an). 
The polynomial in y equated to zero is, therefore, an equation 
whose roots are —a,, —a.,...-—an,; and to effect the required 


transformation we have only to change the signs of every alternate 
term of the given equation beginning with the second. 


EXAMPLES, 
1. Find the equation whose roots are the roots of 
w+ Tat + 773-82? +e44+1=0 
with their signs changed. Ans. #5 — 7x + 723 + 822? 4+4-1=0. 
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2. Change the signs of the roots of the equation 
a+ 3254 a —a?+74+2=0. 
[Supply the missing terms with zero coefficients. ] 
Ans. 27+ 3254234 274+ 7r-—2=0. 


31. To Multiply the Roots by a Given Quantity.— 
To transform an equation whose roots are a, a.,...a, into an- 


: : Y. 
other whose roots are may, Max, ... Man, We change x into an 
n 


the identity of the preceding Article. Multiplying by m”, we 
have 
y® + mpiy") + me py"? +... + M™ Dairy + M" Pn 
= (y-—ma,)(y — maz).... (y- man). 
Hence, to multiply the roots of an equation by a given quan- 
tity m, we have only to multiply the successive coefficients, beginning 
with the second, by m, m*, m*,...m". 

The present transformation is useful for the purpose of re- 
moving the coefficient of the first term of an equation when it 
it is not unity; and generally for removing fractional coefficients 
from an equation. If there be a coefficient a of the first term, 
we form the equation whose roots are dai, Qa2,...da,; the 
transformed equation will be divisible by a, and after such 
division the coefficient of #" will be unity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m which is the least 
common multiple of all the denominators of the fractions. In 
many cases multiplication by a quantity less than the least 
common multiple will be sufficient for this purpose, as will 
appear in the following examples :— 


EXamP Les. 
1. Change the equation 


324 — 443+ 42?-2741=0 
into another the coefficient of whose highest term will be unity. 
We multiply the roots by 3. Ans. x*— 423+ 122? - 184+ 27=0. 
2. Remove the fractional coefficients from the equation 


1 2 
an wie es De 
2 g@ tse 1=0 


Multiply the roots by 6. Ans, #—- 32°+ 24x-216=0. 
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3. Remove the fractional coefficients from the equation 
ott HO. 


By noting the factors which occur in the denominators of these fractions, we 
observe that a number much smaller than the least common multiple will suffice to 
remove the fractions. If the required multiplier be m, we write the transformed 


equation thus :— 
5 7 ms 
xe — m =o — mW + 33-93 =0; 


it is evident that if m be taken = 6, each coefficient will become integral ; hence we 
have only to multiply the roots by 6. 
Ans. #—152?—1474+2=0. 
4. Remove the fractional coefficients from the equation 
13 


a + 5 ig a ene 
10 25 1000 


The student must be careful in examples of this kind to supply the missing 
terms with zero coefficients. The required multiplier is 10. 


Ans. x*+ 3027+ 5202+770=0. 
5. Remove the fractional coefficients from the equation 


5 5 13 
oes a eo a 
AEB tit Chae 


Ans. xt — 2543+ 37527 —11700=0. 
32. Reciprocal Roots and Reciprocal Equations.— 
To transform an equation into one whose roots are the reciprocals 
eee 
of the roots of the proposed equation, we change w into — in the 


identity of Art. 30. This substitution gives, after certain easy 
reductions, 


pest pte ae a Bes imag 
—+ —— + —— 4+... +7 + fn =—(y-— lly -—)}....(y—— 
gee pte id Y = y" \Y ay a2 . a : 


or 
Pn- = yh Pn-2 


ser haly-2-8)-o-3) 
2+ .t— yt -— —-—}../y-—}; 
Pn Paes mm” Pp IS is 


hence, if in the given equation we replace # by and multiply 


species 


by y”, the resulting polynomial in y equated to zero will have 
for roots the reciprocals of a,, a2, .... ap. 
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There is a certain class of equations which remain unaltered 
when z is changed into its reciprocal. These are called reciprocal 
equations. ‘The conditions which must obtain among the coef- 
ficients of an equation in order that it should be one of this class 
are, by what has been just proved, plainly the following :— 


The last of these conditions gives p,?=1, or p,=+1. Reci- 
procal equations are divided into two classes, according as p, is 
equal to +1, or to-1. 

(1). In the first case we have the relations 


Pn-i=P1y Pn-2z= Pr ++ + Pr=Pnrs 


which give rise to the first class of reciprocal equations, in which 
the coefficients of the corresponding terms taken from the beginning 
and end are equal in magnitude and have the same signs. 

(2). In the second case, when p, =— 1, we have 


Pa-1 =~ Pir Pa-2 = — Pry &e, oe 0 6 Pye ~~ Par; 

giving rise to the second class of reciprocal equations, in which cor- 
responding terms counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n = 2m, one of 
the conditions becomes pm =—- Pm, OF Pm = 9; so that in reciprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 


If a be a root of a reciprocal scouien; = must also be a root, 
a 


for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed; hence the roots of a 


reciprocal equation occur in pairs, a, - B, 5 &e. When the 
a 

degree is odd there must be a root which is its own reciprocal ; 

and it is in fact obvious from the form of the equation that -1, 


or + 1 is then a root, according as the equation is of the first or 
second of the above classes. In either case we can divide off by 
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the known factor (2+1 or e-1), and what is left is a reciprocal 
equation of even degree and of the first class. In equations of 
the second class of even degree a — 1 is a factor, since the equa- 
tion may be written in the form 


a" —-1+pa(a™*-1)+...=0. 


By dividing by 2 - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of the first class whose degree is 
even, and this may consequently be regarded as the standard form 
of reciprocal equations. 


EXAMPLeEs. 


1. Find the equation whose roots are the reciprocals of the roots of 
a! — 323 + Ta? + 52 —2=0. 
Ans. 2y* — 5y3 — Ty? + 8y —1=0. 


2. Reduce to a reciprocal equation of even degree and of first class 
22 22 


5 5 
6 Pr SE nepal, Yemeigy | Sige Sm 
tee edule ried =O 


ee aoe : 
NG Test Gambon lead ok 
Ans. ar tol gvteetl 0 


33. To Increase or Diminish the Roots by a Given 
Quantity.—To effect this transformation we change the vari- 
able in the polynomial / (x) by the substitution e=y +h; the 
resulting equation in y will have roots each less or greater by / 
than the given equation in a, according as / is positive or nega- 
tive. The resulting equation is (see Art. 6) 

ft (h) +f" (y+ oO Ops +5 oe oe 

There is a mode of formation of this equation which for 
practical purposes is much more convenient than the direct cal- 
culation of the derived functions, and the substitution in them 
of the given quantity 4. This we proceed to explain. Let the 
proposed equation be 


ag + ay + agl* +... + Un C+ On = 03 
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and suppose the transformed polynomial in y to be 
Ay" + Ay"! + Ay"? +...+Aniyt+ An; 
since y= x—/h, this is equivalent to 
Ay (a@—-—h)"+ Ai (e@—h)"*+...4+ Ani (w@-h) + An, 
which must be identical with the given polynomial. We conclude 
that if the given polynomial be divided by #-/, the remainder 
is A,, and the quotient 
Ay(a—h)"* + Ai(w@—h)"? +...4+ Ans (@—-h) + Ana; 


if this again be divided by 2 - A, the remainder is 4,,,, and the 


quotient 
Ay(a—h)"*+ Ai (w@—-h)"> +... 4+ Ans. 


Proceeding in this way, we are able by a repetition of arith- 
metical operations, of the kind explained in Art. 8, to calculate 
in succession the several coefficients A,, An., &e., of the trans- 
formed equation; the last, A,, being equal to a. It will appear 
in a subsequent chapter that the best practical method of solv- 


ing numerical equations is only an extension of the process 
employed in the following examples. 


EXAMPLEs. 
1. Find the equation whose roots are the roots of 


vt — 523 + 72? —- 17x + 11=0, 
each diminished by 4. 
The calculation is best exhibited as follows :— 


1 - 5 7 - 17 ll 
4 -4 12 — 20 
-1 3 - 6 - 9 
4 12 60 
aiunrenin’ pal | 
3 15 55 
4 28 
7 43 
4 
11 
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Here the first division of the given polynomial by x — 4 gives the remainder 
— 9 (= Aj), and the quotient 23 — 2 + 3x — 5 (cf. Art. 8). Dividing this again by 
x —4, we get the remainder 55 (= As), and the quotient 27 + 3x+15. Dividing 
again, we get the remainder 43 (=-Ag), and quotient «+ 7; and dividing this we get 
A,=11, and 49=1; hence the required transformed equation is 


yt + lly? + 43y? + 55y - 9 =0. 
2. Find the equation whose roots are the roots of 


w+ 43 —-2?+11=0, 
each diminished by 3. 


1 0 -1 0 11 
3 9 39 114 342 
3 i3 38 114 363 : 
3 18 93 393 
6 31 131 | 507 
3 27 174 
—_——. \ 
9 58 305 
3 36 
12 94 ; 
3 f 
15 
The transformed equation is, therefore, 
® 
y> + 15y* + 94y3 + 305y? + 50Ty + 353 = 0. 
3. Find the equation whose roots are the roots of 
4x5 — 243 + Tx —-3 = 0, ‘ 


each increased by 2. 
The multiplier in this operation is, of course, — 2. 


Ans. 4y° — 40y* + 158y° — 308y? + 303y — 129 =0. 
4. Increase by 7 the roots of the equation 
324 + 7x3 — 152? + 4-2=0. 
Ans. 3y*—7Ty? + 720y? — 2876y + 4058 = 0. 


PT a Oe aN ahr ae ee eee 
FE Mg For Pol pe Gee ty ge URE, coed aa Sey TER | 


5. Diminish by 23 the roots of the equation 
523 — 13a? - 122+ 7=0. 


The operation may be conveniently performed by first diminishing the roots by 
20, and then diminishing the roots of the transformed equation again by 3. The 


7 
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calculation may be exhibited in two stages, as follows, the broken lines marking 
the conclusion of each stage :— 


5 - 13 - 12 7 
100 1740 34560 
87 1728 34567 
100 3740 19122 
187 5468 53689 
100 906 
287 6374 
‘ 15 951 
302 7825 
15 
317 
15 
332 


Ans. 5y? + 332y?+ 7325y + 53689 = 0. 


34, Removal of Terms.—One of the chief uses of the. 
transformation of the preceding article is to remove a certain 
specified term from an equation. Such a step often facilitates 
its solution. Writing the transformed equation in descending 
powers of y, we have 


ne YD) ah +(n-1)ah+ ashy" a-34...=(). 
If h be such as to satisfy the equation nah + a,=0, the trans- 


formed equation will want the second term. If h be either of 
the values which satisfy the equation 


doy" + (naoh +a)y"" + 


n(n — 


n(n—1) ,, 
2 Wi, ah? +(n-1)mh +a, = 0, 


the transformed equation will want the third term; the removal 
of the fourth term will require the solution of a cubic for’; and 
soon. ‘To remove the last term we must solve the equation 
f (h) = 0, which is the original equation itself, 

F2 
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EXAMPLEs. 
1. Transform the equation 
2 — 642+ 44-7=0 
into one which shall want the second term. 
nah+a,=0 gives h=2. 
Diminish the roots by 2. Ans. y>—8y -15=0. 


2. Transform the equation 
++ 8234+ 42-5=0 


into one which shall want the second term. 


Increase the roots by 2. Ans. y* - 24y? + 65y — 55 =0. 
3. Transform the equation 
xt — 423 — 1827 - 384 +2=0 


into one which shall want the third term. 
The quadratic for h is 
64? - 12h-18 = 0, giving h=3, h=--1, 
Thus there are two ways of effecting the transformation. 
Diminishing the roots by 3, we obtain 
(1) yt + 8y3—1lly—196 =0. 
Increasing the roots by 1, we obtain 
- (2) yt -8y34+ 17y-8 =0. 


35. Binomial Coefficients.—In many algebraical pro- 
cesses it is found convenient to write the polynomial /(z) in the 
following form :— 

n(n —1) n(n —1) 
Roe a Oe 
in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of (v7 +1)" by the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 

We now adopt the following notation :— 

n(n—1) 
1.2 
thus using U with the suffix n to represent the polynomial of 

the n degree written with binomial coefficients 


ag” +naa dd Ano + NAg rl + Any 


Ua = Aga” + naa" + Ay ra + eee + NAyn-\X + Any 
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We have, therefore, changing » into n -1, &c., 


Oy = aon" + (n- lL) aye”? +... + (n—1) dnt + Ani, 


U, =aor® + 8az* + 8a@ + a, 
OU, =u"? + 2a + da, 

U, =e +t, 

U, =a. 


One advantage of the binomial form is, that the derived 
functions can be immediately written down. ‘The first derived 
function of U,, is, plainly, 


(n — 1) (n - 2) Gin e. 4 + dnl , 


me es 
ia el + (n-1) aa”? + - 2 j 


or nU,,_,; so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of U the rule given in Art. 6 with respect to the exponent of the 
variable. Thus, for example, the first derived of U, is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity; it is, therefore, 4U;, as the student can easily verify. 

We proceed now to prove that the substitution of y + h for 
x transforms the polynomial U,, or 


Age” + nav + ae Aga +... + NAg 10+ An, 
into 

Avy” +nAyy"" + : =) Ay + 2 tnAgiy + An; 
where 


mi Ai Ay: Agi, 


are the functions which result by substituting A for x in 
U,, U;, U2, ee: Una Un; 
te. Ay=Q, A,=aht+a, A,=ah? + 2ah+t a, Ke. 


Representing the derived functions of /(i) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, viz. f(y +), in the following form :— 


2 n—-1 h me Ne 
F(h) +h (ayy + Boy fee +e ys Bo, : 


f(h) is the result of substituting A for 2 in U,,; it is, therefore, 
A, its first derived f(h) is, by the above rule, n4,_,; the first 
derived of this again is n(n-1)A,.; and so on. Making these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 


EXAMPLES. 


1. Find the result of substituting y+ % for x in the polynomial 
aor? + 30,2? + Baer + a3. 
Ans. acy? + 8 (ach + a) y2 + 3 (agh? + Qash + az) y + ah + 80h? + 8azh + as. 


The student will find it a useful exercise to verify this result by the method of 
ealculation explained in Art. 33, which may often be employed with advantage i ir 
the case of algebraical as well as numerical examples. 

2. Remove the second term from the equation 


ax? + 8a47 + 8ag4 + a3=0. 

We must diminish the roots by a quantity / obtained from the equation 
ah+a=0, i.e. h ces 

Substituting this value of f in 42, and As, the resulting equation in y is 


3 (aoa - a") 40°03, — 89a a2 + 2a;3 
y+ y+ : 
ag” ao? 


8. Find the condition that the second and third terms of the equation U;, = 0 
should be capable of being removed by the same substitution. 

Here 4; and 42 must vanish for the same value of 4; and eliminating h 
between them we find the required condition. 

‘ Ans. aoa2—a;*= 0. 
4. Solve the equation 
23+ 62? 4+ 127-19=0 

by removing its second term. 

The third term is removed by the same substitution, which gives 


—-27=0. 
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The required roots are obtained by subtracting 2 from each root of the latter 
equation. 

5. Find the condition that the second and fourth terms of the equation U, = 0 
should be capable of being removed by the same transformation. 

Here the coefficients 4, and 43 must vanish for the same value of / ; eliminat- 


ing 4 between the equations 
aoh +a, =0, ach? + 3ajh? + 3a2h + az = 0, 
we obtain the required condition 
ao?a3 — 3a9a\a2 + 2a;3 = 0. 
N.B.—When this condition holds among the coefficients of a biquadratic equa- 
tion its solution is reducible to that of a quadratic ; for when the second term is 
removed the resulting equation is a quadratic for y?; and from the values of y 


those of x can be obtained. 
6. Solve the equation 


ai + 1625 + 722? + 642 — 129 =0 


by removing its second term. 


The equation in y is 
y* — 2442? -1=0. 


7. Solve in the same manner the equation 
a! + 20x53 + 14327 + 4307 + 462 = 0. 
Ans. The roots are —7, —3, -—5 + V3. 
8. Find the condition that the same transformation should remove the second 
and fifth terms of the equation U, = 0. 


Ans. ao?ag - 4ay7a, a3 + 6 aa 1742 - 3a,! = 0. 


36. The Cubie.—On account of their peculiar interest, we 
shall consider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding article. When y + A is sub- 
stituted for # in the equation 


age? + 8a, + Basar + a, = 0, (1) 
we obtain 
ay? + 8A,y’ + 3A.y + A= 9, 


where A,, A,, A, have the values of Art. 35. 
If in the transformed equation the second term be absent, 
ay 


ao 
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Substituting this value for 4 in A, and A;, we find, as in Ex. 2, 
Art. 35, 


ay Az = Apa aa a;*, Ge” As = As’ Az poe SAA A2 -+- 24;*3 


hence the transformed cubic, wanting the second term, is 
3 1 : 
yr + sar CALE = a”) Tp ite (ays = Skate + 2a,°) ath 
Qo Ao 


The functions of the coefficients here involved are of such 
importance in the theory of algebraic equations, that it is custo- 


mary to represent them by single letters. We accordingly adopt 
the notation 


Agllg — iy” = ae A's — 3M9A,A2 + 2a,3 = G ; 


and write the transformed equation in the form 


3H G 
a Se (2) 


If the roots of this equation be multiplied by a, it becomes 
+3Hzs+G=0: (3) 


a form which will be found convenient in the subsequent dis- 
cussion of the cubic. The variable, zs, which occurs in the first 
member of this equation, is equal to ay or aw + a,; the original 
cubic multiplied by a,’ being in fact identical with 


(ae +a)°+3H (av+a) + G, 


as the student can easily verify. 
If the roots of the original equation be a, (5, y, those of the 
transformed equation (2) will be 


Se ee et ——_ 
’ pB rh i a.’ 
or, since 
, 3a, 
at+Pty=-—, 
Ao 


they may be written as follows :— 


3(2a-B-y), 3(@2B-y-4), 3(2y-a-Bf). 
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We can write down immediately by the aid of the trans- 
formed equation the values of the symmetric functions 


= (2a-P-y)(28-y-a), (2a-B--y)(28 -y-a)(2y-a- 8) 
of the roots of the original cubic. The latter will be found to 
agree with the value already found in Ex. 15, Art. 27. 

We may here make with regard to the general equation an 
important observation: that any symmetric function of the roots 
a, 3, y, 6, &e., which is a function of their differences only, can 
be expressed by the functions of the coefficients which occur in 
the transformed equation wanting the second term. ‘This is 
obvious, since the difference of any two roots a’, (3 of the 
transformed equation is equal to the difference of the two corre- 
sponding roots a, {3 of the original equation; and any symmetric 
function of the roots a’, [3’, y’, 0’, &c., can be expressed in terms 
of the coefficients of the transformed equation. Jor example, in 
the case of the cubic, all symmetric functions of the roots which 
contain the differences only can be expressed as functions of 
a, H, and G. Illustrations of this principle will be found 
among the examples of Art. 27. 

37. The Biquadratie.—The transformed equation, want- 
ing the second term, is in this case 


aoy* + 6.A,7/ + 4 Ay + A,= 0, 
where A, and A; have the same values as in the preceding 
article ; and where A, is given by the equation 
Gy Ay = Ardy — 40a, As + 6aya,?u, — 3a,‘ 


The transformed equation is, therefore, 
6 4 1 
y" + Pe Hy’ + pay Gy + ay (a> as 4a,"a,d3 - 6ao 4,72 - 3a,) = 0. 
Ao Qo ao 


We might if we pleased represent the absolute term of this 
equation by a symbol like H and G, and have thus three 
functions of the coefficients, in terms of which all symmetric 
functions of the differences of the roots of the biquadratie could 
be expressed. It is more convenient, however, to regard this 
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term as composed of H and another function of the coefficients 

determined in the following manner :-—-We have plainly the 

identity 

Ay As — 407A; + Gayty? dy -- 8a;4=Ay?(Aods — 44,43 + 8a,") — 3 (Aod2 - a"). 
This involves a, H, and another function of the coefficients, 

viz. 


Agdy — 40, a3 + 3a.’, 


which is of great importance in the theory of the biquadratic. 
This function is represented by the letter J, giving © 


Ay? -- 4,2, 3 + 6Gaypa,*a, — 3a, =a°l-3 A’. 


The transformed equation may now be written 


y+ OF pT y eee oy. (1) 
0 0 


Ao 


We can multiply the roots of this equation, as in the case of 
the cubic of Art. 36, by a; and obtain 


1+ 6H2?+ 442+ a/°l-3H’ =0. (2) 


J 


This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, viz. qv + a,; the original 
quartic multiplied by a,° being in fact identical with 


(av + a,)*+ 6H (av +a)? +44 (auvta)+a°I-3H*. 


Any symmetric function of the roots of the original biqua- 
dratic equation which contains their differences only can there- 
fore be expressed by a, H, G, and J. 


If the roots of the original equation be a, 3, y, 8, those of 
the transformed (1) will be, as is easily seen, 


+ (8a-B-y-8), + (3B-y-8-a), + (3y-d8-a-f), + (88-a-B-y). 


The sum of these = 0; the sum of their products in pairs 


Sas ; the sum of their products in threes = cel ; and for their 


0 ao 
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continued product we have the equation 
ao! (3a — B --y - 8) (8B -y - 8-a) (3y - 8- a— P) (38-a-B-y) 
= 256 (a I- 3H"). 

There is another function of the coefficients to which we 
wish now to call attention, as it will be found to be of great im- 
portance in the subsequent discussion of the biquadratic. It is 
the function arrived at in Ex. 18, Art. 27, viz. 

Aplat, + 2AyAe3 — Ads” — a,2a, — a3. 

This is denoted by the letter J. The example referred to 

shows that it is a function of the differences of the roots. It 


must, therefore, be capable of being expressed in terms of a, 
H, Gand I. We have, in fact, the identity 

a J =a, HI - G@ - 4H, 
which the student can easily verify. 

Or this relation can be derived as follows :—Whenever a 
function of the coefficients a, a, a2, &c., is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion ; hence its value is unaltered when we change 4a, into zero, 
a, into A,, a; into A;, &c. Thus 

AAs + 2,023 — Ads? — aay — a = a,A,A;, -— a), Ae - Ad; 
substituting for A., As, A, their values in terms of H, G, J, we 
easily obtain the above identity, which will usually be written 
in the form 

G44 =a? (HT -aJ). 

38. Momographie Transformation.—The transforma- 
tion of a polynomial considered in Art. 33 is a particular case 
of the following, in which x is connected with the new variable 
y by the equation 

he + z+ 
Y% ONG + a w+ we 

If A= 1,4 =—h, X’=0, p’ =1, we have y = 2 - A, as in Art. 33. 

Solving for # in terms of y, we have 
_MaMy 
@= eo 


76 Transformation of Equations. 


This value can be substituted for 2 in the given equation, 
and the resulting equation of the n™ degree in y obtained. 

Let a, 3, y, 6, &e., be the roots of the original equation, 
and a’, [3’, y’, 0, &., the corresponding roots of the transformed 
equation. From the equations 

ee Aa + iu os AB + 
Pia ie Pe uw 77 dr’ +? 
we easily derive the relation 
ee QR’ i (An - rn (a ms (3) - 
(N'a ¥ we) (r’3 - we) ’ 
with corresponding relations for the differences of any other 
pair of roots. If we take any four roots, and the four corre- 
sponding roots, we obtain the equation 


Capes o). eS Bye) 
(ey) 2 ey) (B38) 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on aright line from a fixed origin 
on the line, the roots of the transformed equation will represent 
the distances of a corresponding system of points, so related to 
the former that the anharmonic ratio of any four of one system 
is the same as that of their four conjugates in the other system. 
It is in consequence of this property that the transformation is 
called homographic. 

It is important to observe that the transformation here con- 
sidered, in which the variables w and y are connected by a relation 
of the form 


&e., 


Any + Br+ Cy+D=0, 


is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 


39. Transformation by Symmetric Functions.—Sup- 
pose it is required to transform an equation into another whose 
roots shall be given rational functions of the roots of the pro- 
posed. Let the given function be @ (a, 3, y ...), where @ may 
involve all the roots, or any number of them. We form all pos- 
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sible combinations ¢ (a/3y), ¢ (a/30), &e., of the roots of this type, 
and write down the transformed equation as follows :— 


(y- 9 (aBy.- .)}fy- p(aPe...)}...= 0. 
When this product is expanded, the successive coefficients of 
y will be symmetric functions of the roots a, 3, y, &c., of the 
given equation ; and may therefore be expressed in terms of the 
coefficients of that equation. 


EXAMPLES. 


1. The roots of 
+ pr?+qr+r=0 


are a, 8B, y; find the equation whose roots are a*, B*, y’. 
Suppose the transformed equation to be 


y> + Py? + Qy+R=0; 
then 
-—- P= a+ Bp? + 7 Q = =a’p’, ie a2 By? . 
and we have to form the symmetric functions =a’, 3a?6*, a*?y?, of the given equa- 
tion. We easily obtain 
3a? =p?—29, a*B?*=g?- pr, apy? =1'; 
the transformed equation is, therefore, 
y’ — (yp? — 2¢) 9 + (¢* — 2pr)y — 9° = 0. 
2. Find in the same case the equation whose roots are a’, 8°, +’. 
: Ans. y° + (p> — 3pq + 3r) y? + (9° — 8pgr + 87) y+ PF =0. 
3. If a, B, y, 5 be the roots of 
zt + pa? + qx?+rx+8=0, 
find the equation whose roots are a, B?, 7, 8°. 
Let the transformed equatiun be 


y* + Py? + Qy?+ Ry + S=0, 
— P=322, Q=%a’s?, — R= a*f*y?, S = a?B*y"d*. 
Compare Exs. 8, 17, Art. 27. 
Ans. y* — (p?—2¢) y3 + (¢? — 2pr + 28) y? — (rv? — 2gs) y+ 8? = 0- 
4. Ifa, B, y, 5 be the roots of 
aor’ + 4a,x5 + 6aox*® + 4agr + ag = 0; 


then 


find the equation whose roots are A, mu, v; Viz., 


By + a3, yat+B5, aB+ 75. 
See Ex. 17, Art. 27. 


6a2 4 8 ae 
Ans. y> — = yt aa (4a; a3 — aoa4) — (2ao a3? — 3aoa2@4 + 2a;?a,) = 0. 
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5. Show that the transformed equation, when the roots of the resulting cubic of 
Ex. 4 are multiplied by $ao, and the second term of the equation then removed, is 


—Iz+2J7=0. 


40. Formation of the Equation whose Roots are any 
Powers of the Roots of the Proposed.—T'he method of 
effecting this transformation by symmetric functions, as ex- 
plained in the preceding article, is often laborious. A much 
simpler process, involving multiplication only, can be employed. 
It depends on a knowledge ofthe solution of the binomial equa- 
tion a” —1=0. This form of equation will be discussed in the 
next chapter. The general process will be sufficiently obvious 
to the student from the application to the equations of the 
2nd and 3rd degrees yee will be found among the following 
examples :— 

EXAMPLES. 
1. Form the equation whose roots are the squares of the roots of 
x + pa") + poan?t 6. + Pn it +pn= 0. 
To effect this transformation, we have the identity 

a” + pia) + pear + oe. + pnitt pn = ("@—a1)(%—a2)... (¢ — Gn) 5 
changing x into — x, we derive, as in Art. 30, 

a — py x") + peer? —. 0. + Pn-1% F pn = (@ + a1) ("+ a2)... (@ + an) 5 
multiplying, we have 
(a+ pou * + pyaP4t.. .) —( pia! + par +... .)2=(4?— a1?) (x? a2?) .. . (a? - ay?) 5 
it is evident that the first member of this identity contains, when expanded, only 
even powers of x; we may then replace z? by y, and obtain finally 

Yy" + (2p2—pi*) yy" + (p2?—2p1 pst 2) y® 2+... = (y— a2) (y— a2”)... (y—an?). 


The first member of this equated to zero is the required transformed equation. 

N.B.—This transformation will often enable us to determine a limit to the num- 
ber of real roots of the proposed equation. For, the square of a real root must be 
positive; and therefore the original equation cannot have more real roots than the 
transformed has positive roots. 

2. Find the equation whose roots are the squsres of the roots of 


w— 27+ 8¢e-6=0. 
Ans. y® + 15y? + 52y — 36 = 0. 
Tha latter equation, by Descartes’ rule of signs, cannot have more than one 
positive root; hencs the former must have a pair of imzginary roots. 
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3. Find the equation whose roots are the squares of the roots of 
+ a+ 474+ 274+3=0. 
Ans. y+ 2y4+ by? + 3y? —- 2y-9=0. 
It follows from Descartes’ rule of signs that the original equation must have 
four imaginary roots. 
4. Verify by the method of Ex. 1 the Examples 1 and 3 of Art. 39. 
5. Form the equation whose roots are the cubes of the roots of 


2" + pyar) + pon? + 26. + nit + pn=0. 


It will bo observed that in Ex. 1 the process consists in multiplying together 
JS (x), the given polynomial, and f (—«): the variables involved in these being those 
which are obtained by multiplying z by the two roots of the equation 2? -1=0. 
In the present case we must multiply together f(r), f(wx), f(w*x): the variables 
involved being obtained by multiplying z by the roots of the equation z*— 1 = 0. 
The transformation may be conveniently represented as follows :— 

Write the polynomial f(x) in the form 


(Da + Pu-3O+.. -) +x (Pn-1 + Pn-42" +.. m + 2" ( Pa-2 + Pn-pt3 + sos «)s 
which we represent, for brevity, by 


P+2Q+ 2*R, 
where P, Q, and R& are all functions of 2°. 
We have then 
P+2Q+2R= (e — a1)(v@— a2). ... (x — ay). (1) 
Changing, in this identity, z into wx and wx successively, we obtain 
P + wxQ + w*x?R = (wx - a1)(wx — a2)... (wX — an), (2) 
P+ wtQ + wx*R = (we — a1) (wx — a2)... (we — an), (3) 


since P, Q, and R, being functions of 2’, are unaltered. 
Multiplying together both members of (1), (2), (3), and attending to the results 
of Art. 26, we obtain 
P3 + PQ + 2°R3 — 323 PQR = (28 — a)5)(23 — a2) . . . (25 — a,). 


The first member of this identity contains x in powers which are multiples of 3 
only. We can, therefore, substitute y for z° and obtain the required transformed 
equation. 


6. Find the equation whose roots are the cubes of the roots of 
: a — 25+ 227+ 82+1=0. 
Ans. y'+ 14y3+ 50y? + Gy +1=0. 


7. Verify by the method of Ex. 5 the result of Ex. 2 of Art. 39. 
8. Form the equation whose roots are the cubes of the roots of 


ax>+ 3bz*+ 38ex+d=0. 
Ans. a®y> + 3(a2d + 963 — 9abe)y? + 3(ad? + 9c — 9bed)y + d3 = 0. 
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41. Transformation in General.—In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation ¢ (a, y) = 0 with 
the roots of the proposed equation f(z) =0. ‘he transformed 
equation will then be obtained by substituting in the given 
equation the value of win terms of y derived from the given 
relation ¢(x, y) = 0; or, in other words, by eliminating x 
between the two equations f(x) =0, and ¢(a,y)=0. For 
example, suppose it were required to form the equation whose 
roots are the sums of every two of the roots (a, (3, y) of the 
cubic 

a — pe’+qa-r=0. 
We have here 
Pop ay ete ty a= pa: 


The equation ¢ (x, y) = 0 is in this case y=p-—-2; for when 
takes the value a, y takes one of the proposed values; and when 
x takes the values (3 and y, y takes the other proposed values. 
The transformed equation is therefore obtained by substituting 
p—y for x in the given equation. 


EXAMPLES. 


1. If a, B, y be the roots of the cubic 
w— pur-+qu-r=0, 
form the equation whose roots are 
1 1 1 
By+-, yat+-, aBt-- 
a Y 


B 
Here 


1 aBy+1_1+r 
y= Byt— = 


a a 


and the given relation is zy = 1+~,7; the transformed equation is then obtained by 
l+r : 
for xin f(x) = 0. 


substituting 
Ans. ryi-qg(lt+r)yt+p(l+r)y—(1+r)=0. 
2. Form, for the same cubic, the equation whose roots are 
aB+ay, aB+By, By+t ay. 


Substitute 


for z. Ans. y>—2qy? + (pr+q*)y+r?— pgr=0. 


Equation of Squared Differences of a Cubie. 81 


. Form, for the same cubic, the equation whose roots are 


a B y : 
B+y-a yta-B a+8-y 


py 


for 2. 
1 + 2y : 


Substitute 


Ans. (p>—4pq + 8r)y° + (p> — 4pq + 12r)y? + (6r -pg)y + r=0. 
4. If a, B, y be the roots of the cubic 
ax + 3bx? + 3er + d= 0, 
prove that the equation in y whose roots are 


By — 2 ya — B AEN 
Bt+y—-20 yt+a-2f8? a+B-2y 


is obtained by the homographic transformation 


axy+b(a+y)+e=0. 


42, Equation of Squared Differences of a Cubic.— 
We shall now apply the transformation explained in the preced- 
ing article to an important problem, viz. the formation of the 
equation whose roots are the squares of the differences of every 
two of the roots of a given cubic. We shall do this in the first 
instance for the cubic 

v+qxr+r=0, (1) 


in which the second term is absent, and to which the general 
equation is readily reducible. Let the roots be a, 8, y. We 
have to form the equation in y whose roots are 


(8S —y)*, (y= a)", (a- B)’. 
We may here observe that the method of Art. 39 can be 
applied to the solution of the general problem, viz. the for- 
mation of the equation whose roots are the squares of the 


differences of every two of the roots of a given equation; for 
when the product : 


{y — (ai — a2)*} {y — (a: -as)”} {yw — (a; —ay)*} eee {y — (az—as)°} cee 


is formed, the coefficients of the successive powers of y will be 
symmetric functions of a, a2, as, a;, &c., and may, therefore, be 
expressed in terms of the coefficients of the given equation. In 
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the present instance, however, the method of Art. 41 leads more 
readily to the required transformed equation. This equation 
may be called for brevity the “ equation of squared differences” 
of the proposed equation. Assuming y equal to any one of the 
roots of the transformed equation, e.g. (3 — y)*, we have 

y = (Baha ats Bis yt @t - EY 


a 


; 
also 7 
a’ + B?+y?=- 29, cBy=-7. 


The equation ¢ (a, y) = 0 of Art. 41 becomes, therefore, 


ar 
steed ye : 
aed Game a ct 


or 
a+ (y+ 2q)e-2r=0; 


subtracting from this the proposed equation, we get 


3r 


+q)¢a-3r=0, or «= ; 
(y +9) ey 
hence the transformed equation in y is 
y> + Gay? + 9@’y + 4q° + 277? = 0. (2) 


If it be proposed to form the equation whose roots are the 
squares of the differences of the roots (a, 3, y) of the cubic 


av? + 8a,07 + 8a.4 + a, = 0, (3) 


we first remove the second term; the resulting equation is 


and the required equation is the same as the equation of squared 
differences of this latter, since the difference of any two roots 
is unaltered by removing the second term. We can therefore 
write down the required equation by putting 

aH 


a 
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in the above. The result is 


2 
x + ily 2 e+ (G44 4H) =0, (4) 


ay” 0 


which has for roots 
(B-y), (y-4)’, (a-)*. 
The equation (4) can be written in a form free from fractions 
by multiplying the roots by a°. It becomes then 


a+ 18H2’ + 81H%*x + 27(G’ + 4H*) = 0, (5) 
whose roots are 
ay’ (B -'y)*, do’ (y- a)’, a" (a - B)’. 
We can write down from this an important function of the 


roots of the cubic (3), viz. the product of the squares of the diffe- 
rences, in terms of the coefficients :— 


as (B - y)?(y —a)? (a - B)?=-27(G?+4H%). (6) 


It is evident from the identity of Art. 37 that G+ 4H°* 
contains a,” as a factor. We have in fact 


G? + 4? = ay? (ay? a3? — 6a, dz. dg + 492° + 4a,5a3 — 3a,7a,"}. 


The expression in brackets is called the discriminant of the 
cubic, and is represented by A; giving the identities 


G?+4H%=a°A, HI -aJe=A. 


EXAMPLES. 


1. Form the equation of squared differences of the cubic 
2 —72+6=0. 
Ans. x° — 42x? + 4417 — 400 = 0. 
2. Form the equation of squared differences of 
a + 627+ 74+2=0. 


First remove the second term. 
Ans. 23 — 30x77 + 225z - 68 = 0. 


3. Form the equation of squared differences of 


z+ 627+ 9% +4=0. 


4. What conclusion with respect to the roots of the given cubic can be drawn 
from the form of the resulting equation in the last example ? 


G 2 
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43. Criterion of the Nature ofthe Roots of a Cubic.— 
We can from the form of the equation of differences obtained 
in Art. 42 derive criteria, in terms of the coefficients, of the 
nature of the roots of the algebraical cubic. For, when the 
equation (5) of Art. 42 has a negative root, the cubic (3) must 
have a pair of imaginary roots, in order that the square of their 
difference should be negative; and when (5) has no negative 
root, the cubic (3) has all its roots real, since a pair of imagi- 
nary roots of (3) would give rise to a negative root of (5). 

In what follows it is assumed that the coefficients of the 
equation are real quantities. Four cases may be distinguished :— 

(1). When G+ 4H* is negative, the roots of the cubic are all 
real.—For, to make this negative H must be negative (and 
417° > G’); the signs of the equation (5) are then alternately 
positive and negative, and, therefore (Art. 20), (5) has no nega- 
tive root; and consequently the given cubic has all its roots real. 

(2). When G? + 4H° is positive, the cubic has two imaginary 
roots.—For the equation (5) must then have a negative root. 

(3). When G? + 4H* = 0, the cubic has two equal roots.—¥Yor 
the equation (5) has then one root equal to zero. In this case 
A = 0, it being assumed that a does not vanish. We may say, 
therefore, that the vanishing of the discriminant (Art. 42) expresses 
the condition for equal roots. 

(4). When G=0, and H=0, the cubic has its three roots equal. 
—For the roots of (5) are then all equal to zero, These equa- 
tions may also be expressed, as can be easily seen, in the form 


which relations among the coefficients are therefore the condi- 
tions that the cubic should be a perfect cube. 

44, Equation of Differences in General.—The general 
problem of the formation, by the aid of symmetric functions, of 
the equation whose roots are the differences, or the squares of the 
differences, of the roots of a given equation, may be treated as 
follows:—Let the proposed equation be 


SJ (a) = (@ - a1) (@ - a2) (@ - as)... . (@ — ay) = 0. 
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Substituting «+a, for x, and giving r the values 1, 2, 3, 
.., in succession, we have the equations 


ST (a@+a,) =a (e+ a;—a2)(@ +a,-a3)....(@+ai- an), \ 


SJ (@ + a.) = (a+ a,—a))(@+a,—a3).... (@+a,-an), 


r (1) 


S (@ + an) =@ (@ + an— a1) (@ + an— az)... (UH en-an1): | 


Also, employing the expansion of Art. 6, and observing that 
f(a,) = 0, we find the equation 


Se x 
Tal ()+ 93. 


1 
5 (e+ ar) =f" (ar) + 
Denoting the second side of this equation by ¢ (2, a,), and 
multiplying both sides of the identities (1), we obtain 


? (2, a) ? (2, az) see G@ (2, Gn) 92 {a as (a, — az)”} (a? — (a, aa as)"} tee 


eer aee 


To form the equation of differences, therefore, we can mul- 
tiply together the n factors ¢ (a, a:), ¢ (w, a2), &c., and substitute 
for the symmetric functions of the roots which occur in the pro- 
duct their values in terms of the coefficients. Or we may, as 
already explained in Art. 42, form directly the product of the 
n(n — 1) factors on the right-hand side of the above identity, 
and express the symmetric functions involved in terms of the 
coefficients. The roots of the resulting equation of the n(n —- 1)" 
degree in « are equal in pairs with opposite signs. Since in 
this equation # occurs in even powers only, we may substitute 
y for «’, and thus obtain the equation of the $n (n - 1)" degree 
whose roots are the squared differences. 

For equations beyond the third degree the formation of the 
equation of differences becomes laborious. We shall give the 
result in the case of the general algebraic equation of the fourth 
degree in a subsequent chapter. 
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EXAMPLES. 
1. The roots of the equation 
x —62?+1lz¢-6=0 
are a, B, y; form the equation whose roots are 
e+y, Fite, a +A. 
Ans. y® — 28y? + 245y — 650 = 0. 


2. The roots of the cubic 
2427? 4+ 844+1=0 


are a, B, y; form the equation whose roots are 

Pie ee ee Pel et 

PP a PS B SB 

Ans. y® + 12y? — 172y — 2072 = 0. 
3. The roots of the cubic 
O+qr+r=0 

are a, B, y; form the equation whose roots are 

B+ by +7, Ytyata’, a?+ af + B. 


Ans. (y+q@)? =0. 
4. The roots of the cubic 


a+ pr +qut+r=0 
being a, B, y; form the equation whose roots are 
BP + 4 - ae, y+ a — Pp, a + p? - ¥. 


Ans. y° — (p? - 29) y? — (p* — 4p? + 8pr) y + p® — 6p'q + 8p*r 
+ 8p*9* — 16pgr + 877 = 0. 
5. If a, B, y be the roots of the cubic 
w—3(l4+at+a*)xv+1+4 8a+4 804 28=0; 
prove that (8B — y)(y — a)(a— 8) is a rational function of a. 
Ans. t9(14+a+a*). 
6. Find the relation between G and H of the cubic 


aox® + 8a,x%? + Baer + a3 = 0 


when its roots are so related that (8 — y)*, (y— a), (a— 8)? are in arithmetical 
progression. 

Ans. G2+2H%=0. 

7. If a, B, y, 8 be the roots of 
eat — 2c? 43 + 22 -1=0, 
find the value of 
(B? — 2)? (a? — 8°)? + (7? — a2)? (83 — 8°)? + (a? — B22 (y? — 82). 
Ans. 0. 
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8. Prove that, if 
By + yat+aB + ad + 65+ y5=0, 


B= Wie~ 8) + (ya) Rs Ot la By ery 
SIS (Pye ry ele os eR) ae) 
9. Solve the equation 
2 —at+ 8227-97 -15=0 
which has one root of the form 1+ aV—1. 

Diminish the roots by 1; substitute aV—1 for 2; we find that a must satisfy 
at — 8a? —4= 0, and at—6a?+8=0; hencea=+2. Hence the factor z?—2z+ 6. 
The other factors are (2 + 1) and (x?— 3), as is evident. 

10. The roots of the cubic 

aox? + 8a, 27 + 8aex + ag = 0 
are a, B, y; form the equation whose roots are 
B + 9 9 4 + a, a + B. 

This question has been already solved in Art. 41. We give here another solu- 
tion which, although in this particular instance it is not the simplest, will be 
found convenient in many examples. Let the roots of the given equation be dimi- 
nished by 4. The transformed equation is (Art. 35) 

ay? + 3Aiy* + 83A42y+ As = 0, 


whose roots are a—h, B—h, y—h. We express the condition that this equation 
should have two roots equal with opposite signs. This condition is (see Ex. 17, 


Art. 24) 
9A,A2 - aoA3 = 0. 


This equation is a cubic in 4 whose roots are 


(8+), a(y+a), $(a+8); 


for the above condition is 
(B—&) + (y~A) = 
2h=B+y, 

where f, y represent indifferently any two of the roots. From the equation in A 
the required cubic can be formed by multiplying the roots as 2. 

11. The roots of the biquadratic 

aox* + 4a,2° + 6aex? + 4a3x7 + ag = 0 
are a, B, y, 8; form the sextic whose roots are 
. B+y, yta at+B, a+8, B+8, y+8. 

Employing the method of Ex. 10, the required equation can be obtained from 
the condition of Ex. 20, Art. 24. 

The condition is in this case 

6.4, A2A3 — A;244— a0 43? = 

This is a sextic in A whose roots are }(8 +7), &c., from which the required 

equation can be obtained as in the last example. 


or 
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12. Form, for the cubic of Ex. 10, the equation whose roots are 


BY @ ya — 8 a8 — 
B+y—-20 yta-—28? at+B-2y 

Diminish the roots by f, and express the condition that the resulting cubic 
should have its roots in geometric progression (see Ex. 18, Art. 24). ‘The con- 
dition is 

A\3.A3 ~ aA 23 = 0. 

This will be found to reduce to a cubic in 2; whose roots are the values above 

written, since 


By — a 
iy 7 ee ee mtigp acl Aa aoad an 
(a= = (B= M(y—h), or b= AYA 


13. Form for the same cubic the equation whose roots are 


2By—aB—ay 2ya— By —Ba 2aB — ya — yB. 
B+y-2a’ yta-—2B ’ a+ B—2y 


Diminish the roots by 4, and express the condition that the transformed cubic 
should have its roots in harmonic progression (see Ex. 19, Art. 24). We have 


eee i ae 
a~h B-—h iy-Wh 
Dee co wit 
or sd a ails 
B+y— 2a 


The equation in / is 
a) A3" — 34)42A43 + 2423 = 0, 


which will be found to reduce toa cubic. 
14. The roots of the biquadratic 


agu* + 44,23 + 6aex? + 4a37 + ag = 0 
are a, B, y, 5; find the cubic whose roots are 


By — ad ya — BS aB—75d ‘ 
B+y-a-&8 yta-B-8 at+B-y-5 


Diminish the roots by , and employ the condition of Ex. 22, Art. 24. The 
condition is in this case 
A;?A4 — A;3* = 0, 
which reduces to a cubic in 4 whose roots are the values above written. 
15. Find the equation whose roots are the ratios of the roots of the cubic 


O+qu+r=0. 
The general problem can be solved by elimination. Let f(x) =0 be the given 


equation, and p= = the ratio of two roots; then since f(8) =0, we have 


SF (pa) = 0, also f(a) = 0; and the required equation in p is obtained by eliminating 
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a between these two latter equations. For the cubic in the present example the 
result is 
(p+ p+ 1)94 9° p(p+1)#=0, 
16. If a, B, y be the roots of 
w+ pa*+qr+r=0, 
form the equation whose roots are 
Bi+72, y2+02, a2 +62. 
Ans. 23 —2(p*—2q) 2? + (pt — 4p? 9+ 5g? - 2pr) x - (p? g?— 2p r + 4pgr — 2g -1*)=0. 
17. Form for the same cubic the equation whose roots are 
a a 
a ee 
Ans. 1243 — (par — 3r*) x? + (p®r — Spar + 37? + g?) ax 
—(p*? g? — 2p*r + 4pgr — 2g3 — r?)=0. 
18. If a, B, y be the roots of the cubic 
e+qr+r=0, 
form the equation whose roots are 
la+mBy, (B+mya, ly+maB. 
Ans. y— may? +(P¢ + 8lmr)y + Br —Pin g? — 2m? gr — m3 77 = 0. 
19. Ifa, B, y be the roots of the cubic 
aou® + 8a,2" + 8a2%+ a3= 0, 
form the equation whose roots are 
(a—B) (a—), (B-¥) (B-a), (y-a) (y—-8). 


oe ge 27 (G9 +4H*) _ 


ea 38 0. 
Ans. y aa y 20° 


20. Form, for the cubic of Ex. 19, the equation whose roots are 
(8—y)*(2a-B--), (y—a)*(28—-y-a)*, (a—8)(2y-a—-8)?. 
The required equation can be obtained by forming the equation of squared 
differences of the cubic (4) of Art. 42, since 


(y — a)’ — (a— 8)? = (8 — y) (2a- B74). 
21. Form, for the cubic of Ex. 16, the equation whose roots are 
a(B—y)*, B(y—a)*, y(a-8)?. 
Let the transformed equation be 23+ Px? + Qxr+R=0. 
Ans. P=pq—9r, Q=g'—9pgr + 27r? + p*r, 
R=-1(4q3 + 27r? + 4p*r — p* g? — 18pq@r). 
22. Form, for the same cubic, the equation whose roots are 
a?+2By, B?+2ya, y?+ 28. 
Ans. P=-p*, Q=q(2p?-3g), —R=4p*r— 18pgr + 2g° + 271". 


CHAPTER V. 


SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS. 


45. Reciprocal Equations.—It has been shown in Art. 32 
that all reciprocal equations can be reduced to a standard form, 
in which the degree is even, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard form 
can always be depressed to another of half the dimensions. 

Consider the equation 


At? + 073 +t gt + tO + =O. 


Dividing by #”, and uniting terms equally distant from the 
extremes, we have 


1 1 1 
a(am +) +a(o4+ =) oe 6 a eet (245) + aq =0. 


Assume # eS =z, and let 2 + = be denoted for brevity by 


V,. We have plainly the relation 
Ves = V8 — Voy-1 
Giving p in succession the values 1, 2, 3, &c., we have 

Vz=Vi2s-Vio=3 - 2, 
V3; = Vi8—-V,=% — 3s, 
Vi =Vs2 -V,= 3s — 42’ + 2, 
Vs = Viz — Vz = 2 — 52° + 58; 

and soon. Substituting these values in the above equation, we 


get an equation of the m” degree in s; and from the values of 
z those of x can be obtained by solving a quadratic. 
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EXxaMPLes. 


1. Find the roots of the equation 
e+at+e4+a2?4+741=0. 
Dividing by z+ 1 (see Art. 32), we have 
w+ a?4+1=0. 
This equation may be depressed to the form 
22—-1=0, givingz=+11; 


1 1 
whence 2+-=1, *+-=-l, 
x x 


and the roots of these equations are 
Ey Cae 
2 2 


2. Find the roots of the equation 
x0 — 328 + 628 — 524+ 827-1=0. 
Dividing by 22-1, which may be done briefly as follows (see Art. 8), 


1 28 ee | 
{2 ge 1 
a ee 1 0; 


we have the reciprocal equation 
a8 — 276 + 3x74 — 227 4+1=0, (1) 


1 1 
eng ea sc epee st: 
rv gee (#+5) 2 (2 +3)+3 0 
Substituting for V4, #—42?+2; and for V2, 2-2, we have the equation 
—6224+9=0, or (2?—3)?=0, 


whence s¢=3, and zs=t as 8, 
ee 1 s 1 3 
giving ati = V3, ata=-V 35 

and the roots of these equations are 


ANCES AERTS 
2 2 


These roots are double roots of the equation (1). 
8. Solve the equation 
25—1=0. 
Dividing by x—1 we have 
; at+ee+a2?+24+1=0; 
from which we obtain 
2?+2-—1=0. 
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Solving this equation, we have the quadratics 
w+h(1+./5)e+1=0, 


a? 4+h(1—4/5)e+1=0, 
from which we obtain 


2 =2{-1+4 0/5 + (10+ 204/5)*/—1f, 
where 6? = 1. 


This expression gives the four values of x. 


4. Find the quadratic factors of 


a+1=0. 
Transforming this, we have 
whence g=0, and s=t We 


The quadratic factors of the given equation are, therefore, 
a?+1=0, 2 3a +1=0. 
5. Solve the equations 
(1). (l+2)f=a(l 424), (2). (L+2)8=a(1 +24). 
6. Reduce to an equation of the fourth degree in z 


(l+2)° (1—2)5 
1 + 2 is sss 


Ans. (1 — a)e4 + (7 + 8a)22 - (44+ a)=0. 


46. Binomial Equations. General Properties.— 
In this and the following articles will be proved the leading 
general properties of binomial equations. 

Pror. 1.—Jf a be an imaginary root of a" —1 = 0, then a™ 
also will be a root, m being any integer. 

Since a is a root, 


a” =1, and therefore (a”)” = 1, or (a”)"=1 


ee 


that is, a” is a root of e*?-1=0. 


The same is true of the equation «+1 =0, except that in 
this case m must be an odd integer. 

47. Prop. II.—Jf m and n be prime to each other, the 
equations «"™-1=0, a@-—1=0 have no common root except 
unity. 
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To prove this we make use of the following property of 
numbers :—Jf m and n be integers prime to each other, integers a 
and b can be found such that mb -na=+1. For, in fact, when 


= is turned into a continued fraction, : is the approximation 


preceding the final restoration of ~. 


Now, if possible, let a be any common root of the given 


equations; then 
=l,and a*=1; 


therefore a™ =1, and a“=1; 


whence a(m>-na) 1, or a =1, ora=1; 


that is, 1 is the only root common to the given equations. 


48. Prov. III].—J/k be the greatest common measure of two 
integers m and n, the roots common to the equations «” —1 = 0, and 
a” —~1=0, are roots of the equation «*-1=0. 

To prove this, let 

=km’, n= kn’. 


Now, since m’ and n’ are prime to each other, integers 6 anda 
may be found such that m’b-n’a=+1; hence 
mb—-na=+k. 
If, therefore, a be a common root ofa” -1=0, and z”-1=0, 


a(l™-"¢) 21], orat=1; 


which proves that a is a root of the equation 2*-1=0. 
49. Prov. IV.— When n is a prime number, and a any 
imaginary root of x” —1= 0, all the roots are included in the series 


Ak 8 


For, by Prop. I., these quantities are all roots of the equa- 
tion. And they are all different; for, if possible, let any two 
of them be equal, a” = a’, 
whence al?) = 1; 
but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to (yp -q), which is a number less than n. 
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50. Prop. V.— When n is a composite number formed of the 
JSactors p, q, r, &e., the roots of the equations 2? -1=0, a2 -1=0, 
x” —-1=0, &e., all satisfy the equation a” -1 = 0. 

For, consider a root a of the equation a -1=0; then a?=1; 
from which we derive 

(a?) .. =P; or a -—1=0; 
which proves the proposition. 

51. Prov. VI.— When n is a composite number formed of the 
prime factors p, q, r, &e., the roots of the equation «a - 1 = 0 are 
the n terms of the product 

(l+ata’+...¢a?*)(14+6+...+ 62 )(Ll+y+...+y77)..., 
where a is a root of # -1=0, SB ofa?—-1=0, y of a” -1=0, &e. 

We prove this for the case of three factors p, g, 7. A similar 
proof appliesin general. Any term, e.g. a“(3’y°, of the product 
is evidently a root of the equation a” -1=0, since a” =1, 3" =1, 
y =1, and, therefore, (a“S’y°)”=1. And no two terms of the 
product can be equal; for, if possible let a%3’y° be equal to 
another term a”3"y”; then a” = 3? 'y°”. The first member 
of this equation is a root of w — 1 = 0, and the second member 
is a root of a”-1=0. Now these two equations cannot have a 
common root since p and gr are prime to each other (Prop. II.); 
hence a*(3’y° cannot be equal to a” B"’y”. 

52. Prop. VII.—TZhe roots of the equation x” — 1 = 0, where 
n= pq’r*, and p, q, r are the prime factors of n, are the n products 
of the form aBy, where a is a root of #" =1, [3 a root of of” = se 
and y of # =1. 

This is an extension of Prop. VI. to the case where the prime 
factors occur more than once inn. ‘The proof is exactly similar. 
Any such product ay must be a root, since a”=1, 8” = 1, y"= 1, 
n being a multiple of p*, g’, 7°; and a proof similar to that of 
Art. 51 shows that no two such products can be equal, since 
p*, q’, r° are prime to one another. We have, for convenience, 
stated this proposition for three factors only of mn. A similar 
proof can be applied to the general case. 

From this and the preceding propositions we are now able 
to derive the following general conclusion :— 


Lhe Special n Roots of Unity. 95 


The determination of the n“ roots of unity is reduced to the case 
where n is a prime number, or a power of a prime number. 

03. The Special Roots of the Equation ~” — 1 = 0.— 
Every equation «” — 1 = 0 has certain roots which do not belong 
to any equation of similar form and lower degree. Such roots 
we call special roots* of that equation, or special n roots of unity. 
If n be a prime number, all the imaginary roots are roots of this 
kind. Ifn=p*, where p is a prime number, any n root of a 
lower degree than n must belong to the equation 2?” -1 =0, 
since every divisor of p*is a divisor of p* (except n itself) ; 


hence there are p*( 1 =) roots which belong to no lower degree. 


If, again, n = p7q’, rah p and g are prime to each other, there 
are p*( 1 -\ and ¢ 7¢ - *) special roots of v*- 1 = 0, and 


a” -1=0, respectively. Now, if a and (3 be any two special 

roots of these equations, af3 is a special root of «” — 1 = 0; for if 

ae suppose (aj/3)" = 1, where m is less than x; we have then 
= (3; but a” is a root of 2” -1=0, and B- "is a root of 
-1=0, and these equations cannot have a common root 

fie than 1, as their degrees are prime to each other; conse- 

quently m cannot be less than n, and af3 is a special root of 
-1=0. Also, as there are 


(1-7) ¢ (1-5) or a(1-5)(2-) 


such products, there are the same number of special n roots. 
‘his proof may be extended without difficulty to any form of n. 

Ali the roots of *-1 =0 are given by the series 1, a,a*,.. a": 
where a is any specialn™ root. For it is plain that a, a*, &c., are 
all roots. And no two are equal; for, if a? =a’, a”) =1; and 
therefore a is not a special n™ root, since p —q is less than n. 

When one special n™ root a is given, we may obtain all the other 
special n™ roots of unity. 


* The term ‘‘ special root’’ is here used in preference to the usual term “ pri- 
mitive root,’’ since the latter has a different signification in the theory of numbers. 
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Since a is a special root, all the roots 1, a, a’,... a" are 
different n‘* roots, as we have just proved; and if we select a 
root a? of this series, where p is prime to n, the roots 


oa, ... a0, a (<1) 


are all different, since the exponents of a when divided by n give 
different remainders in every case; that is, the series of numbers 
0,1, 2,3,... 2-1 in some order; whence this series of roots is 
the same as the former, except that the terms occur in a different 
order. To each number p, prime to » and less than it (1 in- 
cluded), corresponds a special n root of unity; for a”? cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series could not 
give all the roots in that case; therefore a? is not a root of any 
binomial equation of a degree inferior to » ; that is, a’ is a special — 
n™ root of unity. What is here proved agrees with the result 
above established, since the number of integers less than » and 
prime to it is, by a known property of numbers, n (1 -=)(a ~ "| 


q 
when » = p%q’, which is also, as above proved, the number of 


special roots of 2” -1=0. 


. 


EXAMPLES. 


1. To determine the special roots of 26 — 1 =0. 
Here, 6 = 2 x 3. Consequently the roots of the equations 77-1=0, and 
2? —1=0 are roots of a7—-1=0. Now, dividing x6 — 1 by #3 — 1 we have 23+1; 


ack. : , 
and dividing «* + 1 by ~ yp ore +1, we have 27 —-2+12=0, which determines 
the special roots of 4 —1=0. 


Solving this quadratic, the roots are 


14V=3 1~V-8 
re EEE a ey SP 
also since aa =1l=a', 
a, =a, 


which may be easily verified. 
The special roots are, therefore, 


Fe 1 
a, a°; or ai5, a1; Or a, -° 
a 
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2. To discuss the special roots of z’*-1=0. - 

Since 2 and 3 are the prime factors of 12, and ~~ = 6, = = 4, the roots of 
#2’ —1=0, and 2-1 =0, are roots of z'?-1=0; now, dividing z!*-1 by 2#—1, 
and z* - 1, and equating the quotients to zero, we have the two equations 
v+a4+1=0, and z*+1=0, both of which must be satisfied by the special 
roots of z'?— 1=0; therefore, taking the greatest common measure of z$ + 2*+1, 
and z° + 1, and equating it to zero, the special roots are the roots of the equation 
e—2?+1=0. 

The same result would plainly have been arrived at by dividing z'!? — 1 by the 
least common multiple of z#-1landz§-—1. Now, solving the reciprocal equation 


I ; ; 
z*—z?+1=0, we have z+ - + V3; whence, if a and a; be two special roots 


(i 


are the four special roots of z!?—1=0. 
We proceed now to express the four special roots in terms of any one of them a. 


: 1 1 1 
Since a+-+a+—=0, or (a +.a1) (1+ —) =0, 
a a1 aa) 


we take aa; =—1 (as consistent with the values we have assigned to a and a); and 


* l 
since a and a are roots of 2°+1=0, a’=—1, and a5 = - —=a;. The roots 
a 


i eee ‘ . 
@ M1, =) = may therefore be expressed by the series a, a°, a7, a!!, since a!? = 1. 


Further, replacing a by a5, a’, a!!, we have, including the series just determined, 
the four following series, by omitting multiples of 12 in the exponents of a :— 


“| , & 


where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of the four special roots; and it will be noticed, in accordance with what 
is above proved in general, that 1, 5, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of 2! — 1 = 0 by the powers of any 
one of the four special roots a, a°, a’, a!!, as follows :— 


i i oa, My ey aye, ee, oe, oo, 4, 
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3. Prove that the special roots of z'5- 1 = 0 are roots of the equation 
B—e+e¢5—a44 e8~xe+1=0. 


4. Show that the eight roots of the equation in the preceding example may be 
obtained by multiplying the two roots of x? + «+ 1=0 by the four roots of 


a+e+a?+ev4+1=0. 


5. Form the equation of the 12th degree whose roots are the special roots of 
xz*1— 1] = 0, and reduce it to one of half the dimensions. 


Ans. «§ — 25 — 62 + 673 + 82? —-8x+1=0. 


54. Solution of Binomial Equations by Circular 
Functions.— We take the most general binomial equation 


a" =a+b,/-1, 
where a and 6 are real quantities. 
Let a=Rcosa, b=Rsina; 
then a” = R(cosa+,/-1 sina); 
now, if r (cos 6 +,/—1 sin 8) 


be a root of this equation, we have, by De Moivre’s Theorem, 


(cos nO +,{/—1 sinn0) = R (cosa —,/—1 sin a); 
and, therefore, 
r cos nO = R cosa, 


sin nO = £ sin a. 
Squaring these two equalities, and adding, 
"= Rh’, giving m= Rh; 


where we take F and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
We have then 
cosn@ =cosa, sinn@ =sina; 
and, consequently, 
nO = a + 2kz, 


k being any integer; whence the assumed n™ root is of the 
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general type 


JR(e oo in ian» 
/ 


Giving to / in this expression any n consecutive values in the 
series of numbers between — and + 0, we get all the n‘" roots ; 
and no more than n, since the n values recur in periods. 

We may write the expression for the n” root under the 
form 


“JE cos“ edad sin‘) (cos tJ-1 8 a"). 


If we now suppose R = 1, and a=0, the equation z*=a+b_/-1 
becomes 2” =1+0,/-1; the general type, therefore, of an n™ 
root of 1 + 0,/-1, or unity, is 


Qhar — . Qh 
coos —— +_/—-lsin — 
n n 


If we give k any definite value, for instance zero, 
er a mya Pe 
"|R (cos +,/-1 sin :) 


is one n™ root of a+ b J-1. 
The preceding formula shows, therefore, that al/ the n™ roots — 
of any imaginary quantity may be obtained by multiplying any one 
of them by the n™ roots of unity. 
Taking in conjunction the binomial equations 


x*=a+b,J-1, anda*=a-b,J-1, 
we see that the factors of the trinomial 


2” —- 2R cosa.a" + R 
are 


mS — . a+ kr 
JE} cos + J=T sin ** 1, 


where & has the values 6.1,2,.3i..8-1. 
H2 


100 Solution of Reciprocal and Binomial Equations. 


EXAMPLES. 


1. Solve the equation z7—-1=0. 
Dividing by #—1, this is reduced to the standard form of reciprocal equation. 


P 1 : 
Assuming = # + x we obtain the cubic 
&+22—-22-1=0, 


from whose solution that of the required equation is obtained. 
2. Resolve (x + 1)7 — x7 — 1 into factors. 
Ans. 7x (% + 1)(x? + w + 1)? 


3. Find the quintic on whose solution that of the binomial equation 2-1 =0 


depends. 
Ans. 24+ 24 -— 423 — 322 + 824+1=0. 


4, When a binomial equation is reduced ‘to the standard form of reciprocal 
equation (by division by x —1, x + 1, or a? —1), show that the reduced equation 
has all its roots imaginary. (Cf. Examples 15, 16, p. 33.) 


5. When this reduced reciprocal equation is transformed by the substitution 
s= 2 +: ; show that the equation in z has all its roots real, and situated between 
—2 and 2. 

For the roots of the equation in x are of the form cosa + V—1 sina (see 
Art. 54); hence # + - is of the form 2 cosa, and the value of this is real and 
between — 2 and 2. 

6. Show that the following equation is reciprocal, and solve it :— 

4 (a? -— 2+1)3 — 272? (x -— 1)? =0. 
Ans. Roots: 2, 2, 3, 4, —1, -—1. 

7. Exhibit all the roots of the equation #®-1=0. 

The solution of this is reduced to the solution of the three cubics 

2-1=0, #-w=0, 2#-w'=0; 


where w, w* are the imaginary cube roots of unity. The nine roots may be repre- 
sented as follows :— 


Excluding 1, w, w?; the other six roots are special roots of the given equation ; 
and are the roots of the sextic 
e+e34+1=0. 
8. Reducing the equation of the 8 degree in Ex. 3, Art. 53, by the substitu- 
1 . 
tion z=2+ 7 we obtain 
gt—— 422+ 424+1=0; 
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prove that the roots of this equation are 


Qn 4a wT l4r 
2 coss-s 2 cos Te, 20s Fe, 2 cos + 


9. Reduce the equation 
4a* — 8525 + 357x? — 3407 + 64 = 0 


to a reciprocal equation, and solve it. 
Assume b= =. Ans. Roots: 4, 1, 4, 16. 
10. Solve the equation 
a* + mpx? + m2qu? + mpx +m‘ = 0. 
Dividing the roots by m, this reduces to a reciprocal equation. 


11. If a be an imaginary root of the equation 2 — 1 = 0, where » is a prime 
number ; prove the relation 


(l-a)(l—a’)(l-a’) .(l-—a)=n. 


12. Show that a cubic equation can be reduced immediately to the reciprocal 
form when the relation of Ex. 18, Art. 24, exists amongst its coefficients. 


13. Show that a biquadratic can be reduced immediately to the reciprocal form 
when the relation of Ex. 22, Art. 24, exists amongst its coefficients. 


14. Form the cubic whose roots are 
ata’, a+at, a? +a, 
where a is an imaginary root of z7-1=0. Ans, + 27-2e2-1=0. 


When the roots of this cubic are known, the solution of the equation z7— 1=0 
may be completed by means of quadratics. For, suppose the three roots to be 
Xi, £2, 3; then a and a are the roots of z7—2,74+1=0; a and af of z?@—22.7+1=0, 
and a* and a’ of 227-—234+1=0. It is easy to see that the roots of the cubic 
are all real, and they may be readily found approximately by the methods of 
Chap. X. 


15. Form the cubic whose roots are 
ata+al+ae, Ft+adtall+al, af+aotad+a’, 
where a is an imaginary root of z3-1=0. Ans. +42?-4r+1=0. 


As in the preceding example, when the roots of the cubic (which are all real) 
are known, the solution of the binomial equation 2!%— 1 = 0 may be completed by 
solving quadratics. Let 21, #2, 23 be the roots of the cubic. It is easily seen that 
a+a! and a+ a5 are the roots of 22-214 +23=0; a? +a! and a? +a" of 
a? — for + 2, = 0, and at+ a? and a® + a’ of 2? — x3z + 22 = 0. When these 
quadratics are solved, each pair of roots a, a!?; a8,.a°, &c., may be found by the 
solution of another quadratic, as in the preceding example. 
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16. Reduce to quadratics the solution of #17-1=0. 
Calling a one of the imaginary roots, we form the quadratic whose roots are 


a=ata®+tal+ al + al6 + o8+ at + a, 
as = a+ a+ a? + gl! + a4 + og! + a'2 + af. 


We easily find aiaz=4(ai+a2)=—4; hence a and ag are the roots of 2274+4-4=0, 
and may be found by solving this quadratic. Assuming, again, 


Bisa tale + alot at, ) re rs | 


Bz = 09+ al + a8 +a, J y2 = a'0+ gll+ ql + af, 


it is seen that 8, Bz are the roots of 2* —ajz—1=0, and 1, y2 of 2? —a,x—1=0. 
Separating again each of these into two parts, and forming the quadratic whose 
roots are, for example, a+a'® and al%+ a‘, the sums of the roots in pairs are 
obtained; and finally the roots themselves, by the solution of quadratics, as in the 
preceding examples. 

This and the preceding two are examples of Gauss’s method of solving alge- 
braically the binomial equation 2*—1=0 when is a prime number. The solution 
of such an equation can be made to depend on the solution of equations of degree 
not higher than the greatest prime number which is a factorin »—1. When »=13, 
e.g. the solution depends on that of a cubic, » — 1 being = 3°2? in that case; and 
when x = 17, the solution is reducible to quadratics,  — 1 being then = 24. For 
the application of Gauss’s method it is necessary to arrange the » — 1 imaginary 
roots in a suitable order in each case according to the powers of any one of them. 
A ‘‘ primitive root’? of a prime number » possesses the property that when raised 
to successive powers from 0 to m—2 inclusive, and divided in each case by n, 
the »— 1 remainders are all different. (See Serret’s Cours d’ Algebre Supérieure, 
vol. 11. sect. 3.) There are several such primitive roots of any prime number: 
e.g. 2,6, 7, and 11 of 13, and 3, 5, 6, 7, 10, 11, 12, 14 of 17. Gauss arranges 
the imaginary roots so that the successive indices of any one of them, a, are the 
successive powers from 0 to n—2 of any primitive root of m. Taking, for example, 
the lowest primitive root of 13, and dividing the successive powers of 2 by 13, we 
get the following series of remainders— 


ee Re Wee aay poe ee? y Peas S ae ees COS) ey 
and these, therefore, are the successive powers of a in order when the indices 
which exceed 13 are reduced by the equation a!%’=1. If the lowest primitive 
root of 17 be treated in the same way, we get the following series of remainders :— 


2. @ 420 oe. 6 20.18 16. 14 Boye Te eS, 


On comparing these series with the assumptions above made, it will be observed 
that in the former case, viz. n= 138, the twelve roots were divided into three sums 
of four each, and in the latter case into two sums of eight each. The method of 
partition in any case depends on the nature of the factors of m—1; and it is not 
difficult to show in general that the product of any two such groups is equal to the 
sum of two or more, as the student will have observed in the particular applications 
given above. 
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The lowest primitive root in any particular case is the only one necessary to be 
known for the application of Gauss’s method; and this can usually be found with- 
out difficulty by trial. It may be observed that one or other of the three simplest 
prime numbers 2, 3, 5, is a primitive root in the case of every prime number less 
than 100, with the exception of 41 and 71, whose lowest primitive roots are 
6 and 7 respectively. Methods of finding all the primitive roots are given in 
the section of Serret’s work above referred to. 

17. Find by trial the lowest primitive root of 19, and hence show how to solve 
the equation #9 -1=0. 

It is readily found that 2 is a primitive root, and the remainders after division 
by 19 are given in the process of trial. Since 18 = 37.2, the solution will be 
effected by cubics and quadratics. The first cubic is found by forming the 
equation whose roots are 


ata? ta’ +a'8 + gi! + a2, 
a® + al6+ gi44 gl? + g3 + 45, 
af + a+ a? + a5 + of + a9. 
18. Show that of binomial equations whose degree is a prime number the 
lowest after z!7— 1 = 0 whose solution depends on quadratics is 27-1=0. 
The next prime number after 257 which satisfies the condition that m—1 is a 
power of 2 is 65537. We have therefore the series 3, 5, 17, 257, 65537, &ce. ; 
and Gauss remarks (Disguisitiones Arithmetica, Art. 365) that the division of a 


circle into m equal parts, or the description of a regular polygon of n sides, can be 
effected by geometrical constructions when m has any of these values. 


19. If aj, a2, az... an be the roots of the equation 
an + pram l + pean? +... + Pnit + pn=0, 


form the equation whose roots are 
1 1 1 
, a+—, agt—,.-.ant—* 
a1 a2 
We have here the identity 
2 + pial + pram? +, oe + Pn-1% + Pn = (% — am1)(% — az) ae (2 — an) 3 
and changing z into : (see Art. 32), 


a2 ax 


1 1 1 
Pr® + Pure” +...4 por*+ peat+l=pn («-=) (2- ~).. . (2- ~) 


Multiplying together these identities, and dividing by 2", the — on the 
right-hand side take the form z + = — {a+ =) ; and assuming 2 + =a % the left- 


hand side can be expressed as a polysitentel of the n‘* degree in « by means of the 
relations of Art. 45. 


20. Find the value of the symmetric function %a?8*( — 8)? of the roots of the 
equation 
aor’ + 4a,a° + 6aga* + dase + ag = 0. 


104 Solution of Reciprocal and Binomial Equations. 


This can be derived from the result of Ex. 19, p. 52, by changing the roots into 


; ‘ : ge % i. ; 
their reciprocals, forming = (- ~ 3) of the transformed equation, and multiplying 


2 

by «8*y*5*, which is equal to = . 
0 

Ans ao* Sa? B? (y — 8)? = 48 (a3? — agag). 


From the values of the symmetric functions given in Chapter III. several others 
can be obtained by the process here indicated. 


21. Find the value of the symmetric function 3 (a1 — az)?a3?ag? . . . an? of the 
roots of the equation 


(n — 1) 


n 
Ax” + nayagn-l + 1.2 A220"? +... + NAn-1% + On = 0. 


We easily obtain ao*S (a1 — az)* = n? (m — 1)(a)? —aoaz) ; and changing the roots 
into their reciprocals we have 
07S (11 — a2)? 1374? . . . an? = 0? (m — 1)(An-1” — Gn-2Gn). 


22. Show that the five roots of the equation 
xv — bpar + bp?e + 2g =0 


are ‘Ja +4/b, Of a+ Or/b, 0 4/a+ @r/b, 
ot4/a+0r/b, 08a + e/b, 
where “/. ab = p, a+ b=— 2g, and @ isan imaginary fifth root of unity. 


N.B.—A quintic reducible to this form can consequently be immediately solved. 


23. Write down trigonometrical expressions for the roots in the preceding 
example; and, y being supposed essentially positive, prove— 
(1) when p> < q?, the roots are one real and four imaginary ; 
(2) when p* > q?, the roots are all real; 


(3) when p® = g*, there is a square quadratic factor. 
24. Find the following product, where @ is an imaginary fifth root of unity :— 
(a+B+~+¥) (a+ 0B + Oty) (a+ 6°B + O57) (a + 6°B + 6*7) (a+ 048 + Oy). 
Ans. a+ B+ y° — baBy (a? — By). 
25. Form the biquadratic equation whose roots are 
at+2at, a?+2a%, aF +207, at + 2a, 


where a is an imaginary root of 2 —-1=0. 
Ans. xz + 323 - a? —3x+11=0. 


CHAPTER VI. 


ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC. 


55. On the Algebraic Solution of Equations.—Before 
proceeding to the solution of cubic and biquadratic equations 
we make some introductory remarks, with a view of putting 
clearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we proceed how these methods may be 
extended to cubic and biquadratic equations, leaving to sub- 
sequent Articles the complete development of the principles 
involved. 

(1). First method of solution—by assuming for a root a general 
Sorm involving radicals. 

Since the expression p +,/7 has two, and only two, values 
when the square root involved is taken with the double sign, 
this is a natural form to take for the root of a quadratic. 
Assuming, therefore, « = p + J/g, and rationalizing, we have 


a —2pxe+p>?-q=0. 


Now, if this be identical with a given quadratic equation 


a+ Pe+Q=0, 
we have 2p=-P, p’-q=Q, 
—s -P+j/P’-4 
giving e=p+Jq= a! - 


which is the solution of the quadratic. 
In the case of the cubic equation we shall find that 


Ap +55, and Lp la (lp + 21a) 
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are both proper forms to represent a root, these expressions 
having each three, and only three, values when the cube roots 
involved are taken in all generality. 

In the case of the biquadratic equation we shall find that 

Spoda+ A=, Side +Srp +pal 
lp la 

are forms which may represent a root, these expressions each 
giving four, and only four, values of « when the square roots 
receive their double signs. 

(2). Second method of solution—by resolving into factors. 

Let it be required to resolve the quadratic z*+ Px + Q into 
its simple factors. For this purpose we put it under the form 
2+ Pxr+Q+0-90, 

and determine @ so that 


a+ Pe+Q+0 
may be a perfect square, ¢.e. we make 
bias P*?-4Q 
0+Q= Go 9 = 7 eet 


whence, putting for 0 its value, we have 


+ PerQe(e ‘5)- (02 ey 


Thus we have reduced the quadratic to the form u?- +; and 
its simple factors are u+v, and u-v. 
Subsequently we shall reduce the cubic to the form 


(le +m) — (l’e+m’)*, or wW-o', 
and obtain its solution from the simple equations 
u-v=0, u-weo=0, u-wv=0. 


It will be shown also that the biquadratic may be reduced 
to either of the forms 


(la?+ me+ n)?- (Va? +me+n’)’, 


(7 + px +q)(@+ p'a+ 7), 
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by solving a cubic equation; and, consequently, the solution of 
the biquadratic completed by solving two quadratics, viz. in the 
first case, dz? +mx+n=+ (l’x + m’x+n’); and in the second case, 
ve+pet+gq=0, and 2+pae+ 7 =0. 

(3). Third method of solution—by symmetric functions of the 
roots. 


Consider the quadratic equation 2° + Px + Q= 0, of which 
the roots are a, 3. We have the relations 


a + B =- a ag 
aB= Q. 

If we attempt to determine a and 3 by these equations, we 
fall back on the original equation (see Art. 24); but if we 
could obtain a second equation between the roots and coefficients, 
of the form /a + mB =f (P, Q), we could easily find a and 2 by 
means of this equation and the equation a+ (3 =-— P. 


Now in the case of the quadratic there is no difficulty in 
finding the required equation; for, obviously, 


(a - (3)?= P?-4Q; and, therefore, a — (3 =,|P?-4Q. 


In the case of the cubic equation 2*°+ Pz’ + Qxr + h=0, we 
require ¢wo simple equations of the form 


la+mB+ny =f (P, Q, R), 


in addition to the equation a+ 3 + y=— PP, to determine the 
roots a, 3, y. It will subsequently be proved that the functions 


(a+w3+w'y)’, (a+wB+wy)® 
may be expressed in terms of the coefficients by solving a guad- 
ratic equation; and when their values are known the roots of 


the cubic may be easily found. 
In the case of the biquadratic equation 


a+ Pa? + Qr’?+ Rr+ S=0 
we require three simple equations of the form 


lat+mB+ny+rd=f (P, Q, RB, 8), 
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in addition to the equation 
a+B+yt+o=-P, 


to determine the roots a, B, y, 6. It will be proved in Art. 66, 
that the three functions 


(G4+y—a—0), (y+a-B-—0), (a+B—y—9)’ 


may be expressed in terms of the coefficients by solving a cubie 
equation; and when their values are known the roots of the 
biquadratic equation may be immediately obtained. 


56. The Algebraic Solution of the Cubic Equation.— 
Let the general cubic equation 


ax’ + 8b2’? + 8cx+d=0 


be put under the form 
3+3Hs+G=0, 
where 
s=ar+b, Hz=ac-b*, G=ad - abe + 20° (Art. 36). 


To solve this equation, assume* 


z= th + ila; 
s=p+q+3°plaCp+ila); — 


2-38 Ip.lg.s-(p+q) =0. 


Now, comparing coefficients, we have 


ip lg=-H, p+q=-G; 


from which equations we obtain 


hence, cubing, 


therefore 


—p=h(-G+)/@+4h), g=4(-G- |G +41); 


* This solution is usually called Cardan’s solution of the cubic. See Note A at 
the end of the volume. 
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and, substituting for s/q its value = we have 
Pp 


s=tl +7 


‘as the algebraic solution of the equation 
+3Hs+ G=0. 


It should be noted that if p be replaced by g this value of s 
is unchanged, as the terms are then simply interchanged ; also, 
since */p has the three values s/p, w{p, w?*/p, obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain ee and only three, values for zs, namely, 


*Ip+ - am, wo ie a. w |p +w—=} 
i Ip p 
the order of these values only changing according to the cube 
root of p selected. 
Now, if s be replaced by its value aw + b, we have, finally, 


-H 


‘Ip 


(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 


ax’ + 3b2?+ 38ex + d= 0, 


the square root and cube root involved being taken in their. 
entire generality. 

57. Application to Numerical Equations.—The solu- 
tion of the cubic which has been obtained, unlike the solution 
of the quadratic, is of little practical value when the coefficients 
of the equation are given numbers; although as an algebraic 
solution it is complete. 

For, when the roots of the cubic are all real, G?+4H*=-K°’, 
an essentially negative number (see Art. 43) ; and, substituting 
for p and g their values 


4(-@+XK,J-1) 


az.+b= =*|p + —= 
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in the formula */p +°/q, we have the following expression for 
a root of the cubic :— 
(- Q+ sae) @ G2 J-1\8 
2 : aT 


Now there is no general arithmetical process for extracting 
the cube root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, a nume- 
rical value may be obtained from the formula 


e G+ /G?+ zie € G- [G+ = 
2 2 ‘ 


since G? + 4H° is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical cubic, this 
process is of little value. 

In the first case, namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values 
of the roots in the following manner :— 


Assuming 2Rcos¢ =-G, and 2khsing=K, 


we have p = Re® orl q = Re- ov-1, 
K 4 $ 
also tan ¢=— Gs and R= 434(G’ + K’)*=(-H)’; 
— .2 v8 
and finally, since w = cos o +,J-1 sin =e e" ‘ 


the three roots of the cubic equation 
2+3Hz+G=0, 


viz. ‘Ip +ila wi[p+wi]q, writ{p+ w/a, 


become 


2 (-H)toost, -2(-H)toos=*; 


from which formulas we obtain the numerical values of the roots 
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of the cubic by aid of a table of sines and cosines. This process 
is not convenient in practice; and in general, for purposes of 
arithmetical calculation of real roots, the methods of solution of 
numerical equations to be hereafter explained (Chap. X.) should 
be employed. 

58. Expression of the Cubic as the Difference of two 
Cubes.—Let the given cubic 


ax + 3bz? + 8cx +d = ¢ (2) 


be put under the form 


2+ 3Hs + G, 
where s =axr + b. 
Now, assuming 
+3Hs+Ges {ua (s+v)?-v (s+ )%}, (1) 


un-v 


where u and » are quantities to be determined, the second side 
of this identity becomes, when reduced, 


8° — duvs — pv (ut v). 
Comparing coeflicients, 


wv=-H, wv(ut+v)=-G; 
therefore 


where a@’A=G?+ 4H, as in Art. 42; 


also (e+ p)(@+o)ee+ Se-H. (2) 


Whence, putting for s its value, az + b, we have from (1) 


G+adh G-ad}\S (G-ad} G+adt\’ 
wo()=( Se) (aes b+ oH )-( wat J(ae+o+ on ) 
which is the required expression for ¢ (x) as the difference .of 
two cubes. 


By the aid of the identity just proved the cubic can be 
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resolved into its simple factors, and the solution of the equation 
completed. We proceed to obtain expressions for the roots of 
the equation ¢ (v) = 0 in terms of uw and v. Solving as a bino- 
mial cubic the equation 

(u-v)a’o (e) = pst v)>-v (s+ p)>=0, 


we find the three following values for z = aw + b:— 
Ju ly (Sa + 2), 
Nev (win toy), 
uv (w* Nut wr): 


If now */u and */» be replaced by any pair of cube roots 
selected one from each of the two series 


Jay @2lay, 02) p, 
sly, wv, de 


it will be seen that we shall get the same three values of ¢, the 
order only of these values changing according to the cube roots 
selected. It follows that the expression 


adly Qlu+ ly) 
has three, and only three, values when the cube roots therein are 
taken in all generality. This form therefore is, in addition to 
that obtained in the last Article, a form proper to represent a 
root of a cubic equation (see (1), Art. 55). 


The function (2) given above, when transformed and reduced, 
becomes, as may be easily seen, 


© (ae) a’ + (ad — be)x+ (bd-c’)}. 


This quadratic, therefore, contains as factors the two binomials 
ax+b+p, ae+b+v, which occur in the above expression of ¢ (a) 
as the difference of two cubes. 
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59. Solution of the Cubic by Symmetric Functions 

of the Roots.—Since the three values of the expression 
tfat+P+y+6 (a+ uP + wy) + & (a+ w+ wy)}, 
when @ takes the values 1, w, w’, are a, (3, y, it is plain that if 
the functions 
O(a+wht+w'y), O(at+w'B + wy) 

were expressed in terms of ‘he coefficients of the cubic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraical solution of the cubic equation. Now this 
cannot be done directly by solving a quadratic equation; for, 
although the product of the two functions above written is a 
rational symmetric function of a, (3, y, their sum is not so. It 
will be found, however, that the sum of the cubes of the two 
functions in question is a symmetric function of the roots, and 
can, therefore, be expresssd by the coefficients, as we proceed to 
show. Tor convenience we adopt the notation 


L=a+t of +w'y, Mz=a+w°P+wy. 
We hav: then 
(OL)? =4+ Bw+ Cw’, (PW) =A+ Bu’ + Co, 
where 
A=a'+ 3° +7°+ 6aBy, B=3(a°B+B’y+ ya), C=3(aB?+By*+ya° ; 


from which we obtain 


L? + M? = 230° - 820°B + 12aBy = - 27 = 


(Cf. Ex. 5, p. 44; Ex. 15, p. 50.) 


Again, 
(OL)(O) = LM = at + 8 + °—By-ya-aB=- 97 5 
whence (a+ wt+w'’y)’, (a+ w+ wy)? 
are the roots of the quadratic equation 


3 
t+ gf ¢- 37 = 0. 
a a 
Denoting the roots of this equation, viz. 
3° aE Ty 
sa(- G@+/G@+4H ) 
I 
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‘by t; and #, the original formula expressed in terms of the 
coefficients of the cubic gives for the three roots 


a-- 245 (Ja +e) 

b If spe 
B--7 +5 (wifi + wrth), 
ee 5(w ih + w/a). 


a 
It will be seen that the values of a, (3, y here arrived at are 
{the same form as those already obtained in Art. 56. 
It is important to observe that the functions 


(a+ w+ w'y)®, (at oF + wy)? 


are remarkable as being the simplest functions of three quanti- 
ties which have but two values when these quantities are inter- 
changed in every way. It is owing to this property that the 
solution of a cubic equation can be reduced to that of a quad- 
ratic. Several functions of a, (3, y of this nature exist; and 
it will be proved in a subsequent chapter that any two such 
functions are connected by a rational linear relation in terms of 
the coefficients. 

Having now completed the discussion of the different modes 
of algebraical solution of the cubic, we give some examples 
involving the principles contained in the preceding Articles. 


EXAMPLES. 


1. Resolve into simple factors the expression 
(8 — y)? (% — a)? + (y — a)? (w — B)? + (a— B)? (% — 7)” 
Let U=(B-y)(%-a), V=(y—a)(e—B), W=(a—8)(x-y). 
Ans. 3(U+0V4+w?W)(U+w?V+oPW). 
2. Prove that the several equations of the system 
(8 — 7)? (« — a)? = (y — a)? (w@ — B)® = (a — 8)? (x — y) 


have two factors common. 
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Making use of the notation in the last Example, we have 


Us= V3= WP; 
whence 
U3 — V3=(U—V)(U2+ UV + V2) =} (U- (U4 V2 + WD, 
since U+V+iWe=0; 
therefore (B — y)? (x — a)? + (y — a)? (x — B)? + (a — B)? (x — y)? 


is the common quadratic factor required. 
3. Resolve into factors the expressions 


(1). (8 — 7)°(—a)* + (7 — @)® (e — B)> + (a — B)(z — 7), 
(2). (B—+y)°(z — a)® + (y — a)° (z — B)® + (a — B)* (x — 7)°, 
(3). (8 —y)" (%— a)" + (y — a)" (% — B)’ + (a — B)' (x — 7)’. 
These factors can be written down at once from the results established in Ex. 40, 
p. 59. Using the notation of Ex. 1, and replacing a, Bi, 71, in the example referred 
to, by U, V, W, we obtain the following :— 
Ans. (1) 3UVW; (2) §(02?+V2+ W2)0VW; (3) (0? + V?#+ WM’ UV Wh. 
4. Express 


as the difference of two cubes. 
Assume 


(e — a)(z — B)(z — 7) 


(v — a)(z — B)(z — y) = U3 - V3; 
whence 
U1- Vi =A(x—- a), 


wU, —w*V\= u(x - B), 


w?T, -wVi =y(x - ¥). 
Adding, we have 
Atmt+v=0, Aat+uB+ vy=0; 
and, therefore, 
A=p(B-—7), B=p(y—a), v=p(a- 8B); 


but Auvy = 1; whence 
1 
Fy (8 — y)(y — @)(a — B). 
Substituting these values of A, wu, v; and using the notation of Ex. 1, 
Ui-Mi=pU, wi -—wVi=pV, wU-wi=pW; 


whence 
30, =p(U+V+oW), 


-—-3Vi=p(U+eV+eW); 
and U; and V; are completely determined. 
5. Prove that Z and M are functions of the differences of the roots. 
We have L=a+ wB+w'y=a-h+w(B—h) +a (y—-A) 
for all values of h, since 1 + w + w? = 0; and giving to A the values a, 8, +, in suc- 


cession, we obtain three forms for Z in terms of the differences 8 - y, y- a, a— 8B. 
Similarly for M. 


I2 
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6. To express the product of the squares of the differences of the roots in terms 
of the coefficients. 
We have 


L+M=2a-B-y, L+wM=(2B-y-a)o, L+wM = (2y-a-B)o’; 

and, again, 
L-M=(8->)(w-«), w°L-wM=(y-a)(w-0), wL-o%l = (a- B)(w - 0%), 
from which we obtain, as in Art. 26, 

D3 + M* = (2a— B—7)(28 —-y—a)(2y-a-8), 

I — UM? =—3/—3(B-4)(y—-a)(a-8); 

(23-13)? = (134+ UM)? 4103, 

we have, substituting the values of 23+ I and L& obtained in Art. 59, 

a8 (B — y)? (y — a)? (a — B)? = — 27 (G* + 4H%). 


and since 


(Cf. Art. 42.) 
7. Prove the following Sdentitics — 
D+ M? =3{(2a—B—)? + (28-y-a)8+ (27 - a- B)}, 
18 — M? =/-3{(8 — 7) + (y— a)8 + (a - b>}. 
These are easily obtained by cubing and adding the values of 


L+H, &.; L-M, &e., 
in the preceding example. 


8. To obtain expressions for Z?, M?, &c., in terms of a, B, y. 
The following forms for Z? and M? are obtained by subtracting 
(a? + B?+-?)(1+ w+ w*) = 0 from (a+ wB+w*y)*, and (a+ w*B+ wy)? :— 
— L? = (B — 7)? + w°(y — a)’ + w (a — B)?, 
— M? = (B — y)? + w (y—a)? + w°%(a — B)*. 
In a similar manner, we find from these expressions 
— It = (B-)? (2a—-B—+¥)? + w (y— a)? (2B - y — a)? + w*(a — B)? (27 - a — B)’, 
— M*= (B — 7)? (2a— B—y)? + w°(y— a)? (28 —y— a)? + w (a— B)? (2y— a — B)?. 
Also, without difficulty, we have the following forms for LM and L?M?:— 
2LM = (8 — 7)* + (y ~ a)? + (a— 8)’, 
LM? = (a — 8)’ (a— 7)? + (B—¥)? (8 — a)? + (y — @)?(y— 8)*. 
9. There are six functions of the type of Z or M, viz., 
atwhB+w'y, watwB+y, watBt+ wy, 
atwB+wy, watBt+w*y, wa+t+w8+ 7, 


to form the equation whose roots are these six quantities. 
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These functions may be expressed as follows :— 
I, wl, wT, 
My ae Sarees 


hence they are the roots of the equation 
(p —L)(p — wL)(p — w°L)(p — W)(p — wl) (p - w*) = 0, 
or ¢° - (13+ M*) + DMF=0. 
Substituting for Z and M from the equations 
G 


3) 
aw 


9 
ree 


’ 
a 


D+ Ms =-—- 27 
we have this equation expressed in terms of the coefficients as follows :— 


G H 

y® + ae my = 0. 

10. To form, in terms of Z and UM, the equation whose roots are the squares of 
the differences of the roots of the general culic equation. 

Let 

> = (a - 8); 
hence, by former results, 
V—39 = owl — oI. 

Rationalizing this, we obtain ’ 


13 — M3)? _ 


( 
¢(p- LM)? + 27 0, 


which is the required equation. 
In a similar manner, by the aid of the results of Ex. 8, the equation of 
squared differences of this equation, or the equation whose roots are 


(8-)*(2a—B-)*, (y—a)*(28-y-a)*, (a-8)* (2y-a-8)’, 


is obtained by substituting - Z? and - If? for M and Z, respectively, in the last 
equation; and this process may be repeated any number of times. Finally, all 
these equations may be easily expressed in terms of the coefficients of the cubic by 
means of the relations 


ita 02 and 14 Mia —27 2. 
@ a 


For instance, the first equation is 
G+4H3 


qa® 


0. 


Hy? 
| o(o+9=) +27 
(Cf. Art. 42.) 
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11. If a, B, y and a’, B’, y’ be the roots of the cubic equations 
ax? + 327+ 8ce~a + d=0, 
a’ax3+ 3b'a? + Bc'x +@=0; 
to form the equation which has for roots the six values of the function 
= aa’ + BB’ + yy’. 


The easiest mode of procedure is first to form the corresponding equation for 
the cubics deprived of their second terms, viz., 


2+3Hz+G=0, #243H’:+G' =0, 
and thence deduce the equation in the general case; for in the case of the cubics so 
transformed the corresponding function 
go = (aa + b)(a’a’ + U') + (a@B + b)(a’B’ +b’) + (ay + b)(a'y' + 0’) 
=aa'p — 3b)’. 


Substituting for the roots of the transformed equations their values expressed 
by radicals, we have 


go= WS r+ Sap + M7’) + (wi/p + 04/9) (wp! + 04/7) 
| + (0? p + wi/q) (0? VB" + 9’), 
which reduces to 
, go = 3 (\/ pq" +29) 
Cubing this, we find 
go? — 274/ pgp'g’ go — 27 (p9'+ p'g) = 0. 
Now, substituting for p and g, p’ and g’, their values given by the equations 
22+4+@2—-H3=0, 224+ G'e—H%=0, 
we have the six values of ¢o given by the two cubic equations 


go? — 27H H’ oo — al (GG’ + aar/ dd’) = 0, 
where 


@WA=G?+4H%, and a*A’=G4G"4+4H", 


Finally, substituting for ¢o its value aa’ — 3bd’, and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the 
cubics be 22 -1=0, p=a+wB+w*y, &c., which case has been already con- 
sidered in Ex. 9. Mr. M. Roberts, Dublin Exam. Papers, 1855. 
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12. Form the equation whose roots are the several values of p, where 


Since 
a—(1+p)B+py=0; 


substituting for a, 8, y their values in terms of p, 7, and putting 
A=1-(1+p)w+ po, w=1—(1+ p)w? + pa, 
AVp+uVq= 0. 
Cubing, and substituting for p, ¢ their values, 


G (a3 + uw?) + aa (a3 — w3) = 0. 


we have 


Squaring, 
@aresy3 = (a3 4 p)?, 
and by previous results 


Au=3(1+p+p?), A2+ wu? =— 27p(1+ p); 
substituting these values, we have the required equation 
a®A (1 + p+ p?)? — 27H (p + p*)? = 0. 
13. Find the relation between the coefficients of the cubics 
ax® + 3bx7 + 38cr +d =0, 
a'x'3+ 3b'x'2 + 3c'xr' +a’ = 0, 
when the roots are connected by the equation 
a (B’ — y') + B(y'— a’) + y(a’ — B) = 0. 
Multiplying by w — w’, this equation becomes 
IM’ = L'M. 
Cubing, and introducing the coefficients, we find 


GH = GH, 
the required relation. 

14. Determine the condition in terms of the roots and coefficients that the 
eubics of Ex. 13 should become identical by the linear transformation 


v= pet. 
In this case 
a=pat+q, B=pB+q, y=pyt+g@- 
Eliminating p and g, we have 
By’ — B'y + ya’ — y'a + ab’ — a’ =0, 
which is the function of the roots considered in the last example. This relation, 
moreover, is unchanged if for a, B, y; a’, B’, y', we substitute 


latm, IB+m, lh +m, 
Ta'+m', Up’+m', Ty'+ m'; 
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whence we may consider the cubics in the last example under the simple forms 
2+43Hz+G=0, 234 3H'2'+ G4’ =0, 


obtained by the linear transformations z= ax+), z2’=a'zx'+b’'; for if the condition 
holds for the roots of the former equations, it must hold for the roots of the latter. 
Now putting z’ = kz, these equations become identical if 


H’'=FH, G’=kG; 
whence, eliminating 4, 
GH? = G?H 


is the required condition, the same as that obtained in Ex. 13. It may be observed 
that the reducing quadratics of the cubics necessarily become identical by the same 
transformation, viz., 


= (a’'x’ +) = = (ax + 6). 

60. Homographic Relation between two Roots of a 
Cubie.— Before proceeding to the discussion of the biquadratic 
we prove the following important proposition relative to the 
cubic :— 

The roots of the cubic are connected in pairs by a homographic 
relation in terms of the coefficients. 

Referring to Exs. 18, 14, Art. 27, we have the relations 


ay'{ (B-y)?+ (y-a)?+ (a-B)*} =18(a,.’ - aa), 
ay’ {a (8B —y)* + B (y—a)* + y (a-B)"} = 9 (dots - Gar), 
do’ (a’ (3 — y)* + B*(y — a)’ + y°(a - B)*} = 18 (a? - aa). 
Using the notation 
Ad,—-a" =H, aa3;-a,0,=2H,, aa,-—aP=H,; 


multiplying the above equations by a/3, -(a+ (3), 1, respectively, 
and adding; since 


a’—a(a+P)+aB=0, B?-B (a+ 3) + aB =), 
we have ; : 
do’ ((3 — y) (y a) (a—3)*= 18 | HaB + Mi, (a + 8) + HE); 
ao'((3 — y)*(y-a)*(a - 3)? =- 274 =108 (7H, - H,’) 
(see Art. 42); whence 


ut 


sper 5) = eB + Hla +B) + Hy 
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and, therefore, 


Ei A a 
Hop +(a+} |-S)a+(m-f |-4)p+m,- 0, 


which is the required homographic relation. It is to be ob- 
served that the coefficients in this equation involve one irra- 
tional quantity, the second sign of which will give the relation 
between a different pair of the roots. 

61. First Solution by Radicals of the Biquadratie. 
Euler’s Assumption.—Let the biquadratic equation 


act + 4be*® + 6cex*? + 4dx +e = 0 
be put under the form (Art. 37) 
s'+ 62° + 4G@s + al —- 3H’ = 0, 
where z = az +b, 
H=ac-b, IT=ae-4bd+ 3c, Ge=a'd - 8abe + 20. 


_ To solve this equation (a biquadratic wanting the second 
term) Kuler assumes as the general expression for a root 


s=Jp+Jg+Jr. 
Squaring, 
s'—p-g-r=2(Jq Jr+Jr Jp+.Jp.l9). 
Squaring again, and reducing, we obtain the equation 


s'-2(p+q+r)s?-82 lp Jo Jr+ (ptqtry—4(qrt+rp+pq)=9. 


Comparing this equation with the former, we have 


z - G 
ptqt+r=-—3H, grirpt+pq= gH — 5, Jo Ja Jre- 5 
and consequently p, g, 7 are the roots of the equation 
a’ G 
e+ oHes (aur )t-F =0; (1) 
or, since 
-@=24H*-@HI + ad, (Art. 37), 
where 


J = ace + 2bed — ad*® — eb*® - &’, 
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this equation may be written in the form 

4(¢t+H)*'-@I(t+H)+aJ=0; 
and finally, putting ¢+ H=a°6, we obtain the equation 

40 —- Ia0+ J =0. (2) 

This is called the reducing cubic of the biquadratic equation ; and 
will in what follows be referred to by that name. When it is 
necessary to make a distinction between equations (1) and (2), 
we shall refer to the former as Euler’s cubic. 


Also, since ¢=b?-—ac+a°0; if 60,, 02, 03 be the roots of the 
reducing cubic, we have 


p=P-ac+@h,, g=0-ac+@0,, r=P-ac+a;; 


and, therefore, 


Z= J b? —ac+a°O, +] —ac+ a0. +, b?-ac+ a’. 


If this formula be taken to represent a root of the biquadra- 
tic in z, it must be observed that the radicals involved have not 
complete generality; for if they had, eight values of s in place 
of four would be given by the formula. The proper limitation 
is imposed by the relation 


Ip Ja dr=-% 


which (lost sight of in squaring to obtain the value of pgqr) 
requires such signs to be attached to each of the quantities 


tp, J@ Jv, that their product may maintain the sign deter- 
mined by the above equation; thus— 


Jo da dr=tp(-l @ (-N7) = (-Jp)J¢@ (-J) 
= (- Jp) (-J@),/r 


are all the possible combinations of tp, Ja ~r fulfilling 


this condition, provided that Jp, a2, Jr retain the same signs 
throughout, whatever those signs may be. We may, however, 
remove all ambiguity as regards sign, and express in a single 
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algebraic formula the four values of z, by eliminating one of the 
quantities tp, Ja, Jr from the assumed value of s by means 
of the relation given above, and leaving the other two quanti- 
ties unrestricted in sign. The expression for s becomes therefore 


- - G 
~ + as aE RTT 
z lp | q 9 dp iF 
a formula free from all ambiguity, since it gives four, and only 
four, values of s when ,/p and Iq receive their double signs: 
the sign given to each of these in the two first terms deter- 
mining that which must be attached to it in the denominator of 
the third term. And finally, restoring toy g, and s their values 
given before, we have 


az +b =]b'—ac + a°0, +,]b?-ac+a°l, 


G 
Z 2 /b?-ac+ a0, [bac +a°0. 


as the complete algebraic solution of the biquadratic equation ; 
6, and @, being roots of the equation 


4a°@° — Ia + J = 0. 


To assist the student in justifying Euler’s apparently arbi- 
trary assumption as to the form of solution of the biquadratie, 
we remark that, the second term of the equation in s being 
absent, the sum of the four roots is zero, or s; +S. + % +%=0; 
and consequently the functions (s, + s.)*, &c., of which there are 
in general siz (the combinations of four quantities two and two), 
are in this case reduced to three; so that we may assume 


(2 + &3)" = (x, + &,)° = 4p, 
(s3 + %,)° = (2 + &,)° = 4q, 


(z, + 8)" = (3 a 2)" = 4r; 


from which we have 2,, 22, %;, %;, included in the formula 


wp +a +r. 
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We now proceed to express the roots of Euler’s cubic (1), 
and also those of the reducing cubic (2), in terms of the roots 
a, B, y, & of the given biquadratic inw Attending to the 
remarks above made with reference to the signs of the radicals, 
we may write the four values of s = aw + 0 as follows :— 


aat+b= Jp-Jq-,Jr, 
aB+b=-Jp+tq-Jr, 
ay +b=-Jn-Ja+Jr, 
adi+b= [n+ fJq+dr; 


from which may be immediately derived the following expres- 
sions for p, g, 7 the roots of Euler’s cubic :— 


(3) 


p= (Bty-4-98) 
a= 7g (y+a-B-9), (4) 


r=5; (a+B- 7-8) 


Subtracting in pairs the equations (3), and making use of | 
the relations above written between p, g, 7 and 04, @., 03, we 


easily establish the following useful relations connecting the 
differences of the roots of the cubics (1) and (2) with the diffe- 
rences of the roots of the biquadratic : — 


4 (q - r) = 40° (8, — 0;) = — a (B- y)(a - 8), 
4 (r - p) = 40° (0; - 01) =- a’ (y-a)(B- 8), (5) 
4 (p-q) = 4a’ (0, - 0.) =- @ (a -B)(y - 9). 
Finally, from these equations, by aid of the relation | 
0, + 0,4 0, = 0, we derive the values of 0;, 0,, 0; in terms of 
a, B, Y¥, 0) Viz, 
120, = (y- a)(B- ¢) - (a-B)(y- 9), 
120, = (a -9)(y- 8) - (B- y)(a- 8), (6) 
120; = (8 -y)(a - 8) - (y- a)(B- 8). 
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EXAMPLES. 


1. When the biquadratic has two equal roots, the reducing cubic has two equal 
roots, and conversely. 


2. When the biquadratic has three roots equal, all the roots of the reducing 
cubic vanish, and consequently J = 0, J = 0. 


8. When the biquadratic has two distinct pairs of equal roots, two of the roots 
of Euler’s cubic vanish, and consequently G=0, a’I—12H*=0. 


4. Prove the following relations between the biquadratic and Euler’s cubic with 
respect to the nature of the roots :— 


(1). When the roots of the biquadratic are all real, tho roots of Euler’s cubic 
are all real and positive. 


(2). When the roots of the biquadratic are all imaginary, the roots of Euler’s 
cubic are all real, two being negative and one positive. 


(3). When the biquadratic has two real and two imaginary roots, Euler’s 
cubic has two imaginary roots and one real positive root. 


These results follow readily from equations (4) when the proper forms are sub- 
stituted for a, 8, y, 5 in the valuesof p, g, r. It is to be observed that all possible 
cases are here comprised, the biquadratic being supposed not to have equal roots. 
It follows that the converse of each of these propositions is true. Hence, when 
Euler’s cubic has all its roots real and positive, we may conclude that all the roots 
of the biquadratic are real; when Euler’s cubic has negative roots, we conclude 
that all the roots of the biquadratic are imaginary; and when Euler’s cubic has 
imaginary roots, we conclude that the biquadratic has two real and two imaginary 
roots. 


5. Prove that the roots of the biquadratic and the roots of the reducing cubic 
are connected by the following relations :— 


(1). When the roots of the biquadratic are either all real, or all imaginary, 
the roots of the reducing cubic are all real; and, conversely, when the roots of 
the reducing cubic are all real, the roots of the biquadratic are either all real or all 
imaginary. 

(2). When the biquadratic has two real, and two imaginary roots, the reduc- 
ing cubic has two imaginary roots; and, conversely, when the reducing cubic has 
two imaginary roots, the biquadratic has two real and two imaginary roots. 


These results follow readily from the preceding example, since the roots of the 
two cubics (1) and (2) are connected by a real linear relation. 


6. When ZZ is positive, the biquadratic has imaginary roots. 
For in that case the roots of Euler’s cubic cannot be all positive. 

7. When J is negative, the biquadratic has two real and two imaginary roots. 
For the reducing cubic has in that case two imaginary roots (Ex. 12, p. 33). 
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8. When H and J are both positive, all the roots of the biquadratic are 
imaginary. 

For, since J is positive, the reducing cubic has a real negative root; there- 
fore also Euler’s cubic has a real negative root, since ¢ = a?@ — H, and H is posi- 
tive; and this is case (2) of Ex. 4. It is implied in this proof that the leading 
coeflicient @ is positive ; if aJ be substituted for Jin the statement of the proposi- 
tion no restriction as to the sign of a is necessary. 


9. Show that the two biquadratic equations 
Aout + 6Agx? + 443% + Ag = 0 


have the same reducing cubic. 
10. Find the reducing cubic of the two biquadratic equations 


at — 61x? + 8x / + m3 + m3 — dimn + 3(4mn — 2) = 0. 
Ans. 6° — 3mnd — (m3 + n3) = 0. 
11. Prove that the eight roots of the equation 
{a* — 6lu? + 3 (4mn — 7?) }? = 64 (2B + m3 + 23 — 38lmn) x? 


are given by the formula 


J/ltmtnte fl + om + wnt lt wm + on. 


(Compare Ex. 20, p. 34.) 
12. If the expression 


f/l+m tnt+/itan+ont/ltwm+on 
be a root of the equation 


a46H2+44G2+¢lI-3H=0, 


determine H, J, J in terms of /, m, n. 
. Ans. H=-1, I[=12mn, J=- 4 (m3 +n’). 


13. Write down the formulas which express the root of a biquadratic in the par- 
ticular cases when J = 0, and J= 0. | 

14. Express, by the aid of the reducing cubic, J and J in terms of the differences 
of the roots a, B, y, 5. (See Exs. 16, 18, Art. 27.) 

15. Express the product of the squares of the differences of the roots a, B, y, 5 
in terms of J and J. 

By means of the equations (5) above-given, and the equation (2), p. 82, we ob- 
tain the result as follows :— 
a® (B — )? (y— a)? (a — B)* (a — 8)? (B — 8)? (y — 8)? = 256 (1° — 27"). 

16. What is the quantity under the jimal square root (viz., that which occurs 
under the cube root in the solution of the reducing cubic) in the formula expressing 
a root ? Ans. 27J? — T°. 

17. Prove that the coefficients of the equation of squared differences of the 
biquadratic equation aya* + 4a, 2° + Gaga* + 403% + a4 = 0 may be expressed in 
terms ao, H, J, and J. 
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Removing the second term from the equation, we obtain 


6H 4G ao?I—- 3H? 
baie, | pet mbar yr 
Aer 4; ae? * ay* os 


and changing the signs of the roots, we have 


~, 0H, 46 | atl-3H? 
y oa ry et 


aot 


These transformations leave the functions (a — B)*, &c., unaltered; but G 
becomes — G, the other coefficients of the latter equation remaining unchanged ; 
therefore G can enter the coefficients of the equation of squared differences in even 
powers only. And by aid of the identity of Art. 37, G? may be eliminated, intro- 
ducing a, H, J, J. Ina similar manner we may prove that every even function 
of the differences of the roots a, 8, y, 5 may be expressed in terms of ao, H, J, J, 
the function G@ of odd degree not entering. 


62. Second Solution by Radicals of the Biqua- 
dratic.— Let the biquadratic equation 


ax! + 4bx* + 6cex? + 4de +e = 0 
be put, as before, under the form 
+ 6H2? + 442+ a@lI- 3H’ = 0, 


where # = ar + 4. 
We now assume as the general expression for a root of this 


equation 
s=J9 r+ Jr p+ lp Jg, 
a formula involving three independent radicals, bp, la, 1h. 
Squaring twice, and reducing, we have 


(3? -qr-rp — pq)’ a 4pqr (2s ge) dee 2 fe r), 
or 


s'—2(qr+rp +pq)s* — 8pgqrs+ (gr +rp+pq)?-4(pt+qtr) par=9. 


Comparing this equation with the former equation in z, we 
easily find 
eae f, @l-12H 
qr+rpt+pqg=-3H, par=-s, ptqtr= oY? ee 


whence, p, g, 7 are the roots of the equation 


2G@ + (12H?- al)? - 6HGt+ G = 0. 
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This equation may be readily transformed into Euler’s cubic, 
or making directly the substitution 


iG 
H- v0? 
and putting for G® its value in terms of H, J, and J, we may 
reduce it to the standard form of the reducin cubic, viz., 


40 @- Ia8+ J = 09. 


t= 


It is important to observe that in the present method of 
solution we meet with no ambiguity corresponding to that of 
Art. 61; for the expression here assumed as the value of z has, in 
virtue of the double signs of the radicals contained in it, only 
Jour values, while the form assumed for z in the preceding Article 
has eight values. ‘This appears from the identical equation 


2(JaJr+ Jrle + lp Ja) = (Jp + dg +Jr)*- p 9-9, 


which shows that the number of distinct values of the radical 
expression of the present Article is the same as the number of 
values of (|p +Ja+ dry, namely four. 

In order to express p, g, 7 in terms of the roots a, (3, y, 6 of 
the biquadratic, we have, giving to w the four values a, /3, y, 6, 


s:saatb= JgJr—Jr Jp- lp do, 
=a +b=-J9 Jr+ Jr Jp - Jp Jo, 
saay +b=— Ja Jr— Jr p+ lp Ja, 
sad +b= J Jr+ Jr Jp +p Ja. 
The student may easily satisfy himself that no combination 
of the signs of the radicals can lead to any value different from 


these four. 
From the values of s, + 2; — %; —%, and 2,2; —2,%,, we obtain 


a(B+y-a-8)=-4,/¢,Jr, 
a (By - a8) + ab (8B + y-a-8) = 4p Jo Jr. 
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From these and similar equations we have, employing the rela- 
tion G =—- 2pgr, the following modes of expressing p, g, r in 
terms of the roots a, 3, y, 0:— 


ae By — ad pe 8G 
A B+y-a-6é — @(b8+y-a— 6)” 

. ya — 30 : 8G 
q PET IS a’(y+a-[3—- 6)” 
-r=a ap = 78 Dee oe —, 
a+[3-y-6 a(at+ —-y- 8)’ 


63. Resolution of the Quartic iuto its Quadratic 
Factors.—Let the quartic 


ax + 4b2° + 6cer? + 4dxr + e 


be supposed to be expressed as the difference of two squares* in 
the form 
(az? + 2be + ¢ + 2a)? — (2Mxr + N)?. 


Multiplying the given quartic by a, and comparing it with 
this expression, we have the following equations to determine 
M, N, and 0 :— 

M=?-ac+a@0, MN=be-ad+2ab0, N= (c+ 2a)? -ae. 

Eliminating M and XN from these equations, we find 

4a° 6° - (ae — 4bd + 8c’) a + ace + 2bed -ad* - el? - = 0, 


which is the reducing cubic before obtained. 

From this equation we have three values of @ (9, 0., 6), 
with three corresponding values of M/*, IN, N*; and thus all 
the coefficients of the assumed form for the quartic are deter- 


* The reduction of the quartic to the difference of two syuares was the method 
first employed for the solution of the equation of the fourth degree. This mode of 
solution is due to Ferrari, although by some writers ascribed to Simpson (see note A). 
The method explained in the following Article, in which the quartic is equated 
directly to the product of two quadratic factors, is due to Descartes. 


K 
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mined in three distinct ways; moreover, it should be noticed 
that to each value of W corresponds a single value of JV, since 
DIN = be - ad + 2abé. 
The quartic 
(ax? + 2be + ¢ + 2a)? - (2ilv + NV)’ 


may plainly be resolved into the two quadratic factors 
av’+2(b-M)x+c+2ad-N, 
av +2(b+M)x+e+ 2a0+N. 


When 0 receives the three values 0,, 02, 6:, we obtain the three 
pairs of quadratic factors of the original quartic, and the problem 
is completely solved. 

In order to make clear the connexion between the present 
solution and the solution by radicals, let us suppose that the 
roots of the quadratic factors in the order above written are 
3, y and a, 6; and that the roots of the remaining pairs of 
quadratic factors are similarly y,a and 3, 6; a, 8 and y, 6. 
We have, therefore, 


B+y=-~ (b- Ih), y+a=-= (b-Ih), a+P=-= (6-h), 


a+3=-2 (b+ 0h), B+3=-= (6+ Ih), y+d--" (b+ Ms), 
where 


M, = /U-ac+@0,, IM = /e —~ac+@0., MW; = |b —ac+a’Q. 


Subtracting the last equations in pairs, we find 


ye 
age el tls crag cee Oy at ey fee ale 
a a a 
and since at+Bry+d=-4%, 
we obtain da+b=-1,+ W,+ Ih, 


a+b = M, - M,+ M;, 
ay +b= M,+ I, - M,, 
ao+b=-MNh- Il, - Hy. 
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It appears, therefore, that the roots of the biquadratic are here 
expressed separately by formulas analogous to those of Art. 61. 
The values of J/*, viz. M,*, 1f?, M,’, are in fact identical with 
the roots of Euler’s cubic in the preceding Article. There 
exists also with regard to the signs of the radicals involved in 
M,, W., WM; a restriction similar to that of Art. 61; since, in 
virtue of the assumptions above made with respect to the roots 
- of the quadratic factors, we have the equation 


a(B+y-a-0)(y+a-B-68) (a+ B-y-8) =64, IL, 
which implies the following relation (see Ex. 20, p. 52) :— 
MN, M, M, ae: 3G; 
_ and by means of this relation the signs of W,, IL, M, are re- 
stricted in the manner explained in the previous Article. 
By aid of the equation last written we can eliminate U/, 


from the expressions for the roots, and thus obtain, asin Art. 61, 
all the roots of the biquadratic in a sing/e formula, viz., 


ms 

2M, M,’ 

in which the radicals I, ea fa ?-—ac+a°0,, and I= a b= ac +a°be 
are taken in complete generality. 


axw+b=M,+2,- 


EXAMPLEs, 
1. Form the equation whose roots are A, mu, v, Viz., 


By + a5, yat+ Bd, aB+ y5. 
Adding the last coefficients of the quadratic factors of the quartic, we have 


By + ad = 40, +2-, 
ya + Bd= 40+ 2-, 


aB + y8= 403+ 2-, 


where 6), 62, 3 are the roots of the reducing cubic; hence the required equation. 


Ans. (ax — 2c)’ — 4I (ax — 2c) + 16J = 0. 
(Cf. Exs, 4, 5, Art. 39.) 


K32 
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2. Express, by means of the equations of the preceding example, the roots of 
the reducing cubic in terms of the roots of the biquadratic. 


Sa 2c . ; ; : 
Substituting for - its value in terms of a, B, y, 5, we find immediately 


120, = 2A —pw—vs (y—a) (8 — 8) - (a— 8B) (y- 8), 

1262 = 2u—yv —A=(a—B) (y — 8) — (8-7) (a - 8), 

1203 = 2y —-A —p = (B— ) (a — 8) — (y — a) (8 — 8). 
(Cf. (6), Art. 61.) 

3. Verify, by means of the expressions for 61, 02, 63 in Ex. 1, the conclusions of 
Ex. 5, Art. 61, with respect to the manner in which the roots of = biquadratic 
and reducing cubic are related. 

4. Form the equation whose roots are the functions 


3 (By—28)(B+y—a-8), 3 (ya-85)(y+a-B-5), % (a8 - 78) (a+B—y- 8). 
From the quadratic factors of the quartic we find 


4M 2; 
= B+y-a-8, oe aay ee 


also 
M,N, = be — ad + 2ab0; = — a oi, 


the roots of the required cubic being represented by $1, $2, $3. 
We obtain, therefore, the required equation by a linear transformation of the 
reducing cubic. 
Ans. (a°> + be — ad)? — BI (a*p + be — ad) — 20°F = 0. 
5. Form the equation whose roots are 


By — ad ya — BS aB — yd 


Bt+ty—-a-8 yt+a—-B-9 a+B-y-38 


If @ denote any one of these functions indifferently, and @ the corresponding root 
of the reducing cubic, we have, employing former results, 


pa MN _ be — ad + 2ahe : 
eas MM 8-ac+ae’ 


and thus we obtain the required equation by a homographic transformation of the 
reducing cubic. This formula may be put under the more convenient form 


4G 
os dedi I a 


by means of which we obtain the required cubic in the following form :— 
2G (ap + 5)? + (aI — 12H*) (ap + 4)? - 6HG (ap + 6) - G =0, 
which, expanded and divided by a*, becomes 
2G? + (are + 6b? — 9ac* + 2abd) p? + 2 (abe + 20°d — 3acd) p+ be —ad? = 0. 
(Cf. Ex. 14, p. 88.) 
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6. Form the equation whose roots are 
a? a a 
7 (By- 48)", 4 (va— 83), | (a8 — 78). 
These are the three values of N? in the foregoing Article. Representing, as 


before, one of these values by ¢, we find that the required equation may be obtained 
from the reducing cubic by means of the homographic transformation 


Qhed — ad? — eb? + 4ahdo 
2 e- ae : 


7. Form the equation whose roots are 


By - a3 ya — BS aB — 3 
(B+ 7) a3—(a+5) By (y+) BS—(B +3) ya (a+) y5—(7+8) ap" 


The required equation is obtained from the reducing cubic by the homographic 


transformation 
= ed — be + 2ad0 


— d?—ce+acd- 


This result may be derived from Ex. 5 by changing the roots into their recipro- 
cals, and making the corresponding changes in the coefficients. 


64. The Resolution of the Quartic into Quadratic 
Factors. Second Method—Let the quartic 


ax + 4bx* + Cex’? + 4de + e 
be supposed to be resolved into the quadratic factors 
a (a + 2px + q) (a? + Wwe+ 7’). 


We have, by comparing these two forms, the equations 


/ 


, b , , ce , (ae d pe € 
Preaes ¢+¢+ doy=G- rtng=2 Wa AY) 
If now we had any fifth equation of the form 
Fp, q; P; 7) = 9, 


we could eliminate p, p’, g, 7; and thus find an equation giving 
the several values of ¢. 

The fifth equation might be assumed to be pp’= , or g + Y= 93 
and in each case ¢ would be determined by a cubic equation, 
since each of these functions, when expressed in terms of the 
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roots of the biquadratic, has three values only. It is more con- 
venient, however, to assume | 


-2-py'=F(a4d 2¢ 
ae aye en i 


the two functions of p, p’, g, g’ here involved being equal by the 
second of equations (1). We easily find, by the aid of those 
equations, 


,, 4abe-2ad 8b¢ 
Ps Pa seme. 


ae a 
and eliminating p, p’, g, g’, by means of the identical relation 
(p? + p?)(g° + 9”) = (pq - p'g)? + (pg + v'g’)’, 
there results the equation — 
4a°p? - Iap + J = 0, 


which is the reducing cubic obtained by the previous methods 
of solution. 

Having thus found pp’, or g + q’, we may complete the 
resolution of the quartic by means of the equations (1). 

The reason for the assumption above made with regard to 
the form of the fifth equation is obvious. From a comparison 
of the assumed values of @ with the equations of Ex. 1, Art. 63, 
it appears that ¢ is the same as @ in the preceding Article ; and 
therefore we foresee that the elimination of p, p’, q, q’, must lead 
to an equation in ¢ identical with the reducing cubic before 
obtained. In general, if ¢ represent any function of the differ- 
ences of X, pu, v, and consequently an even function of the differ- 
ences of a, (3, y, 0 (see Ex. 18, Art. 27), the equation whose 
roots are the different values of @ cannot involve any functions 
of the coefficients except a, H, J, and J. 

If » be assumed equal to any of the expressions in the second 
of the following examples, the equation in ¢ whose roots are the 
different values of this expression is formed as in the above 
instance by the elimination of p, yp’, q, q. 
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EXAMPLes. 
1. Resolve into quadratic factors 
A+ 6H +4G2+ aI — 3H, 
Comparing this form with the product 
(2° + 2pz + g)(2? — 2pa +’), 
we find the following equation for p :— 


4p® + 12 Hp* + 12 (z- =) p-G@=0; (cf. (1), Art. 61) 
and putting 
ap=p'+ H=t(¢+q' — 2H), 
this equation, when divided by a’, becomes 
4a°¢3 — Iap + J=0. 
2. If a quartic be resolved into the two quadratic factors 
2+prt+gq, @tyrt’, 
prove that » is determined by a cubic equation when it has all possible values 
corresponding to each of the following types :— 


» 9-9 pa-pq py —-P'@ 
ne dpe aie 
bop ee ee 


(p-p')’, (p—p)(a-9'), (9-9'), (pa' — p’9); 
and by an equation of the sixth degree when it has all values corresponding to 
9% P-P, 9-9, pay —p'g, or pr— 4g. 


Expressing these functions in terms of the roots, the number of possible values of 
each function becomes apparent. 


65. Transformation of the Biquadratie into the 
Reciprocal Form.—To effect this transformation we make 
the linear substitution zx = /y + p in the equation 

ax‘ + 4bxz* + 6c2* + 4dx +e =0, 
which then assumes the form 


akty* + 4U,i3y + 6U,/*y? + 40ky + U, = 90, 
where 


U,=ap+b, U,=ap*+2bo +c, U;=ap*+ 3bp? + 8cep +d, Ke. 
(See Art. 35.) I£ this equation be reciprocal, we have two 
equations to determine & and p, viz., 

, ak‘= U,, FU, =k0U,; 
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eliminating 4, we have the following equation for p :— 


aU? a U?U; = 0; 
and since 
U; ie ap® + Shp? + 3cp +a 


Co 
, ap +b ; 


there are two values of /, equal with opposite signs, correspond- 
ing to each value of p. 
The equation 


aU? - 07 U,= 0, 
when reduced by the substitutions (Arts. 36, 37) 
@U;= U2 +3847, + G, 


@U,= Uj +6HU2 +4G0,+@I- 317’, 
becomes 
2GU + (@#I- 12H’) U? -6GHU, - G=0, (1) 
which is a cubic equation determining U,;=ap+0; and if we put 
oe Mle 
wo- 
6 is determined by the standard reducing cubic 


40°? — Ia + J=0. 


ap+b= 


This transformation* may be employed to solve the biqua- 
dratic; and it is important to observe that the cubic (1) which 
here presents itself differs from the cubic of Art. 62 only in 
having roots with contrary signs. 

We proceed now to express & and p in terms of a, 3, y, 8, 
the roots of the biquadratic equation. Since the equation in y, 
obtained by putting x = ky + p, is reciprocal, its roots are of the 


form 71, Y¥2, —, —; hence we may write 
Y Vn 


1 1 
a=ky,+p, B=kipt+p, y=k—+p, d8=k—+); 
iiogs Yi 


* This method of solving the biquadratic by transforming it to the reciprocal 
form was given by Mr. S. 8S. Greatheed in the Camb. Math. Journ., vol. i. 
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and, therefore, 
(a-p) (6-p) = (B-p) (y-p) =*, 
from which we find 


By - ad 
ve B+y-a-0 


ot (y —a) (B- 6) (a oe PAG 6). 
(B+ y-a-8) 


An important geometrical interpretation may be given to 
the quantities * and p which enter into this transformation. 
Let the distances OA, OB, OC, OD, of four points A, B, C, D, 
on a right line from a fixed origin O on thie line be determined 
by the roots a, /3, y, 6, of the equation 


and 


ax’ + 4ba + 6cz? + 4dxr+e=0; 


also let O,, O., O; be the centres; and fi, #\; F;, F; Fs, Fs; 
the foci of the three systems of involution determined by the 
three following pairs of quadratics :— 


(@-B)(@-1)=0, (e-a) (ea) =0; 
(e--y)(w-a)=0, (#-P)(z-98)=0; 
(2-a)(e@-B)=0, (@-y)(e- 90) =0 
We have then the equations 
| O.B.0,0 = 0,4.0,D = 0,FY, &e, 
which, transformed and compared with the equations 
(3 —-p)(y—-pe) = (a-p) (8-p)=*, &., 


prove that the three values of p are O0,, O0:, OO,, the distances 
of the three centres of involution from the fixed origin O. Also 
since O,F;? = k*, k has six values represented geometrically by 
the distances 


OF, OF, : 0.F., OF: OF, OF; 


where 0,F, + 0,F/ = 0, &c., as the distances are measured in 
opposite directions. 
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We can from geometrical considerations alone find the posi- 
tions of the centres and foci of involution in terms of a, f3, y, 6, 
and thus confirm the results just established, as follows :— 

Since the systems {/,BF,/C} and {F,AF/D} are harmonic, 


ee ee ee 

Pee HD ore oe 
and if x represent the distance of /, or J’ from the fixed origin 
O, we have 


1 : ae | 1 
a- [3 fo be eee: 


Solving this equation, we find 


By-a8_ ,,/-(y-@)(B-8)(a- 8) (7-8) 


x 


i B+y-a-8~ Rayo a-6 
or r= 'p +k, 
+ OFF i ; 
whence pine 8 a ee se tal =+ O,F,. 
2 2 
EXAMPLE. 


Transform the cubic 
ax? + 3bz7 + 8cex+d 


to the reciprocal form. : 
The assumption xz = ky + p leads to the equation 


-GU;34+3H?U?2+ H= 0, where U; = ap + b. 
The values of p are easily seen to be 


By - a2 ya — B? ap — +? 
B+y—2a’ y¥ +a— 22’ at+B-2y 


The geometrical interpretation in this case is, that if three points 4’, B’, C’ be 
taken on the axis such that 4’ is the harmonic conjugate of A with respect to 
Band C, B’ of B with respect to Cand A, and C’ of C with respect to d and B; 
then we have the following values of p and k:— 


_ OA + 0A’ 
a 2 
For the values of 0.4’, OB’, OC’, in terms of a, B, y, see Ex. 13, p. 88. 


_ OA — OA’ 


k 
, 2 
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66. Solution of the Biquadratic by Symmetric Func- 
tions of the Roots.—The possibility of reducing the solution 
of the biquadratic to that of a cubic by the present method 
depends on the possibility of forming functions of the four 
roots a, (3, y, 8, which admit of only three values when these 
roots are interchanged in every way. It will be seen on refer- 
ring to Ex. 2, Art. 64, that several functions of this nature 
exist. These, like the analogous functions of Art. 59, possess 
an important property to be proved hereafter, viz., any two 
such sets of three are so related that any one function of either 
set is connected with some one function of the other set by a 
rational homographic relation in terms of the coefficients. 

For the purposes of the present solution we employ the 
functions already referred to in Art. 55, since they lead in the 
most direct manner to the expressions for the roots of the bi- 
quadratic in terms of the coefficients. We proceed accordingly 
to form the equation whose roots are the three values of 


, -(* + 03+ Py + “= 
4 , 


when the roots are interchanged in every way, and 0 =- 1. 
These values are 


,-( res), ye (Veer P ey ,(22822-2), 


+ 4 m ; 
and since 
(B+ y -a- 0)? = Sa? + 2A — Qu — 2v, 
3 (e- Gy’ = 8Z0*— 2 - 2p -2v =- 48 = 


we find the following values of 4, &, ¢;:—- 


2Q\—-u-v HM QWw-v-rAX H 2Ww-A-u 1: 


Se A I 
iT 
whence hth th eee" 
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Again, since 


3 (2u—v-2)(2v—A-p)=-B (A+ p+? pwy—vA—Dy) =—5 =(u-v)?, 


and =(u-v) = 245, 
we have 
fe hale | iS é Reaemes & 
fats + tats + tits = 3— — 9g = (4 - »)= at Tae 
G 
l | ee 
aiso t,t, ts Aas 


Hence the equation whose roots are 4, ¢., t; becomes 
2 2 
(7t)? + 8H (at)? + (sz - 7) (a°t) - = 0; 
or, substituting for G* its value from Art. 37, 
4(?t+ H)>'-@I(¢t+H)+aJ=0, 


which is transformed into the standard reducing cubic by the 
substitution @t¢+H=00. 


To determine a, 3, y, © we have the following equations :— 
-atP+y-6=4 4, a-B+y-8=4,)b, a+B-y-8=4] 6, 
along with a+B+y+d=-423 


from which we find 


-- fh t+) bs, 
p--24Jh- e+e 

oe oe ae 
yo-- tlt th ts 


3----Ja-Ja-Je 
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We have also from the above values of J4, 4, wJts the 
equation 


ae: 
Ji dadt = 5% 


by means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

It is convenient, in connexion with the subject of this Article, 
to give some account of two functions of the roots of the biqua- 
dratic which possess properties analogous to those established 
in Art. 59 for corresponding functions of the roots of a cubic. 
Adopting a notation similar to that of the Article referred to, 
we may write these functions in terms of X, u, v in the follow- 
ing form :— 


L = (By +a0) + w (ya t+ Bd) + w*(aB + 8),. 
I = (By + ad) + w®(ya + 38) + w (af3 + y8). 


By means of the equations of Ex. 1, Art. 63, these functions 
can be expressed in terms of the roots of the reducing cubic in 
the form 


+L =0,+ wl, + w;, 1M= 0, + w?, + ws. 


They may also be expressed, by aid of the equation of the 
present Article connecting ¢ and @, in terms of the values of 
t, tz, ts, as follows :— 


1 Lat, + wl, + w'bs, 4 M=t,+ wl, + wis. 


The functions Z and M are as important in the theory of 
the biquadratic as the functions of Art. 59 in the theory of the 
cubic. The cubes of these expressions are the simplest functions 
of four quantities which have but ¢wo values when these quanti- 
ties are interchanged in every way; they are the roots of the 
reducing quadratic of the reducing cubic above written, and 
underlie every solution of the biquadratie which has been given. 


142 Algebraic Solution of the Cubic and Biquadratic. 


EXAMPLES. 


1. Show that Z and Mf are functions of the differences of a, B, y, 8. 
Increasing a, 8, y, 5 by h, L and M remain unaltered, since 1 + w + w? = 0. 


2. To find in terms of the coefficients the product of the squares of the differ- 
ences of the roots a, B, y, 5. 


From the values of Z and M in terms of 61, 62, 63, we find easily 
124= L+ HM, L-— M=(B—-y)(a—5) (ww), 
1262 = w*L+ wl, w*L — wM = (y— a) (B— 8) (w?— w), 
1203 = wlh+o°M, wL —w*M = (a — B) (y — 8) (w?— w). 
Again, from these equations, multiplying the terms on both sides together, and 


remembering that 6), 02, @3 are the roots of 


40°93 — Ia + J=0, 
we find ; 
J 


+ MB = — 432-5 
13 — M3 = 3V—3 (By) (y— a) (a— 8) (a - 8) (8-8) (y—8); 
also, adding the squares of the same terms, we have 
y 
2LM = 24 — = (8-7)? (a~8)*+ (y— a)* (8-8)? + (a— 8)? (y- a); 
and, since | 


(L? — M3)? = (13+ M3)? — 4293, 


substituting for these quantities their values derived from former equations, we 
have finally 


a° (B — 7)" (y — a)? (a — B)? (a — 8)? (8 — 8)? (y — 8)? = 256 (13-2777). 


3. Show by a comparison of the equations of Art. 59 with those of the present 
Article that the results of the former may be extended to the biquadratic by changing 


B—¥y, y-% a—B into —(B—)(a—8), —(y-a) (B—3), —(a—-B) (y—8), 
; 4 : 
respectively ; and, at the same time, H into —3 I, and G into 16J/. 


67. Equation of Squared Differences of a Biqua- 
dratic.—In a previous chapter (Art. 44) an account was given 
_of the general problem of the formation of the equation of dif- 
ferences. It was proposed by Lagrange to employ this equa- 
tion in practice for the purpose of separating the roots of a 
given numerical equation ; and with a view to such application 
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he calculated the general forms of the equation of squared dif- 
ferences in the cases of equations of the fourth and fifth degrees 
wanting the second term (see Traité de la Résolution des Equa- 
tions Numériques, 38rd ed., ch. v., and note 111.).. Although for 
practical purposes the methods of separation of the roots to be 
hereafter explained are to be preferred; yet, in connexion with 
the subjects of the present chapter, the equation of squared 
differences of the biquadratic is of sufficient interest to be given 
here. We proceed accordingly to calculate this equation for a 
biquadratic written in the most general form. It will appear, 
in accordance with what was proved in Ex. 17, Art. 61, that 
the coefficients of the resulting equation can all be expressed in 
terms of a, H, J, and J. 


The problem is equivalent to expressing the following product in terms of the 
coefficients of the biquadratic 


{p — (8 -7)*} {—(y—-4)?} {— (a—-B)?} { — (a—8)*} {p — (8 - 8)?} ( —(y—-8)?}. 
The most convenient mode of procedure is to group these six factors in pairs, 
and to express the three products (which we denote by Ml, Mz, Ms) separately in terms 


of the roots of the reducing cubic, and finally to express the product M; M2 M3 in 
terms of a, H, I, J. 


T= g? - {(8 — 7)? + (@—8)"} p+ (8-7)? (a- 8); 


and, by aid of the results of Art. 61 we easily derive the following expressions for 
me 97 (4 — 8° :— 


H H\? HT Hy? 
1(Ja-Z-.Ja-3), t(Joo-2+,Ja-2)% 
a a a~ a- 


hence, without difficulty, 


H i 
Il) = 9? + (so, +16 a) o+4 z — 486243. 


Introducing now for brevity the notation 
l6H=a*P, 42=a°Q, l6J=a@'R, 97+ P+ Q=Y¥, 
Tl, becomes ¥ + 86,9 — 486203. 
Reducing the product Ml, Mz Ms by the result of Example 18, page 89, we obtain 
W + 3Q¥? — (4Qp? + 182Rq) ¥ — (8Ro* + 12Q2p? + 36QRH + 27R*) =0. 
Finally, restoring the value of ¥, we have the equation of squared differences ex- 
pressed in terms of P, Q, R, as follows :— 
. 99+ 3Pg> + (3P? + 2Q) ot + (P3+ SPQ— 26R) 9° 
+ (6P*Q — 7Q — 18PR) 9? + 9Q(PQ - 6R) p+ 4@- 27K =0. 
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The following is the final equation in terms of a, H, J, J* :— 
a® oS + 48a' Hp) + 8a? (96H? + a*Z) o4+ 82 (128H3 + 16a* HI — 13037) $8 
+ 16(384H?I — 7a°I?— 288aHJ) p? + 1152 (2HI— 3aJ7) Ip + 256 (13 - 277%) =0. 


It should be observed that the value above obtained for Ml can be expressed as a 


quadratic function of 6; by aid of the equation 6263 = 0,2 — rer 

a 
calculation might have been conducted by eliminating 6, between this quadratic and 
the reducing cubic. 


, and the subsequent 


68. Criterion of the Nature of the Roots of the 
Biquadratie.— Before proceeding with this investigation it is 
necessary to repeat what was before stated (Art. 43), that when 
any condition with respect to the nature of the roots of an 
algebraic equation is expressed by the sign of a function of the 
coefficients, these coefficients are supposed to represent real 
numerical quantities. It is assumed also, as in the Article re- 
ferred to, that the leading coefficient does not vanish. 

Using as before A to represent that function of the coef- 
ficients (called the discriminant) which is, when multiplied by a 
positive numerical factor, equal to the product of the squares of 
the differences of the roots, we have, from the results established 
in preceding Articles, the equation 


as (B -)? (y — a)? (a- B)? (a-8)? (6 - 8) (y - 8)? = 256A, 
where | A= tI —27 5". | 


It will be found convenient in what follows to arrange the 
discussion of the nature of. the roots under three heads, accord- 
ing as—(1) A vanishes, or (2) ts negative, or (3) ts positive. 

(1) When A vanishes, the equation has equalroots. Thisisevident 
from the value of A above written. Four distinct cases may be 
noticed—(a) when two roots only are equal, in which case J and J 
do not vanish separately ; ((3) when three roots are equal, in which 
case J = 0, and J = 0, separately (see Ex. 2, Art. 61); (y) when 


* The equation of squared differences was first given in this form by Mr. M. 
Roberts in the Nouvelles Annales de Mathématiques, vol. xvi. 
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two distinct pairs of roots are equal, in which case we have the 
conditions G = 0, aI - 12H*= 0 (Ex. 3, Art. 61). It can be 
readily proved by means of the identity of Art. 37 that these 
conditions imply the equation A = 0; hence these two equations, 
along with the equation A = 0, are equivalent to two indepen- 
dent conditions only. Finally, we may have—(é) al/ the roots 
equal; in which case may be derived from Art. 61 the three 
independent conditions H=0, J=0, and J=0. These may 
be written in a form analogous to the corresponding conditions 
in case (4) of Art. 43. 

(2) When A ts negative, the equation has two real and two ima- 
ginary roots.—This follows from the value of A in terms of the 
roots: for when all the roots are real A is plainly positive ; and 
when the proper imaginary forms, viz.,h +h J-1,W’+k J-1, 
are substituted for a, 3, y, 6, it readily appears that A is positive 
also when all the roots are imaginary. 

(3) When A ts positive, the roots of the equation are either all 
real or all imaginary.—This follows also from the value of A, for 
we can show by substituting for a, 3 the forms / + ,/-1 that 
A is negative when two roots are real and two imaginary. 
In the case, therefore, when A is positive, this function of the 
coefficients is not by itself sufficient to determine completely the 
nature of the roots, for it remains still doubtful whether the 
roots are all real or all imaginary. The further conditions 
necessary to discriminate between these two cases may, however, 
be obtained from Euler’s cubic (Art. 61) as follows :—In order 
that the roots of this cubic should be all real and positive, it is 
necessary that the signs should be alternately positive and 
negative ; and when the signs are of this nature the cubic cannot 
have a real negative root. We can, therefore, derive, by the 
aid of Ex. 4, Art. 61, the following general conclusion appli- 
cable to this case :— When A is positive the roots of the biquadratic 
are all imaginary in every case except when the following conditions 
are fulfilled, viz., H negative, and aI — 12H* negative ; in which 
case the roots are all real. 
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EXAmMPLes. 


1. Show that if H be positive, or if H= 0 (and G& not = 0), the cubic will have 
a pair of imaginary roots. 

2. Show that if H be negative, the cubic will have its roots—(1) all real and 
unequal, (2) two equal, or (3) two imaginary, according as G? is—(1) less than, 
(2) equal to, or (3) greater than —- 4H%. 

3. If the cubic equation 

ax? + 8a\27 + 8aex + ag = 0 


have two roots equal to a; prove 


os 
Bio PUREE | he 
where da2-@;7=H, a003— 4 0,2=2H), a3 — ae? = Hp. 
4. If aus + 3bu* + 8cer+d+k(e- ry 


be a perfect cube, prove 
(ac — b*) r + (ad — be)r + (bd - *) = 0, 
5. Find the condition that the cubic 
ax? + 3ba? + 38cer +a 
may be capable of being written under the form 
L(x — a)? + m(a— Bi)? + n(x - 7), 
where a1, fi, 71 are the roots of the cubic 
aa3 + 3b;27 + 8¢e\4 + dy = 0. 
Comparing the forms we have 
a=lim+n, 
—b=la+mhit ny, 
¢ = la; + mBi" + nyi*, 
—d=la,;> + mpi? + nyi3. 
Also @ 01° + 3); a1" + 8c1a, + d; = 0, &e. 


Whence, multiplying these equations by d, 3c1, 341, a1, respectively, and adding, 
we find the required condition 


(ad, — ad) — 3 (be, — bic) = 0. 
6. Ifa, 8, y be the roots of the cubic equation 


ao xz® + 3a, 27 + 8aex + a3=03 
rationalize the equation 


/@—-at/z—Bt+/2-7y=03 
and express the result in terms of the coefficients ao, a1, az, a3. 
Ans. 125U\*+ 360HU;* + 128GU, - 48H? = 0. 
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7. If a1, Bi, and a2, B2 be the roots of the quadratic equations 


a2? +2he+e,=0, ax? + bor + 2 =0; 


find the equation whose roots are the four values of ay a2. 
Let Maa —di*, Hz = ae2— b2?. 
WANS. (a arp? — 2d, bop + ¢ ¢2)? —4H, F2g* =0, 


N.B.—This and the two following Examples may be solved by expressing by 
radicals involving the coefficients. 


8. Employing the notation of Ex. 7, form the equation whose roots are the 
ai+ a2 


four values of 


Let 2Mi2 = a1 ¢2 + a2¢1 + 2b, bo. 
Ans. (2a, a2$? + 2 (a1 52 + a2b1)¢ + Ki2)?- Mi Hz =0. 
In this Example the resulting biquadratic is such that G = 0. 
9. In the same case, if ¢ = 4 (a1 — a2)’, form the equation whose roots are the 
several values of ¢. 
Let M=a,b2—42b;, 2Mie = 4102 + aoe, — 2b) do. 
Ans. {(a, a2 + Hi2)*- 2M? + Mi He }* =4M He (a, 429 + Mi2)?. 


10. Show that when the biquadratic has a double root, the cubic whose roots 
are the values of p (Art. 65) has the same double root; and find what this cubic 
becomes when the biquadratic has three roots equal. 


11. If Hand J be both positive, prove directly (without the aid of Euler’s 
cubic) that the roots of the biquadratic are all imaginary. 

It appears from the expression for H in terms of the roots (Ex. 19, p. 52) that 
when H is positive there must be at least one pair of imaginary roots A + k V—1. 
Now diminishing all the roots by A, and dividing them by & (which transformations 
will not alter the character of the other pair of roots y, 8, nor the signs of Hand J), 
the biquadratic may be put under the form 


(a? + 4px + g) (2? +1), 


or xt + 4px3 + 6ex? + 4px +9, where 6¢4=¢+1; 
whence H=c-p*, I=q- 4p? + 3c, 
J = ge + 2p*e— p* (q+ 1) -— =e (g — 4p? - c’), 
and therefore 
J 
oe Fr ae 
y—38\? )’ J 
or il & aetted Yam 2 ee 
(Z) (1+ + +p 


proving that y and 8 are imaginary when H and J are positive (cf. Ex. 8, Art. 61). 
L2 
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12. If the biquadratic has two distinct pairs of equal roots, prove directly the 
relations 
ao? = 12H3, ao? J = 8H, 


In this case the biquadratic divided by ap assumes the form 


ear aral eo tSe) (8) = (“SFY 


where z=at+a, and Le oak 
a 2 
whence, comparing the forms 
gt — 2h22? 4 KA 
and 244+ 6H2* + 4G2+4+ al — 3H2, 
we find 8H=—-h, G=0, a*l- 3H? =i, 


from which the above relations immediately follow. The student will easily estab- - 
lish the identity of these relations with those of Ex. 3, Art. 61. Also it should be 
noticed that in this case only one square root is involved in the solution of the 
biquadratic (coming from the solution of the quadratic (x — a) (x — B) ). 


13. Find the condition that the biquadratic may be capable of being put under 
the form 
l(a? + Qype + gq)? + m (a? + Qype + q) +n. 


In this case the second and fourth coefficients are removed by the same trans- 
formation, and the general solution involves only two square roots. 
Ans. G=0. 


14. Prove that J vanishes for the biquadratic 
m (x —n)t— n(x —m)4. 


15. If the roots of a biquadratic, a, B, y, 6 represent the distances of four 
points from an origin on a right line; prove that when these points form a har- 
monic division on the line the roots of Euler’s cubic are in arithmetic progression, 
and the roots of the cubic of Art. 62 in harmonic progression. 


16. Form the equation whose roots are the six anharmonic functions of four 
points in a right line determined by the equation 


dow + 4a,x° + 6aez® + 4a37 + a4=0. 


The six anharmonic ratios are 


ta > i 
Pi, ov 2, or $35 oe 


Examples. 149 


ag, Sic! LY ard! i Sl Ot oa 
_ Where "> (y—a)(B—8) A—» 61 — 63’ 


Poe (8-)(a—8)_w—y _ 02-05 
 @=B) (7-8) wa OY 
3 (746) 8-8) 9 = A a = OF, 
sg (B—y)(a-8)  v—p hohe 


also the equation whose roots are 
(8 —y)(a-8), (y—a)(B-—8), (a-8)(y-8) 
is one of the cubics 
at? — 12a It + 16 V1 — 2772 = 0. 


The equation whose roots are the ratios, with sign changed, of the roots of either 


of these cubics is 
4A (¢?-—o + 1)8 — 277°9?(p-1)? =0 (see Ex. 15, p. 88), 


where A= J? - 27J?. 
The roots of the equation in ¢ are the six anharmonic ratios. This equation 
_ ean be written in a more expressive form, as will appear from the following propo- 
~itions :— 
(a). The six anharmonic ratios may be expressed in terms of any one of them, 


as follows :— 
1 1 @-l @ 
oy 1-4, NP Is er oe Aree 


From the ‘lentical equation 
(8 — 7) (a — 8) + (y— a) (B— 8) + (2-8) (y - 8) =0 
we have the relations 
1 1 1 
—=] —= —=l1, 
nits , er. 1, got 


which determine all the anharmonic ratios in terms of any one of them. 

(5). If two of the anharmonic ratios become equal, the six values of ¢ are 
—q@ and — w’, each occurring three times; and in this case J = 0 

For suppose $1 = $2; we have then from the second of the above relations 


go? —-git+1=90, 
whence $1 =— w, or —@?; 


and substituting either of these values for ¢ in (a), we find all the anharmonic ratios. 
Also, since 


nee | he 
ine  A=4 “= Ayes : 


we haye - 
1 = ajay — 4a; a3 + 8a,? = 0. 
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(c). When one of the ratios is harmonic, the six values of ¢ are —1, 2, > each 


occurring twice; and in this case J= 0; for if 


—=-1, or 2A— w-v=0, 


one of the factors of J (see Ex. 18, p. 52). 
(d). These results, as well as the converse propositions, may be proved by 
writing the sextic in ¢ under the following form :— 


4I° {(p + 1) (p — 2) ( — 2) J? = 27I*{(p + w) (p +o") } 
17. Solve the equation 


(Soey a(v% — 1)4 
—_——- = —-—______@ 
pt+14p? + 1 pipe 1)* 


1 /1+0Vp\* 
Ans. p*, =, (228%) , where 64=1. 


18. Express =(a— )*(y — 5)? as a rational function of 0), 62, 63; and ultimately 
in terms of the coefficients of the quartic. 
Ans. —128 5 (02 — 63)? @ + =) =- = , 4HT + 807). 
19. Express 
(B? — 2)? (a2 — 82)? + (y? — a2)? (8? — 8°)? + (a? — 62)? (4? — 82)? 


as a rational function of 61, 02, 03. 
This symmetric function is equivalent to 


2 
(u? — v2)? + (v? — a2)? + (A? — w2)? = 2563 (02 — 5)? (a -*) 


20. Form the equation whose roots are the several products in pairs of the 
roots of a biquadratic. 
The required equation is the product of three factors of the type 


é ce é 
(> — By) ( — a3) = ¢? —AG+—= 9? -2—-g +— — 4g. 


Ans. (ap* — 2ep +e)? — 41g? (ap* — 2c + €) + 16742 = 0. 


B , where 


21. Form the equation whose roots are the several values of a 


a, B, y, & are the roots of a biquadratic. 
The required equation is the product of three factors of the type 


(o- 2$2) (6- 25°) = 9425 ¢+—— = gt+2" o+-- 0. 


Ans. 4 (ap? + 2bp + ¢)8 — I (ag? + 20p+c)+7=0. 


Examples. 151 
22. Prove 
1 971 /3aJ — 2HI 
3s ——— = — | => ss ! ° 
(a-—f)? 2 ( I? —27J? ) 
From the expressions for a, B, y, 5 in terms of ), 02, 02, we have 
3 1 1 ra +2H  ar0e+ 2H @°034+2H 
(a — B)? 2a* ( (02 — 03)? (03 — @;)* (0; — 62)" \, 


which may be expressed in terms of a, H, I, J, as above. 
23. Prove = Jone 0 
(1—@:)* * 
if J = 0, and m of the form 3p or 3p + 1, p being a positive integer. 
24. Prove that 


U = ax? + cy? + ez? + 2dyz + Bex + Bry 


can be resolved into the sum or difference of two squares if 


J = ace + 2bed — ad? — eb? — A =0. 
Here 


aU = (ax + by + cz)? + (ac — b)y? + 2 (ad — be) yz + (ae — ¢*)2*, 
and 


(ac — b*) y* + 2(ad — be) yz + (ae — c*) 2° 
is a perfect square if 


(ac — b°) (ae — c*) = (ad — bc)’, 
or J=0. 
25. If a, B, y, & be the roots of the equation 


aou* + 4,23 + 6aex® + 4agr + ay = 0, 


solve, in terms of the coefficients ao, a1, &c., the equation 


Ve-a+Ve—-B+Ve—yt+Ve-5=0. 
When 


Va+VB+Vy+V5=0 


is rationalized, and the coefficients substituted for a, 8, y, 5, we have 
(3a9a2 — 2a,*)* = ao*ag. 


Now, substituting Up, Ui, Us, Us, Us for ao, ai, 42, @3, a, and reducing, we find 


1 acl 
eTa=s (su— =). 
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26. To express the solution of the biquadratic in terms of a single root of the 
reducing cubic. 
Substituting x’ + p for x in the equation 


axt + 4b25 + 6ex? + 4dx +e=0, 
we have 
ax'*+4U,2'3 + 6 Ver? ++ 4U32'+ U4=0. 


As there are here two independent variables at our disposal, it is allowable to 
make the assumptions 


axv'4#+ 6Uer" + Ug= 0, Uix'?+ U3=0. 
Eliminating x, and reducing as in Art. 65, we have 
4022 -—IU2+J=0; 


whence U2 = a9, where @ is a root of the reducing cubic, and therefore 


Ui =ap+b=Vare— H. 
Again, 
U3 


aA G 
one aa ee 2 H — ° 
d Ui a(t ? +G)i 


whence, finally, since x= 2’ + p, or ax + b= Ui + az’, we have 


ee G 
2 SETA Wihetenees 
ant b=Vd0-H+ | 6—2H Fr eng 
an expression which has only four values. 

This expression might of course be obtained from the resulting formula of 
Art. 61, or from that of Art. 63. The method of arriving at it in the present 
Example is a distinct method of solving the biquadratic. 

27. Prove that every rational algebraic function of a root @ of a given cubic 
equation can in general be reduced to the form 


Co + C10 

Do + D0 : 
aie: 
(9) 
tions of 6 of any order. By successive substitutions from the given cubic each of 
these may be reduced to a quadratic. Hence the given function is rducible to the 
form 


Let the given function be , where ¢ (6) and y (6) are rational integral func- 


Co + ¢,0 + C20? 
do + 4,0 + d20* 


Equating this to the form written above, and reducing by the given cubic, we 
obtain an identical equation, viz. 


Do + 110 + L267 = 0, 


where Zo, Z1, Lz are linear functions of Co, Ci, Do, Di, We have, therefore, the 
three equations Lp = 0, Zi; = 0, Lz = 0, to determine the ratios of Co, C1, Do, Di. 
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28. Prove that the solution of the biquadratic does not involve the extraction 
of a cube root when any relation among the roots a, 8, y, 5 exists which can be 
expressed by the vanishing of a rational function of a root @ of the reducing cubic. 

Any rational function of @ can always be depressed to the second degree, as in 
the preceding example. Hence the determination of @ will not involve the extrac- 
tion of a cube root ; and the formula of Ex. 26 shows that the expression for the 
root of the biquadratie will not then involve any cube root. 


29. Find in each case the relation which connects the roots of the biquadratic 
when the equation 


4p -Ip+J=0 


is satisfied by any of the following values of p :— 


a =, 


060% 0S OLZ ole o% ots" 


Ans. (1) B+y-a-8=0 (2) B+y=0, (3) (y-a)(8-—8)—(a—B)(y-8)=0, 
(4), (8) By-ad=0, (5) (y—a)(8—8)—w(a—B)(y—8)=0, (6), (7) B—y=0. 
30. Prove the identity 
ao’ (3 — 27?) = (ao? — 8H?) (ap? — 12H)? + 276? (G2 + 2ae8J). 


This may be proved as follows:—Putting a; = 0 in the values of Zand J, and 


expanding, it readily appears that the part of A independent of a, may be thrown 
into the form 


Aq 44 (4944 — 9ag*)* + ZTagas* (2aoa2 a4 — aoa3” — 2a25). 


Now, replacing a2, a3, a4 by Az, As, Ag, and substituting for the latter quanti- 
ties the values of Art. 37, we obtain the result.—Mr. M. Rozerrs. 


31. When a biquadratic has two equal roots, prove that Euler’s cubic has two 
equal roots whose common value is 


8aJ — 2HT 
> Se 


and hence show that the remaining two roots of the biquadratic in this case are 
real, equal, or imaginary, according as 2HI — 3aJ is negative, zero, or positive. 

$2. Prove that when a biquadratic has—(1) two distinct pairs of equal roots the 
last two terms of the equation of squared differences (Art. 67) vanish, giving the 
_ conditions A=0, 2HI—3aJ=0; and when it has—(2) three roots equal, the last 
three terms of this equation vanish, giving the conditions /= 0, J=0; and show 
the equivalence of the conditions in the former case with those already obtained in 
Ex. 3, Art. 61, and Ex. 12, p. 148. Prove also that the equation of squared dif- 
ferences reduces in the former case to 9? (a°@ + 12H)‘, and in the latter case to 
¢* (a*p + 16H)’. 
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PROPERTIES OF THE DERIVED FUNCTIONS, 


69. Graphie Representation of the Derived Func- 


tion.— Let APB be the ‘7 : 
curve representing the po- Soe : 
lynomial f(z), and P the ~ ee 
point on it corresponding wZzar 


to any value of the varia- 


ble «= OM. We proceed to se 


determine the mode of re- T Ok ae 
presenting the value of /’(z) a 
at the point P. Take a 
second point Q on the curve, 
corresponding to a value of Fig. 5. 

x which exceeds OM by a small quantity 4. Thus 


OM=2, MN=h, ON=2x+h; 
also PM =f(r), QN=f(a+h). 
The expansion of Art. 6 gives 
J (ath) =f(a)+f’ Oe ; 


or eS S’ (a) +° 


_ dy 
2 


f(e+h)-f(e)_ QS _ QS : 
But i = WIN * PS™ an QPS = tan PRN. 


Now, when / is indefinitely diminished, the point Q approaches, 
and ultimately coincides with, P; the chord PQ becomes the 
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tangent PT' to the curve at P; the angle PRN becomes PTW. 
Also all terms of the right-hand member of equation (1) except 
the first diminish indefinitely, and ultimately vanish when /=0. 
The equation (1) becomes therefore 


tan PTU =f" (2) ; 


from which we conclude that the value assumed by the derived 
Sunction f’ (x) on the substitution of any value of x is represented by 
the tangent of the angle made with the axis OX by the tangent at 
the corresponding point to the curve representing the function f (x). 

70. Maximum and Minimum Walues of a Polyno- 
mial. Theorem.— Any value of x which renders f(x) a maxi- 
mum or minimum is a root of the derived equation f (x) = 0. 

Let a be a value of « which renders f(x) a minimum. We 
proceed to prove that /’ (v)=0. Let represent a small incre- 
ment or decrement of 2 We have, since f(a) is a minimum, 


J (a) <f(a+h), also f(a) < f(a -h); 


hence f(a+h)- f(a), and f(a — h)-—/f(a) are both positive, t.e. 
the following two expressions are positive :— 


Now, when / is very small, we know (Art. 5) that the signs 
of these expressions are the same as the signs of their first 
terms; hence, in order that both should be positive, /’ (a) must | 
vanish; and, moreover, f” (a) must be positive. An exactly 
similar proof shows that when f(a) is a maximum f(a) = 0, 
and f” (a) is negative. Thus, in order to find the maximum and 
minimum values of a polynomial f(x), we must solve the equa- 
tion /” (x) = 0, and substitute the roots in f(z). Each root will 
furnish a maximum or minimum, the criterion to decide between 
these being the sign of f” (x) when the root is substituted in 
it—when f” (x) is negative, the value is a maximum; and when 
f” (a) is positive, the value is a minimum. 
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The theorem of this Ar- x 
ticle follows at once from 
the construction of Art. 69 ; ye P’ 
for it is plain that when the M\\ 
value of f(x) isa maximum, Pl NBs fe 


as at P, P’ (fig. 6), or a Me OR MN > 

minimum, as at p, p’, the e 

tangent to the curve will 

be parallel to the axis OX, 

and, consequently, no Big. 6, 
tan PTM = f" (x) = 0. 


Fig. 6 represents a polynomial of the dth degree. Correspond- 
ing to the four roots of f’ (x) =0 (supposed all real in this case), 
viz. OM, Om, OM’, Om’, there are two maxima, WP, M’P’; and 
two minima, mp, m’p’. 


——__| > 


EXaMPLeEs. 
1. Find the max. or min. value of 
J (x) = 2a? +4 —6. 
S' (ej =4¢4+1, f" (2) =4. 
f= — : makes f(x) ==, a minimum. 


(See fig. 2, p. 15.) 
2. Find the max. and min. values of 

S (x) = 22 — 327 — 36x + 14. 

SI (x) =6 (2? —2%—-6), f(x) =6 (24-1). 
az =—2 makes f(x) = 68, a maximum. 
x= 3 makes f(x) =— 67, a minimum. 

3. Find the max. and min. values of 
S (x) = 3x4 — 1625 + 6x? — 48x 4+ 7. 


Here f’ (x) = 0 has only one real root, = 4; and it gives a minimum value, 
SF (#) = — 346. 
4. Find the max. and min. values of 
| S (x) = 1023 —- 172? + 44+ 6. 
The roots of f’(z) are, approximately, ‘0302, 1:1031. ‘The former gives a 
maximum value, the latter a minimum. (See fig. 3, p. 16.) 


~ 
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71. Rolle’s Theorem.—Defiween two consecutive real roots 
a and b of the equation f(x) = 0 there lies at least one real root of 
the equation f” (x) = 0. 

For as x increases from a to b, f(x), varying continuously 
from f(a) to f(b), must begin by increasing and then diminish, 
or must begin by diminishing and then increase. It must, 
therefore, pass through at least one maximum or minimum 
value during the passage from f(a) to f(b). This value (f(a), 
suppose) corresponds to some value a of 2 between a and 4, 
which by the theorem of Art. 70 is a root of the equation 
S (2) = 0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B 
there are three maximum or minimum values, and between the 
two points B and C there is one such value. It appears also 
from the figure that the number of such values between two 
consecutive points of section of the axis is always odd. 

Corollary.— Two consecutive roots of the derived equation may 
not comprise between them any root of the original equation, and 
never can comprise more than one. 

The first part of this proposition merely asserts that between 
two adjacent zero values of a polynomial there may be several 
maxima and minima; and the second part follows at once 
from the above theorem ; for if two consecutive roots of 7” (x) = 0 
comprised between them more than one root of f(x) = 0, we 
should then have two consecutive roots of this latter equation 
comprising between them no root of f” (x) = 0, which is contra- 
dictory to the theorem. 

72. Constitution of the Derived Functions.—Lct the 
roots of the equation f(v) = 0 be a, a:, a3,... an. We have 


J (x) = (@ - ay) (@ - a2) (@ - a3)... (uv — an). 
In this identical equation substitute y + « for 2; 
SI (y+«)=(y+2—-a,)(y+a—a.)...(y+u-a,) 
Hy + qiy" + gy"? +... + InaY + Yny 
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where 
Oy FP — a, + V— Gg +2 ~ a+, ~+X®— an, 


Q2 =(% — a) (@ — ar) + (@ — a1) (U— a3) +... + (@ — an) (@— an), 


Qn-1 = (% — az)(@— as)... (@—ay) + (w—ay)(v@—as)... (@—an)t+... 
+ (@—a1)(@— az)... (@ — an), 
Fetes (% — ay) (2 — a2) (# — as) os (Pay). 
We have, again, 
: ye i 
Siyta)=f@)+ Sf @yt to Yt. tH. 


Equating the two expressions for f(y + x), we obtain 
f (a) = (e@- a1) (@-— a)... (@— ay), 


J’ (@) = (@ — az) (@ — as)... (@ — ay) + ...., a8 above written, 


a ) 


= the similar value of ¢»_. in terms of x and the roots, 


The value of f” . may be conveniently written as follows :— 


BAS Re pe 


LZ-a L—- a2 L-an 


73. Multiple Roots. Theorem.—A multiple root of the 
order m of the equation f(a) = 0 is a multiple root of the order 
m—1 of the first derived equation f’ (4) = 0. 

This follows immediately from the expression given for /” (a) 
in the preceding Article; for if the factor (# - a,)” occurs in 


S (@), 4€. if a, = a,=...=am3 Wwe have 
bei a MR) J) S (a) 
2 oe eee be 


Each term in this will still have (x — a,)™ as a factor, except 
the first, which will have («- a,)"" as a factor; hence (# -a,)"" 
is a factor in /” (2). 
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Cor. 1.—Any root which occurs m times in the equation 
J (x) = 0 occurs in degrees of multiplicity diminishing by unity in 
the first m—1 derived equations. 

Since f” (x) is derived from /” (x) inthe same manner as 7” (x) 
is from f(z), it is evident by the theorem just proved that /” (2) 
will contain (% — a,;)""* as a factor. The next derived function, 
SI’ (x), will contain (# - a,)"*; and so on. 

Cor. 2.—If f (x) and its first m-1 derived functions all vanish 
Jor a value a of x, then (2-a)™ ts a factor in f (x). 

This, which is the converse of the preceding corollary, is 
most readily established directly as follows :—Nepresenting the 
derived functions by /i (7), f2(v), ...+Sma(x) (see Art. 6), and 
substituting a + # - a for a, we find that f (7) may be expanded 
in the form 


Fla) + f(a) (e-a) +29) ears... + eae 
Fm (a) 


Fn(a) 
i RE ice ae se 


(vx - a)", 


from which the proposition is manifest. 

74. Determination of Multiple Roots.—It is easily 
inferred from the preceding Article that if /(7) and /’(z) have 
a common factor (x — a)", (# — a)™ will be a factor in / (2) ; for, 
by Cor. 1, the m - 2 next succeeding derived functions vanish 
as well as f(x) and f’ (x) when x = a; hence, by Cor. 2, a is a 
root of f(x) of multiplicity m. In the same way it appears that 
if f(x) and /’ (~) have other common factors 


(v- 8)", (w- ")*; (x - 6)", &., 


the equation 7 (x) = 0 will have p roots equal to (3, g roots equal 
to y, r roots equal to 6, &e. 

In order, therefore, to find whether any proposed equation 
has equal roots, and to determine such roots when they exist, 
we must find the greatest common measure of f(x) and / (2). 
Let this be ¢(z). The determination of the equal roots will 
depend on the solution of the equation ¢ (x) = 0. 
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EXxaMPLes. 
1. Find the multiple roots of the equation 
w+ a —16x+ 20=0. 
The G. C. M. of f(x) and f’ (x) is easily found to be — 2; hence (x— 2)? isa 
factor in f(x). The other factor is # + 5. 
Whenever, after determining the multiple factors of f(x), we wish to obtain the 
remaining factors, it will be found convenient to apply by repeated operations the 


method of division of Art. 8. Here, for example, we divide twice by z - 2, the 
calculation being represented as follows :— 


1 1 — 16 20 
2 6 — 20 

1 3 —10 0 
2 10 

1 5 0 


Thus 1 and 5 being the two coefficients left, the third factor is 7+ 5. This 
operation verifies the previous result, the remainders after each division vanishing 
as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x — 102? + 1lba-6=0. 
The G. CO. M. of f(x) and f’ (z) is found to be 2?—2%+1. Hence (# — 1) is 
a factor in f(v). Dividing three times in succession by x — 1, we obtain 
S (x) = (4 — 1)8 (2? + 38a + 6). 
3. Find the multiple roots of the equation 
xt — 243 — 112? + 12% 4+ 36=0. 
The G. C. M. of f(”) and f’ (x) is 4*~a%—-6. The factors of this are x + 2 and 


zx—3. Hence 
J (2) = (% + 2)? (w@ - 8)’. 


4. Find all the factors of the polynomial 
S (x) = x8 — 52° + bat + 923 — 142? — 474 8. 
Ans. f(x) = (% — 1) (4% + 1)? (x — 2). 


The ordinary process of finding the greatest common mea- 
sure of a polynomial and its first derived function may become 
very laborious as the degree of the function increases. It is 
wrong, therefore, to speak, as is customary in works on the 


Sean) : 
Re eS 
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‘Theory of Equations, of the determination in this way of the 
multiple roots of numerical equations as a simple process, and 
one preliminary to further investigations relative to the roots. 
It is chiefly in connexion with Sturm’s theorem that the opera- 
tion is of any practical value. The further consideration of 
multiple roots is deferred to Chap. IX., where this theorem 
will be discussed. It will be shown also in Chap. X., that the 
multiple roots of equations of degrees inferior to the sixth can, 
in any particular instance, be determined from simple conside- 
rations not involving the process of finding the greatest common 
measure. 

75. This and the succeeding Article will be occupied with 
theorems which will be found of great importance in the sub- 
sequent discussion of methods of separating the roots of equa- 
tions. 

Theorem.— Jn passing continuously from a value a—h of x 
a little less than a real root a of the equation f(x) =0 toa value 
a+h alittle greater, the polynomials f(x) and f’ (x) have unlike 
signs immediately before the passaye through the root, and like signs 
immediately after. 

_ Substituting a-Ain f(x) and f(z), and expanding, we 
have 


fla-h)= f(a) - 7 (a) 4+ FO... 


J'(a-h)= Fite yA+...<.: 


Now, since f(a) = 0, the signs of these expressions, depending 
on those of their first terms, are unlike. When the sign of / is 
changed, the signs of the expressions become the same. The 
theorem is therefore proved. 

Corolary.— The theorem remains true when a is a multiple 
root of any order of the equation f (x) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish :— 


t (a), f(a), fr(a), .. . » Fra(a) 


M 
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In the series for f(a—h) and /f’ (a-A) the first terms which 
do not vanish are, respectively, 


= r = r-1 
(ee 7A Mo | ee ae .) 


These have plainly unlike signs; but when the sign of / is 
changed they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to every 
consecutive pair of the series 


T(z), Ala), fra), ++ fra (x), 


we may state the proposition generally as follows :— 

Theorem.— When any equation f(x) =0 has an r-multiple 
root a, a value a little inferior to a gives to this series of r functions 
signs alternately positive and negative, or negative and positive ; 
and a value a little superior to tt gives to all these functions the 
same sign; and this sign is, moreover, the same as the sign of f,(a), 
the first derived function which does not vanish when a is substi- 
tuted for x. 

In order to give a precise idea of the use of this theorem, 
let us suppose that f;(a) is the first function which does not 
vanish when a is substituted, and let its sign be negative; 
the conclusion which may be drawn from the theorem is, that 
for a value a—/ of x the signs of the series of functions f, f,.f, 


Ss Se Is are 


+-+-+-;3 
and for a value a+h of 2 they are 


for before the passage through the root the sign of f,; must be | 


different from that of f,; the sign of /; must be different from 
that of /,, and so on; and after the passage the signs of all 
the functions must be the same. It is of course assumed here 
that / is so small that no root of /;(«) =0 is included within the 
interval through which z travels. 


ee 
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EXAMPLEs. 


1. Find the multiple roots of the equation 
ST (x) = a8 + 1223 + 322? - 2474 4=0. 
Ans. f(x) = (2? + 6x — 2). 
2. Show that the binomial equation 


a” —a"=0 
cannot have equal roots. 


3. Show that the equation 
x" —ngr+(n—1)r=0 
will have a pair of equal roots if g” = 71. 
4. Prove that the equation 
> + Spx + bp*x +9 =0 ‘ 


has a pair of equal roots when g? + 4p5= 0; and that if it have one pair of equal 
roots it must have a second pair. 


5. Apply the method of Art. 74 to determine the condition that the cubic 
24+ 3Hz+G=0 


should have a pair of equal roots. 
The last remainder in the process of finding the greatest common measure must 
vanish. Ans. G2 + 4H*%=0. 


6. Apply the same method to show that both @ and H vanish when the cubic 
has three equal roots. 


7. If a, B, y, 3 be the roots of the biquadratic f(z) = 0, prove that 
Sf’ (a) + f° (B) +f’ (y) +f" (8) 
can be expressed as a product of three factors. 
Ans. (a+B—y-8)(a+y-B-8)(a+3-B-y). 
8. If a, B, y, 5, &., be the roots of f(z) = 0, and a’, B’, 7’, &c., of f’ (x) = 0, 


prove 
F(a) F' (BF (1) F' (8). = MF (@)FBIS(Y) - ++» 
and that each is equal to the absolute term in the equation whose roots are the 
squares of the differences. 
9. If the equation 

2" + py aml + po am? + nit t+ pn =O 
have a double root a, prove that a is a root of the equation 

pis! + 2p am? + Bpsam3 4... + npn = 0. 

M 2 
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10. Show that the max. and min. values of the cubic 


ax + 362? + 8cxr4-d 


are the roots of the equation 
a*p? -2Gp+A=0, 
where A is the discriminant. 

If the curve representing the polynomial f(x) be moved parallel to the axis of y 
(see Art. 10) through a distance equal to a max. or min. value p, the axis of x will 
become a tangent to it, i.e. the equation f (x) — p= 0 will have equal roots. Hence 
the max. and min. values are obtained by forming the discriminant of f(x) — p, or 
by putting d—pfordin G@+4H°=0. 


11. Prove similarly that the max. and min. values of 
au* + 4b2° + 6cx* + 4dx +e 
are the roots of the equation 
a’p? — 3(a*I — 9H") p? + 3(al* — 18HJ)p - A =0, 
where A is the discriminant of the quartic. 


12. Apply the theorem of Art. 76 to the function 


SF (@) =a* — 7x8 + 1dz? — 182 4 4. 


We have 
Si (x) = 423 — 212? + 302 — 13, 


S2(x) = 2 (64? — 21x + 15), 
S3(x) = 2 (12% - 21), 
Sa(x) = 24. 


Here f3(z) is the first function which does not vanish when x = 1; and f3(1) is 
negative. What the theorem proves is, that for a value a little less than 1 the signs 
of f, fi, fe, fz are +—+-—, and for a value a little greater than 1 they are all 
negative. We are able from this series of signs to trace the functions f, fi, &c., in 
the neighbourhood of the point = 1. Thus the curve representing f(x) is above 
the axis before reaching the multiple point x = 1, and is below the axis immediately 
after reaching the point, and the axis must be regarded as cutting the curve in three 
coincident points, since (v —1)* is a factor in f(z). Again, the curve corresponding 
to fi() is below the axis both before and after the passage through the point = 1. 
It touches the axis at that point. The curve representing f2(x) is above the axis 
before, and below the axis after, the passage, and cuts the axis at the point. 


CHAPTER VIII. 


LIMITS OF THE ROOTS OF EQUATIONS. 


77. Definition of Limits.—In attempting to discover the 
real roots of numerical equations, it is in the first place advan- 
tageous to narrow the region within which they must be sought. 
We here take up the inquiry referred to in the observation at 
the end of Art. 4, and proceed to prove certain propositions 
relative to the limits of the real roots of equations. 

A. superior limit of the positive roots is any greater positive 
number than the greatest of them; an inferior limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. <A superior limit of the negative roots is any greater 
negative number than the greatest of them; an inferior limit 
of the negative roots is any smaller negative number than the 
smallest of them: the greatest negative number meaning here 
that nearest to — 

When we have found limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The principal methods in use for this latter pur- 
pose will form the subject of the next chapter. 

The following Propositions all relate to the superior limits 
of the positive roots; to which, as will be subsequently proved, 
the determination of inferior limits and limits of the negative 
roots can be immediately reduced. 


78. Proposition I.—Jn any equation 
a” + pie) + pa? +... + Dnt + Pn = 9, 
if the first negative term. be — p-x"", and if the greatest negative 
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coefficient be — px, then” |p, +1 is a superior limit of the positive 
roots. 

Any value of « which makes 

gr rt ou if 
a > pp (arr + ah +...+e¢+1) >, = 

will, @ fortiori, make f(x) positive. 

Now, taking x greater than unity, this inequality is satisfied 
by the following :— 


grrr 
> v, 
Pp Lr ji 
or af (x -1) > pr, 


poe nictie Hie unity SB ALU 1s ened pyerie olowne 
z (2-1) (#-1) =or>p,, cteui\y 
since plainl i ole = 1. eek 
(Ler vod Xe 7 °K BAR) Sher 7 ba ri Py 
We have, therefore, finally bur % may be less 


(e-1ysor>pr, Wen one_ 2 


rj : > VAP) Z 
or 2=or>1+,|pn 19 ON Upper noord, 


er CaMnnent ists shes MAX li, OF ~ ) works, 
79. Proposition IX.—J/ in any equation each negative coef- 


Jicient be taken positively, and divided by the sum of all the positive 
coefficients which precede it, the greatest quotient thus formed tn- 
ereased by unity is a superior limit of the positive roots. — 

Let the equation be 


ag + aya + ag — ag + 006. — Uy 4 i tg =, 


in which, in order to fix our ideas, we regard the fourth coef- 
ficient as negative, and we consider also a negative coefficient in 
general, viz. — a,. 

Let each positive term in this equation be transformed by 
means of the formula 


Ag” = dy (@ ~1) (a + oF +... te +1) + Om, 
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which is derived at once from 
az” —] 
Fr} -—_ 


a gh + gt +... t+a+)]; 


the negative terms remaining unchanged. 
The polynomial f(#) becomes then, the horizontal lines of ° 
the following corresponding to the successive terms of f(z) :-— 


Qo(%— 1) a" + ao(a — 1) a? + ay(w- 1) 2% +... 4+a9(~@-1) 2" 7+... +a, 
+ a,(¢—1)a"* +.4,(2-1)2"*+...+a,(¢-1)2*7+...4+4, 
+ a,(v—1)a"*+...+4,(¢-1) 2° +...+a, 

— age", 


+ Ay. 


We now regard the vertical columns of this expression as 
successive terms in the polynomial; the successive coefficients 
of 2", 2”, &., being 


a(%-1), (ao+a)(e@-1), (ao+a,+a2)(~7-1)-as, &e. 
Any value of x greater than unity is sufficient to make 


positive every term in which no negative coefficient as, a,, &e., 
occurs. ‘To make the latter terms positive, we must have 


(dy + a, + G2) («-1) >a, 


(49+ M+ d,+...+4,1)(e-1)>a,, &e. 
Hence 


as a, 
2> ——_ + ee | +1, &e. 


Ag+ A,+a, ” CS eet ret... + Os 


And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of «, therefore, is a superior limit of the positive 
roots. 
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80. Practical Applications.—The propositions in the 
two preceding Articles furnish the most convenient general 
methods of finding in practice tolerably close limits of the 
roots. Sometimes one of the propositions will give the closer 
limit; sometimes the other. It is well, therefore, to apply 
both methods, and take the smaller limit. Prop. I. will usually 
be found the more advantageous when the first negative coef- 
ficient is preceded by several positive coefficients, so that ris 
large; and Prop. II. when large positive coefficients occur 
before the first large negative coefficient. In general, Prop. II. 
will give the closer limit. We speak of the integer next above 
the numerical value given by either proposition as the limit. 


EXAMPLES. 
1. Find a superior limit of the positive roots of the equation 
xs — cre 40x? — 82 + 23 =0. 
Prop. I. gives 8 + 1, or 9, as limit. 


nee : anda: 
Prop. II. gives I +1, or 6. Hence 6 is a superior limit. 


2. Find a superior limit of the positive roots of the equation 
| 2+ 3x4 + 23 — 82? — 51x +18 =0. 


Prop. I. gives,/ 51 +1; and5 is, therefore, a limit. 


; 51 bh ie 
Prop. II. gives ear eran +1, and 12 isa limit. 


In this case Prop. I. gives the closer limit. 
3. Find a superior limit of the positive roots of 
a+ 426 — 325 4+ Sat — 943 — 11a? + 62 -8 = 0. 


Of the fractions 
3 9 11 | 8 
144° 24438 14448 14448608 


the third is the greatest, and Prop. II. gives the limit 3. Prop. I. gives 5. 


4. Find a superior limit of the positive roots of . 
8 + 2027 + 4476 — 11a5 — 120274 + 13827 -— 25 =0. 
Ans. Both methods give the limit 6. 
5. Find a superior limit of the positive roots of 
425 — 84+ + 2273 + 982? —- 734+ 5=0. 


Ans. Prop. I. gives 20. Prop. II. gives 3... 


os 
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It is usually possible to determine by inspection a limit 
closer than that given by either of the preceding propositions. 
This method consists in arranging the terms of an equation in 
groups having a positive term first, and then observing what is 
the lowest integral value of x which will have the effect of 
rendering each group positive. The form of the equation will 
suggest the arrangement in any particular case. 


6. The equation of Ex. 2 can be arranged as follows :— 
x? (a> — 8) + x(373 — 1) + 23418 =0. 
x = 8, or any greater number, renders each group positive ; hence 3 is a superior 
limit. 
7. The equation of Ex. 4 may be arranged thus :— 
x5 (x23 — 11) + 20x4 (23 — 6) + 42% + 1387 — 25=0. 
x = 3, or any greater number, renders each group positive ; hence 3 is a limit. 
8. Find a superior limit of the roots of the equation 
xi — 473 + 332% —- 274+ 18=0. 
This can be arranged in the form 
x(x? — 44 + 5) + 28% (x — Ye) + 18 = 0. 


Now the trinomial 2? — 4x + 5, having imaginary roots, is positive for all values 
of x (Art. 12). Hence x = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be found useful. 

9. Find a superior limit of the roots of the equation 

525 — Tx* — 10z3 — 23x? — 90x — 317 = 0. 

In examples of this kind it is convenient to distribute the highest power of x 

among the negative terms. Here the equation may be written 

ax’ (x — 7) + 23 (x? — 10) + 2? (23 — 23) + x (xt - 90) + 25-317 = 0, 
so that 7 is evidently a superior limit of the roots. In this case the general 
methods give a very high limit. 

10. Find a superior limit of the roots of the equation 

xt — 73 — 2272 —- 4x —- 24=0. 

When there are several negative terms, and the coefficient of the highest term 
unity, it is convenient to multiply the whole equation by such a number as will 
enable us to distribute the highest term among the negative terms. Here, multi- 
plying by 4, we can write the equation as follows :— 

x3 (x — 4) + a? (z* —8) +.2 (25-16) + 24-96 =0, 
and 4 is a superior limit. The general methods give 25. 


170 Lnmits of the Roots of Equations. 


81. Proposition EEE.— Any number which renders positive 
the polynomial f (x) and all its derived functions fi(x), fo(a), ...fn (x) 
is a superior limit of the positive roots of the equation f (x) = 0. 

This method of finding limits is due to Newton. It is much 
more laborious in its application than either of the preceding 
methods; but it has the advantage of giving always very close 
limits; and in the case of an equation all whose roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
f(z) =0 be diminished by 4; then x-h=y, and 


Sly +h) =f (h) +fAilh)y + A eee 


If now h/ be such as to make all the coefficients 


Ts Sis ss aa) 


positive, the equation in y cannot have a positive root; that is 
to say, the equation in w has no root greater than 4; hence h/ is 
a superior limit of the positive roots. 


EXAMPLE. 
ST (2) = xt — 2x3 — 38x*—- 15x - 3. 


In applying Newton’s method of finding limits to any example the general mode 
of procedure is as follows:—Take the smallest integral number which renders 
fn-1 (x) positive ; and proceeding upwards in order to fi (x), try the effect of substi- 
tuting this number for z in the other functions of the series. When any function 
is reached which becomes negative for the integer in question, increase the integer 
successively by units, till it makes that function positive; and then proceed with 
the new integer as before, increasing it again if another function in the series 
should become negative ; and so on, till an integer is reached which renders all the 
functions in the series positive. In the present example the series of functions is 


S (2) = # — 223 - 3x? — liz - 3, 
Si(z) = 4x3 — 627 — 64 — 156, 
3 fo(%) = 62? — 6x — 3. 
éSa(w) = 4a — 
tz Sa() = 
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Here x = 1 makes /3(x) positive. We try then the effect of the substitution x = 1 
in f2(x). It makes f2(x) negative. Increase by 1; and z = 2 makes f.(z) positive. 
Try the effect of = 2 in f(x); it gives a negative result. Increase by 1; and 
z= 3 makes fi(2) positive. Proceeding upwards, the substitution z = 3 makes 
J (x) negative ; and increasing again by unity, we find that 2 = 4 makes f(z) posi- 
tive. Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton’s rule, that when any number 
makes all the derived functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of the 
higher number on the functions in the series below that one where our upward 
progress is arrested. This is evident from the equation 


2 
go(at+h)=¢p(a) + "(ah + 9"(a) ee 


(taking (zx) to represent any function in the series, and using the common notation 
for derived functions), which shows that if ¢ (a), ¢’(a), ~’’(a), ... are all positive, 
and h also positive, ¢(a+h) must be positive. 

It may be observed that one advantage of Newton’s method is that often, as in 
the present instance, it gives us a knowledge of the two successive integers between 
which the highest root lies. Thus in the present example, since f(z) is negative 
for x = 3, and positive for z = 4, we know that the greatest root of the equation 
lies between 3 and 4. 


82. Enferior Limits, and Limits of the Negative 
Roots.—To find an inferior limit of the positive roots, the 


equation must be first transformed by the substitution x -<. 
Find then a superior limit / of the positive roots of the equation 


in y. ‘The reciprocal of this, viz. will be the required inferior 


limit; for since 


y<h as i.e. 2 >=: 
bd y }’ . h 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution e=-y. This transfor- 
mation changes the negative into positive roots. Let the 
superior and inferior limits of the positive roots of the equation 
in y beh and 4’. Then -h/ and —A’ are the limits of the nega- 
tive roots of the proposed equation. 
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83. Limiting Equations.—/f all the real roots of the 
equation f’(x) =0 could be found, it would be possible to determine 
the number of real roots of the equation f(x) = 0. 

To prove this, let the real roots of f’(x) =0 be, in ascending 
order of magnitude, a’, 9’, y’, ... A’; and let the following 
series of values be substituted for # in f(x) :— 


(A , , té 
a Slay BS Ve a tag HOO. 


When any successive two of these quantities give results 
with different signs there is a root of f(x) = 0* between them ; 
and by the Cor., Art. 71, there is only one; and when they 
give results with the same sign there is, by the same Cor., no 
root between them. Thus each change of sign in the results of 
the successive substitutions proves the existence of one real root 
of the proposed equation. 

If all the roots of f(x) = 0 are real, it is evident, by the 
theorem of Art. 71, that all the roots of /’(x) = 0 are also real, 
and that they lie one by one between each adjacent pair of the 
roots of f(z) = 0. In the same case, and by the same theorem, 
it follows that the roots of f(x) = 0, and of all the successive 
derived functions, are real also; and the roots of any function 
lie severally between each adjacent pair of the roots of the 
function from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are 
called limiting equations. 

It is evident that in the application of Newton’s method 
of finding limits of the roots, when the roots of f(a) = 0 are 
all real, in proceeding according to the method explained in 
Art. 81, the function f(z) is itself the last which will be ren- 
dered positive, and therefore the superior limit arrived at is the 
integer next above the greatest root. 
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EXAMPLES. 


1. Prove that any derived equation /;,(z) =0 cannot have more imaginary roots, 
but may have more real roots, than the equation f(z) = 0 from which it is derived. 
From this it follows that if any of the derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the 
primitive equation. 
2. Apply the method of Art. 83 to determine the conditions that the equation 
w—qr+r=0 
should have all its roots real. 
3. Determine by the same method the nature of the roots of the equation 
zn —ngx + (n—1)r=0. 
Ans. When n is even, the equation has two real roots or none, according as 
g’>or<rn!, 
When » is odd, the equation has three real roots or one, according as 
g"> or <7"-!, 


4. The equation x*(z — 1)" = 0 has all its roots real; hence show, by forming 
the nt’ derived function, that the following equation has all its roots real and 
unequal, and situated between 0 and 1:— 


- &. =0. 


a fal fod bart) ed Sesto? ap 
2n 1.2 2n(2n -1)” 


5. Show similarly by forming the n** derived of (x? — 1) that the following 
equation has all its roots real and unequal, and situated between — 1 and 1:— 
n(n —1) 


n(n—1)  nin—1)(n—2)(n—3) 
igh ie a 


6. If any two of the quantities, /, m, in the following equation be put equal 
to zero, show that the quadratic to which the equation then reduces is a limiting 
equation ; and hence prove that the roots of the proposed are all real :— 


(a — a) (x — b) (w@ —c) — 2? (x — a) — m? (x — b) — nn? (x= 0) — 2imn = 0. 


7. Discuss the nature of the roots of the equation 
xi + 425 —- 27? - 122+ p= 0, 
according to the different values of p. 

Apply Art. 83. When p is less than — 7, two roots are real and two imaginary ; 
when p lies between —7 and 9, all the roots are real; and when p is greater than 9, 
the roots are all imaginary. The equation has two equal roots when p = — 7, and 
two pairs of equal roots when p = 9. 


CHAPTER IX. 


SEPARATION OF THE ROOTS OF EQUATIONS. 


84. By the methods of the preceding chapter we are enabled to 
find limits between which all the real roots of any numerical 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
which it is situated from the intervals which contain the remain- 
ing roots. ‘The present chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier’s statement is the more con- 
venient, while with a view to practical application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is unfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Fourier and Budan.— Let two numbers 
a and b, of which ais the less, be substituted in the series formed by 
J (x) and its successive derived functions, viz., 


S (®)s Fi (@)s Fa (@)y «++ Fn (2) 5 
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the number of real roots which lie between a and b cannot be greater 
than the excess of the number of changes of sign in the series when 
a is substituted for x, over the number of changes when b is sub- 
stituted for x; and when the number of real roots in the interval 
falls short of that difference, tt will be by an even number. 

This is the form in which Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we 
speak of two numbers a and 4, of which a is the less, one or 
both of them may be negative, and what is meant is that a is 
nearer than b to-o. 

We proceed to examine the changes which may occur among 
the signs of the functions in the above series, the value of x 
being supposed to increase continuously from a to 6. The 
following different cases can arise :— 

(1). The value of « may pass through a single root of the 
equation f(x) = 0. 

(2). It may pass through a root occurring 7 times in f(z) =0. 

(3). It may pass through a root of one of the auxiliary 
functions f,, (7) = 0, this root not occurring in either f(z) = 0 
or fn (v7) = 0. 

(4). It may pass through a root occurring r times in f(x) = 0, 
and not occurring in fin. (7) = 0. 

In what follows the symbol x is omitted after f for con- 
venience. 

(1). In the first case it is evident, from Art. 75, that in 
passing through a root of the equation f(x) = 0, one change 
of sign is lost; for f and 7, have unlike signs immediately 
before, and like signs immediately after, the passage through 
the root. 

(2). In the second case, in passing through an r-multiple 
root of f(z) = 0, it is evident that r changes of sign are lost; 
for, by Art. 76, immediately before the passage the series of 


functions 
Ss Sis Iss —s ee Aa & 


have signs alternately + and -, or — and +, and immediately 
after the passage have all the same sign as /,. 
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(3). In the third case, the root of /, (v) = 0 must give to fin» 
and fy: either like signs or unlike signs. Suppose it to give like 
signs; then in passing through the root two changes of sign are 
lost, for before the passage the sign off, is different from these 
like signs, and after the passage it is the same (Art. 76). Sup- 
pose it to give unlike signs; then no change of sign is lost, for 
before the passage the signs of fina, Amy Jimi: must be either 
+ + -, or -— — +, and after the passage these become 
+ -— -, and -— + +. On the whole, therefore, we con- 
clude that no variation of sign can be gained, but two varia- 
tions may be lost, on the passage through a root of f(x) = 0. 

(4). In the fourth case x passes through a value (let us say a) 
which causes not only fm but also finsiy Fmizy + +5 /msr-1 tO Vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number may be collected by considering the series of functions 


Im Iiny Smuy ee Be a Pee 


We easily obtain the following results :— 
(a). When fn+(a) and fnir(a) have like signs : 


If r be even, » changes are lost. 
If r be odd, r + 1 changes are lost. 


(b). When fni(a) and fnir (a) have unlike signs: 


If 7 be even, 7 changes are lost. 
If x be odd, r — 1 changes are lost. 


We conclude, therefore, on the whole, that an even number 
of changes is lost during the passage through an r-multiple root 
of fn (x). 

It will be observed that (1) is a particular case of (2), and 
(3) of (4), 7.e. when r=1. Since, however, the cases (1) and (8) 
are those of ordinary occurrence, it is well to give them a sepa- 
rate classification. 

Reviewing the above proof, we conclude that as x increases 
from a to 6 no change of sign can be gained; that for each 
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passage through a single root of f(a) = 0 one change is lost; and 
that under no circumstances except a passage through a root of 
J («) = 0 can an odd number of changes be lost. Hence the 
number of changes lost during the whole variation of x from 
a to 6 must be either equal to the number of real roots of 
J (v) = 0 in the interval, or must exceed it by an even number. 
The theorem is therefore proved. 

86. Application of the Theorem.—The form in which 
the theorem has been stated by Budan is, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows :—Let the roots of an equation f(x) = 0 
be diminished, first by a and then by b, where a and b are any two 
numbers of which a is the less; then the number of real roots 
between a and b cannot be greater than the excess of the number of 
changes of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier’s statement, for the 
two transformed equations are (see Art. 33)— 


S(@+AQY you a) yt... t ney = 0, 
ae. pe ee 


from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem in this form is convenient 
in practice is, that we can apply the expeditious method of 
diminishing the roots given in Art. 33. 


EXAMPLEs. 
1. Find the situations of the roots of the equation 
x — 324 — 2425 + 9527 -— 46x —- 101 =0. 
We shall examine this function for values of x between the intervals 
- 10, -1, 0, i, 10; 


these numbers being assumed on account of the facility of calculation. — Diminution 
N (\ERAR 
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of the roots by 1 gives the following series of coefficients of the transformed 


equation :— 
L 2, — 26, 15, 65, — 78. 


In diminishing the roots by 10, it is apparent at the very outset of the calcu- 
lation that the signs of the coefficients of the transformed equation will be all 
positive ; so that there is no occasion to complete the calculation in this case. 

In diminishing the roots by — 10 and —1, it is convenient to change the alter- 
nate signs of the equation, and diminish the roots by + 10 and + 1; and then in 
the result change the alternate signs again. The coefficients of the transformed 
equation when the roots are diminished by — 1 are 


PB 189) 0 60: 


In diminishing by —10 we observe in the course of the operation, as before, 
that the signs will be all positive in the result, 7.e. when the alternate signs are 
changed they will be alternately positive and negative. 

Hence we have the following scheme :— 


(—10) ee ee 
(-1) Oe ee 
(0) + -—- — + — -, the equation itself. 
(1) + +--+ 4+ - 
(10) a ee tse oes 


These signs are the signs taken by f(x) and the several derived functions fi, fo, 
Js, f4, fs on the substitution of the proposed numbers ; but it is to be observed that 
they are here written, not in the order of Art. 85, but in the reverse order, viz. 
So S4s $3, Ses Ss f 
From these we draw the following conclusions :—All the real roots must lie 
between — 10 and + 10; one real root lies between — 10 and —1, since one change 
of sign is lost; one real root lies between — 1 and 0, since one change of sign is lost ; 
no real root lies between 0 and 1; and between 1 and 10, since three changes of sign 
are lost, there is at least one real root ; but we are left in doubt as to the nature of 
the other two roots: whether they are imaginary, or whether there are three real 
roots between 1 and 10. ee 
We might proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determine the nature of the two doubtful roots; 
but it is evident that the calculations for this purpose might, if the roots were nearly 
equal, become very laborious. This is the weak side of the theorem of Fourier and 
Budan. Both writers have attempted to supply this defect, and have given methods 
of determining the nature of the roots in doubtful intervals; but as these methods 
are complicated, we do not stop to explain them ; the more especially as the theorem 
of Sturm effects fully the purposes for which the supplementary methods of Fourier | 
and Budan were invented. 
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2. Analyse the equation of Ex. 1, p. 100, viz., 
2+ 27-2r-1=0. 
The roots of this are all real, and lie between — 2 and 2 (see Ex. 5, p. 100). When- 
ever the roots of an equation are all real, the signs of Fourier’s functions determine 


the exact number of real roots between any.two proposed integers. We obtain the 
following result :—The roots lie in the intervals 


(- 2, —- 1); (- 1, 0); thy 2). 
3. Analyse the equation of Ex. 3, p. 100, viz., 
av + af — 423 — 32? + 87 +1=0. 


Ans. Two roots in the interval (— 2, — 1), and one root in each 
of the intervals (— 1, 0) ; (0, 1); (1, 2). 
4. Analyse the equation 


x* — 80x3 + 19982? — 14937z + 5000 = 0. 


The equation can have no negative roots. Diminish the roots by 10 several times 
in succession till the signs of the coefficients become all positive. We obtain the 
following result :— 


(0) +-+- 4+ 
(10) +— + + 

(0) ee 
(30) ++ +--+ 
(40) ++ ++ 4 


Thus, there is one root between 0 and 10, and one between 10 and 20; no root 
between 20 and 30. Between 30 and 40 either there are two real roots, or there is 
an indication of a pair of imaginary-roots. That the former is the case will appear 
by diminishing the roots of the third transformed equation by units. This process 
will separate the roots, which will be found to lie between (2, 3) and (4, 5); so that 
the proposed equation has a third real root in the interval (32, 33), and a fourth in 
the interval (34, 35). 


87. Application of the Theorem to Imaginary 
Roots.—Since there exist only x changes of sign to be lost in 
the passage of x from — © to + , if we have any reason for 
knowing that a pair of changes is lost during the passage of x 
through an interval which includes no real root of the equation, 
we may be assured of the existence of a pair of imaginary roots. 
Circumstances of this nature will arise in the application of 
Fourier’s theorem when any of the transformed equations con- 
tain vanishing coefficients. For we can assign by the principle 
of Art. 76 the proper sign to this coefficient, corresponding to 

N 2 
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values of x immediately before and immediately after that value 
which causes the coefficient to vanish ; the whole interval being 
so small that it may be supposed not to include any root of the 
equation f(x) = 0. 


EXAMPLES. 
1. Analyse the equation 
S (x) = wt — 423 — 8x4 23=0. 


We shall examine this function between the intervals 0, 1,10. The transformed 
equations are 


fa (0) 2 + 3fa(0) 29 + Ef2(0) 2? + fi (0) +f(0) = 0, 

vaSa(1) a + ofs(1)a* + af2(1) 2? +fi(l)z+f(1) = 0, 

da Sa (10) xt + 3 fs (10) 25 + 3 fo (10) 2? + fi(10) z + f(10) = 0, 
the first of these being the proposed equation itself. 


Making the calculations by the method of the preceding Article, we find that 
the coefficient f3(1) = 0, and we have the following scheme :— 


(0) 5 em ae a 
(1) +0 - — + 
(10) ++ +++ 


We may now replace each of the rows containing a zero coefficient by two, the 
first corresponding to a value a little less, and the second to a value a little greater, 
than that which gives the zero coefficients ;-the signs being determined by the 
principle established in Art. 76. It must be remembered that in the above scheme 
the signs representing the derived functions are written in the reverse order to that 
of the Article referred to. The scheme will then stand as follows, using 4 to repre- 
sent a very small positive quantity :— 


‘et. Meant: faa te 3 
| 

+h +--- + 

l-h 4+--- 4+ 
(1) 

1th ++ -- + 
(10) +++ + 4+ 


In this scheme the signs corresponding to — A and + A are determined by the 
condition that the sign of the coefficient which is zero when z = 0 must, when 
z=—Ah, be different from that next to it on the left-hand side ; and when z= +h 
it must be the same. ‘The signs corresponding to 1 — A and 1 + / are determined 
in a similar manner. 
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Now since a pair of changes is lost in the interval (— A, + 4), and since the 
equation has no real root between — A and + h, we have proved the existence of a 
pair of imaginary roots. ‘Two changes of sign are lost between 1 + A and 10, so 
that this interval either includes a pair of real roots, or presents an indication of a 
pair of imaginary roots. Which of these is the case remains still doubtful. 

2. If several coefficients vanish, we may be able to establish the existence of 
several pairs of imaginary roots. This will appear from the following example :— 


2’ —1=0. 
The signs corresponding to — h and + / are, by the theorem of Art. 76, 


(— A) + -+-+-- 
(+ h) t+++++4++ - 


Hence, since no root exists between — A and + A, and since 4 changes of sign 
are lost in passing from a value very little less than 0 to one very little greater, we 
are assured of the existence of two pairs of imaginary roots. The other two roots 
are in this case plainly real (see Art. 14). 

The number of imaginary roots in any binomial equation can be determined in 
this way. 

3. Find the character of the roots of the equation 


2+ 102°+”7-4=0. 


In passing from a small negative to a small positive value of z we obtain the 
following series of signs :— 


(— h) +--+ -++-+- 
(0) +000 0+ 0+ - 
(+ A) ++ + +tettet t+ —- 


Since six changes of sign are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real: one positive, and the other negative. 
The negative root lies between — 2 and - 1, and the positive between 0 and 1. 

4. Analyse completely the equation 


aw — 327 -—-74+1=0. 


There are two imaginary roots. Whenever, as in the present instance, the roots 
are comprised within small limits, it is convenient to diminish by successive units. 
In this way we find here a root between 0 and 1, and another between 1 and 2. 
_ Proceeding to negative roots, we find on diminishing by —1 that — 1 is itself a root, 
and writing down the signs corresponding to a value a little greater than — 1, we 
observe an indication of a second negative root between — 1 and 0. 

5. Analyse the equation 


w+ a4+ 2? — 25x — 36 = 0. 


There are two imaginary roots; one real positive root between 2 and 3; and 
two real negative roots in the intervals (— 3, — 2), (— 2, — 1). 
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88. Corollaries from the Theorem of Fourier and 
Budan.—The method of detecting the existence of imaginary 
roots explained in the preceding Article is called The Rule of 
the Double Sign. A similar rule, due to De Gua, was in 
use before the discovery of Fourier’s theorem. This rule and 
Descartes’ Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 


Cor. 1.—De Gua’s Rule for finding Imaginary Roots. 


The rule may be stated generally as follows :— When 2m suc- 
cessive terms of an equation are absent, the equation has 2m imaginary 
roots; and when 2m +1 successive terms are absent, the equation 
has 2m + 2, or 2m imaginary roots, according as the two terms be- 
tween which the deficiency occurs have like or unlike signs. This 
follows, as in case (4), Art. 85, by examining the number of 
changes of sign lost during the passage of # from a small nega- 
tive value — 4 to a small positive value h. 


Cor. 2.—Descartes’ Rule of Signs. 


When 0 is substituted for 2 in the series of functions 
Tn (&), Sn (@), - - - fo(x), fi (x), f(x), the signs are the same as the 
signs of the coefficients ad, a1, da, . ~~ Ant) U, Of the proposed 
equation ; and when + oo issubstituted the signs are all positive. 
Fourier’s theorem asserts that the number of roots between 
these limits, viz. the number of positive roots, cannot exceed the 


number of variations lost during the passage from 0 to +, | 


that is the number of changes of sign in the series do, d1, dz +++ Un 
This is Descartes’ rule for positive roots; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into positive roots. 


Cor. 3.—Newton’s Method of finding Limits. 


When a number / has been found which renders positive 
each of the functions f,(),.fni(z),..- So(x), fi(w), f(x) ; since 
+ © also renders each of them positive, it follows from Fourier’s 
theorem that there can be no root between / and +, that is to 
say, 4 is a superior limit of the positive roots; and this is 
Newton’s proposition (Art. 81). 


ee eee ee 
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89. Sturm’s Theorem.— We have already shown (Art. 74) 
that it is possible by performing the common algebraical opera- 
tion of finding the greatest common measure of a polynomial 
/() and its first derived polynomial to find the equal roots of 
the equation /(7)=0. Sturm has employed the same operation 
for the formation of the auxiliary functions which enter into 
his method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
J (x) and its first derived be performed. The successive re- 
mainders will go on diminishing in degree till we reach finally 
either one which divides that immediately preceding without 
remainder, or one which does not contain the variable at all, 
¢. e. Which is numerical. The former is, as we have already 
seen, the case of equal roots. The latter is the case where no 
equal roots exist. It is convenient to divide the discussion of 
Sturm’s theorem into these two caSes. We shall in the present 
Article consider the case where no equal roots exist; and pro- 
ceed in the next Article to the case of equal roots. The per- 
formance of the operation itself will of course disclose the class 
to which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the calculation, but 
the remainders with their signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not: in the formation 
of Sturm’s auxiliary functions the change is essential. It is 
convenient in practice to change the sign ofeach remainder 
before making it the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm’s theorem may be stated as 
follows :— 


Theorem.— Lei any two real quantities a and b be substituted 
for x in the series of n + 1 functions 


J (@); A (x), Jo (2), Js (2), eee Fn- (x), Jn (x), 
consisting of the given polynomial f(x), its first derived f(x), and 


184 Separation of the Roots of Equations. 


the successive remainders (with their signs changed) in the process 
of finding the greatest common measure of f(a) and f,(x) ; then the 
difference between the number of changes of sign in the series when 
ais substituted for x, and the number when b is substituted for x 
expresses exactly the number of real roots of the equation f(x) = 0 
between a and b. 

The mode of formation of Sturm’s functions supplies the | 
following series of equations, in which qi, gz, .. . Qn-1 represent 
the successive quotients in the operation :— 


F() = HA) -Al@), 
fi(2) ane oo 


Yer 
—_ 
ed 


Sra (@ 2) = he) ae 5 


han = ae co a } 


These equations involve the theory of the method of finding 
the greatest common measure; for it follows from the first equa- 
tion that if f(x) and f,(7) have a common factor, this must be 
a factor in f.(7); and from the second equation it follows, by 
like reasoning, that the same factor must occur in /;(7) ; and so 
on, till we come finally to the last remainder, which, when /(2) 
and f;(7) have common factors, will be a polynomial consisting 
of these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder f,(z) is numerical. It is essential for 
the proof of the theorem to observe also, that in the case now 
under consideration no two consecutive functions in the series 
can have acommon factor; for if they had we could, by reason- 
ing similar to the above, show from the equations that this fac- 
tor must exist also in f(z) and f(x); and such, according to our 
hypothesis, isnot here the case. In examining, therefore, what 
changes of sign can take place in the series during the passage 
of x from a to b, we may exclude the case of two consecutive 
functions vanishing for the same value of the variable; and the 
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different cases in which any change of sign can take place are 
the following :— 


(1). when 2 passes through a root of the proposed equation 
I (z) = 90: 

(2). when x passes through a value which causes one of the 
auxiliary functions f/,, fi, ... fr. to vanish: 

(3). when 2 passes through a value which causes two or 
more of the series f, fi, ..-. fn. to vanish together; no two of 
the vanishing functions, however, being consecutive. 

(1). When z passes through a root of f(x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage f(x) and /,(7) have unlike signs, and immediately 
after the passage they have like signs. 

(2). Suppose z to take a value a which satisfies the equation 
J,(v) = 0. From the equation 


Fra (2) = Orfr(2) - Fru (2) 
we have Srila) =—frn(a), 


which proves that this value of x gives to f(x) and f,,,(7) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contains no root of f(x) or frule) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. Ifthe sign of,/,(xv) does not change 
(as will happen in the exceptional case when the root a is re- 
peated an even number of times) there is no alteration in the 
series of signs. In general the sign of /,(2) changes, but no 
variation of sign is either lost or gained thereby in the group of 
three; because, on account of the difference of signs of the two 
extremes f,_:(7) and f,.:(7), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — —; after the passage they are + + -, 
i.e. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 
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(3). Since the reasoning in the previous cases is founded on 
the relations of the function to those adjacent to it only; and 
since those relations remain unaltered in the present case, be- 
cause no two adjacent functions vanish together, we conclude 
that if f(~) is one of the vanishing functions, one change of sign 
is lost, and if not, no change is either lost or gained. 

We have proved, therefore, that when w passes through a 
root of f(r) = 0 one change of sign is lost, and under no other 
circumstances is a change of sign either lost or gained. Hence 
the number of changes of sign lost during the variation of x 
from a to b is equal to the number of roots of the equation be- 
tween a and 0.* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm’s theorem. 
It is convenient in practice to substitute first - 0,0, +0 in 
Sturm’s functions, so as to obtain the whole number of negative 
and of positive roots. ‘To separate the negative roots, the inte- 
gers — 1, - 2, — 3, &., are to be substituted in succession till we 
reach the same series of signs as results from the substitution 
of - ©; and to separate the positive roots we substitute 1, 2, 3, 
&c., till the signs furnished by +o are reached. 


ExaMPLes, 
1. Find the number and situation of the real roots of the equation 
J (2) =2-22x-5=0. 
We find Si(z) = 327 — 2, S2(%) = 4” + 15, J3(x) = — 643. 


Corresponding to the values — ©, 0, + © of x, we have 


(-—@ ) ee ers 
(0) painting thyme 
(+ @) 5 Oe ts 


Hence there is only one real root, and it is positive. 


* The student often finds a difficulty in perceiving in what way a record is pre- 
served in Sturm’s series of the number of changes of sign lost, since the only loss takes 
place between the first two functions, f(x) and f\(z). It may tend to remove this 
difficulty to observe, that as x increases from one root a of f(x) = 0 to a second 8, 
although no alteration takes place in the nwmber of changes of sign, the distribution 
of the signs among f;(z) and the following functions alters in such a way that the 
signs of f(x) and f(z), which were the same immediately after the passage of « 
through a, become again different before the passage through 8. 
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Again, corresponding to values 1, 2, 3 of z, we have 


(1) ee ee 
(2) Th ees 
(3) +++ -. 


The real root, therefore, lies between 2 and 3. 


2. Find the number and situation of the real roots of the equation 


e—7xr+7=0. 
We easily obtain 
Si (2) = 32? — 7, 
hr (x) = 22 — 3, 
Is (z) =1; 
whence 
= o ) oe rt ts 
(0) ee a N 


(+o) + + + +. 


Hence all the roots are real: one negative, and two positive, 
We have, further, the following results :— 


(— 4) eee opae 
(— 3) + + — 4 
(— 2) + +> 4 
(— 1) ae cate t ty 
(1) + - - 4, 
(2) +++ +. 


Here — 4 and + 2 give the same series of signs as — © and + « ; hence we stop at 
these. The negative root lies between — 4 and — 3; and the two positive roots 
between 1 and 2. 
This example illustrates the superiority of Sturm’s method over that of Fourier. 
The substitution of 1 and 2 in Fourier’s functions gives, as can be immediately 
verified, the following series of signs :— 


(1) ee Ors 
(2) Por 


From Fourier’s theorem we are authorised to conclude only that there cannot be 
more than two roots between 1 and 2. From Sturm’s we conclude that there are 
two roots between 1 and 2. If we have occasion to separate these two roots, we 
must, of course, make further substitutions in f(z). 


3. Find the number and situation of the real roots of the equation 
a — 225 — 38x? + 10x —-4=0. 
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We obtain, removing the factor 2 from the derived, 
Si (x) = 2° — 32? — 32 + 5, 
So (x) = 9x? — 274 4 11, 
Fs (x) =— 8x - 3, 
Sa (x) = — 1483. 

[N.B.—In forming Sturm’s functions it is allowable, as is evident from the 
equations (1), Art. 89, to introduce or suppress numerical factors just as in the 
process of finding the a. c. M.; taking care, however, that these are positive, so that 
the signs of the remainders are not thereby altered. ] 

We have the following series of signs :— 

(0) | ee re re a os 

(Fo)-~+ + + - - 
Hence there are two real roots, one positive, and one negative, and two imaginary 
roots. To find the positions of the real roots, it is sufficient to substitute positive 
and negative integers successively in f(x) alone, since there is only one positive and 


one negative root. We easily find in this way that the negative root lies between 
— 2 and — 3, and the positive root between 0 and 1. 


90. Sturm’s Theorem. Equal Roots. Let the opera- 
tion for finding the greatest common measure of f(x) and f (2) 
be performed, the signs of the successive remainders being 
_ changed as before. The last of Sturm’s functions will not now 
be numerical, for since f(x) and’ (x) are here supposed to con- 
tain a common measure involving xz, this will now be the last 
function arrived at by the process. Let the series of functions 
be :— 

SJ (®), Fi(@), fa(@), --- - + + ofr (2). 


During the passage of x through any value except a multiple root 
of f(x) = 0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root of /(«) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between f and /,; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, viz. fi, f2,...- jf; Suppose there exists an m-mul- 
tiple root a of f(x). It is evident from the equations (1) of Art. 89, 
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that (x -a)"" is a factor in each of the functions fi, f,... .f,. 
Let the remaining factors in these functions be, respectively, 
pi, $x - +++ gr By dividing each of the equations (1) by 
(2 -a)"", we get a series of equations which establish by the 
reasoning of the last Article that, owing to a passage through a, 
no change of sign is lost or gained in the series ¢., g2, ...- or. 
Neither, therefore, is any change lost or gained in the series 
Ii Js ---JSr3 for the effect of the factor (7 - a)" in the passage 
of x from a value a — / to a value a + / is either to change the 
signs of all (when m—1 is odd) or of none (when m — 1 is even) 
of the functions ¢., ¢2..-.. or; and changing the signs of all 
these functions cannot increase or diminish the number of 
variations. 

We have therefore proved that when 2 passes through a 
multiple root of f(x) = 0 one change of sign is lost between f and 
Ji, and none either lost or gaine:l in any other part of the series. 
It remains true, of course, that when z passes through a single 
root of f(x) = 0 achange of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots :— 

The difference between the number of changes of sign when a and b 
are substituted in the series 


hy Sis Say oo Sos 


the last of these being the greatest common measure of f and f,, ts 
equal to the number of real roots between a and b, each multiple root 
counting only once. 


EXAMPLES. 


1. Find the nature of the roots of the equation 


a — 623 + 92? -—- 72 +2=0. 
We easily obtain 

Si(z) = 423 — 152? + 182 - 7, 

J2(z) = 2? - 2741; 


J2(x) divides f\(x) without remainder; hence in this case Sturm’s series stops at 
J2(z), thus establishing the existence of equal roots. 
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To find the number of real roots of the equation, we substitute — o and + » 
for x in the series of functions f, fi, fo. The result is 


(— 2) + eats 
(to) + +. +4. 


Hence the equation has only two real distinct roots; but one of these is a triple 
root, as is evident from the form of f2 (x), which is equal to (# — 1)?. 
2. Find the nature of the roots of the equation 
xt — 643 + 1384? — 122 4+4=0. 
Here 
Sila) = 423 — 182? + 26% — 12, 
S2(x) = 2? — 384+ 2; 
J2(x) is the last Sturmian function ; so the equation has equal roots. 
(—  ) ey meta 
+o) + + + 


There are only two real distinct roots. In fact, since fe oles (~—1) (~w —2), each of 
the roots 1, 2 is a double root. 


3. Find the nature of the roots of the equation 
e+ 2e4+ 2 — 2? -Qe-1=0. 
Here Si = 5x + 8x3 + 3x? — 22 - 2, 
Se = 203 + Tx? + 122% + 7, 
Jz = — x* -— 6x — 5, 


Since f5 =0, + 1 is a common measure of f and fi, and f(x) has a double root — 1. 


We have also 
(— 0) satiate, SE mrdt teens 


(+ 2) oe Se ee 


Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one.other real root, and two imaginary roots. 
4. Find the nature of the roots of the equation 


w§ — 72° + 152* — 4027 + 487 - 16 = 0. 
Here Sil) = 64° — 35x + 60x° — 80x + 48, 
F2(x) = 1324 — 8423 + 192%? — 176x + 48, 
Ss(%) = x — 62? + 127 — 8 = (x — 2). 
Ans. There are three real distinct roots, one of them being quadruple. 
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91. Application of Sturm’s Theorem.—In the case of 
equations of high degrees the calculation of Sturm’s auxiliary 
functions becomes often very laborious. It is important, there- 
fore, to pay attention to certain observations which tend some- 
what to diminish this labour. 

(1). In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the labour of the last 
operation of division can be avoided by the consideration that 
the value of « which causes 7, to vanish must give opposite 
signs to f,..and f,. It is in general possible to tell without any 
calculation what would be the sign of the result if the root of 
Fn-1(x) = 0 were substituted in f,2(7). Thus in Ex. 3, Art. 89, if 


the value os which is the root of f;(~) = 0, be substituted 


for x in 9x* - 27x + 11, the result is evidently positive; hence 
the sign of f,(v) is -, and there is no occasion to calculate the 
~ value — 1433 given for /,(v) in the example in question. 

(2). When it is possible in any way to recognize that all the 
roots of any one of Sturm’s functions are imaginary, we need 
not proceed to the calculation of any function beyond that one; 
for since such a function retains constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and d are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which consists of the function in question and those 
following it. With a view to the application of this observation 
it is always well, when we arrive at the quadratic function 
(az* + bx + e, suppose), to examine, in case the term containing 
x* and the absolute term have the same sign (otherwise the roots 
could not be imaginary), whether the condition 4ac > ° is ful- 
filled; if so, we know that the roots are imaginary, and the 
calculation need not proceed farther. 

Similar observations apply to the case where one of the 
functions is a perfect square, since such a function cannot 
change its sign for real values of z. 
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EXAMPLES. 


1. Analyse the equation 
w+ 323 + 722+ 10x4+1=0. 


We find 
S2(x) = — 29x? — 78x + 14, 


f(x) = — 1086x — 481, 
fa(z) = _. 


Here we see immediately that the value of x given by the equation f3(x) = 0, 
which differs little from — 3, makes f2(x) positive ; hence /4(x) is negative. 
There are two real, and two imaginary roots. The real roots lie in the intervals 
{> 2, — 1), {— 3, 9}- 


2. Analyse the equation 
at — 4%3 — 384+ 23=0. 


We find 
Sfa(x) = 122? + 9x — 89, 
fa(xz) = — 4912 + 1371, 
Sfi(z)= =. 
: -lsil lol oe 6 5 
Here F3(x)=0 gives may Bee $00 7 ete» and “= > makes 


Fa(x) positive ; hence the root of fs(x) makes it positive also. 
There are two real and two imaginary roots. 
The real roots lie in the intervals {2,3}, {3, 4}. 


3. Analyse the equation 
2a4 — 1347+ 10%-19=0. 
Si (x) = 473 — 13x + 5, 
fa(c) = 180? — 152 + 38. 


Since 4x 13 x 88> 15’, the roots of f(x) are imaginary, and we proceed no 
farther with the calculation of Sturm’s remainders. 
Substituting -—o, 0, +o, we obtain 


Here 


« ) + a + 
(0) aE 15 +, 
(+ 0) 5 eee 


There are two real roots, one positive, the other negative. 


4, Analyse the equation 
S (x) = 25 + 2x4 + 23 — 42? - 82-5 =0. 
Here 
Si(z) = 5x4 + 823 + 32? — 82 - 3, 
Sa(~) = 62° + 662? + 44¢ 4119, 


Sa(x) = — 1162? — 57x — 228. 
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Since 4 x 116 x 223 > 57?, we may stop the calculation here. We find, on 
substituting —o, 0, +0, 


(- 2) om a ee za 


OQ — =  s | 
(+ co ) + + + -. 


There are four imaginary roots, and one real positive root. 
5. Find the number and situation of the real roots of the equation 
zt! — 223 — 72? +107 +10=0. 
Ans. The roots are all real, and are situated in the intervals 
{-— 3, —2}, {-1, 0}, and two between {2, 3}. 
6. Analyse the equation 
2 + 324 + 223 — 3827? —- 27 -2=0. 


It will be found that the calculation may cease with the quadratic remainder. 


Ans. There is only one real root ; in the interval {1, 2}. 


7. Analyse the equation 
2+ 1lz?-102z7 + 181 =0. 


We find JSo(x) = 854x — 2751, 
ts (x) = 441. 


In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preceding 
function. We have here calculated f3(x), and it turns out to be a much smaller 
number than might have been expected from the magnitude of the coefficients in f2(z). 
In fact when the root of f2(x) is substituted in f; (x) the positive part is nearly equal 
to the negative part. This is always an indication that ¢wo roots of the proposed 
equation are nearly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the intervals, we find the two roots still to lie between 
3°2 and 3:3; so that they are very close together. We see here another illustra- 
tion of the continuity which exists between real and imaginary roots. If f3(z) 
turned out to be zero, the roots would be actually equal. If it turned out to be a 
small negative number, the two roots would be imaginary. 


8. Analyse the equation 
a+ a4 4+ a — 27? + 22 -1=0. 
The quadratic function is found to have imaginary roots. 


Ans. One real root between {0, 1}; four imaginary roots. 
oe 
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9. Analyse the equation 


xz® — 625 — 302? 4+ 127 -9=0. 
We find 
So(x) = bat + 2027 +7; 


and as this has plainly all imaginary roots, the calculation may stop here. 
Ans. Two real roots; in the intervals {-2,-1}, {6, 7}. 


10. Analyse the equation 
2x6 — 18x + 6024 — 12025 — 302? + 18% —5 = 0. 

We find 

So (x) = 5x4 + 2202741; 

and the calculation may stop. 
Ans. Two real roots ; in the intervals {— 1, 0}, 1 Ore: 

11. Examine how the roots of the equation 

2x3 + 15x? — 844 —- 190 = 0 


are situated in the several intervals between the numbers — ©, —7, 6, + o. 


Here Si(z) = 2? + 54 — 14, 
F2(x) = 277 + 40, 
S(t) = +. 
The substitution of the above quantities gives 
ee 
(- 7) 6-4 


+ 
() Ae ee gear ene 
+ 


(+ 2) ase eo pe ae 


Whenever, as in this example, any quantity makes one of the auxiliary functions 
vanish (here — 7 satisfies f;(7) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the signs on each 
side of it are different, no alteration in the number of changes of sign in the row 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between — © and —7; and two be- 

ween — 7 and 6. 
12. Analyse the equation 
324 — 627 —- 84 —-3 = 0. 


We find 
Si(z) = 32 — 3x — 2, 


S2(x) = (w+ 1). 


As f(z) is a perfect square the calculation may cease. 
Ans. Two real roots; in the intervals {- 1,0}, {1, 2}. 
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92. Conditions for the Reality of the Roots of an 
Equation.—The number of Sturm’s functions, including 
F(x), f(x) and the n - 1 remainders, will in general be n + 1. 
In certain cases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots; for 
it is plain that, in order to insure a loss of n changes of sign in 
the series of functions during the passage of x from — « to + 0 
(namely, in order that the equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the same sign when x = + o; and alternating 
signs when 2 = -—0. Since the leading term of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of all the roots of any equation (supposed not to 
have equal roots) as follows :—Jn order that all the roots of an 
equation of the n‘* degree should be real, the leading coefficients of 
all Sturm’s remainders, in number n - 1, must be positive. 


EXAMPLES. 
1. Find the condition that the roots of the equation 


az? + 2b2+c¢=0 
should be real and unequal. 
_ Ans. 6? - ae> 0. 
2. Find the conditions that the roots of the cubic 


®+3Hz+G=0 
should be all real and unequal. 

When this cubic has its roots all real, it is evident that the general cubic from 
which it is derived (Art. 36) has also its roots all real; so that in investigating the 
conditions for the reality of the roots of a cubic in general, it is sufficient to discuss 
the form here written. 

We find 

SAi(z) = 2 + H, 
J2(2) = — 2Hz - G, 
Ja(2) = — (@* + 4H). 


{In calculating these, before dividing f1(z) by f2(z), multiply the former by the 
positive factor 2H?.] 

Hence the required conditions are, H negative and G* + 4H® negative. 

These can be expressed as one condition, viz., G* + 4H* negative, since this 
implies the former (cf. Art. 43). 


02 
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3. Calculate Sturm’s remainders for the biquadratic 


4+ 6H2? +4424 al -— 3H? =0. 
We find 
J2(2) = — 83H — 3Gz - (aI — 3H”), 


S3(2) = — (2HI — 38aJ)2 -— GL, 
fi(2) = BP — 277". 

These are obtained without much difficulty by aid of the identity of Art. 37. 
Before dividing fi by f2, multiply by the positive factor 3H*; and when the re- 
mainder is found, remove the positive factor a*. Before dividing fz by f3, multiply 
by the positive factor (2HI — 3aJ)*; and when the remainder is found, remove the 
positive factor a*H*. 


93. Conditions for the Reality of the Roots of a 
Biquadratiec.—In order to arrive at criteria of the nature of 
the roots of the general algebraic equation of the fourth degree 
by Sturm’s method, it is sufficient to consider the equation of 
Ex. 3 of the preceding Article. By aid of the forms of the 
leading coefficients of Sturm’s remainders there calculated, we 
can write down the conditions that all the roots of a biquadratic 
should be real and unequal in the form 

HT negative, 2HI — 3aJd negative, I? — 27J* positive. 

It will be observed that the second of these conditions is 
different in form from the corresponding condition of Art. 68. 
To show the equivalence of the two forms it is necessary to 
prove that when // is negative and A positive, the further con- 
dition 2HI - 3aJ negative implies the condition aI - 12H’ 
negative, and conversely. From the identity of Art. 37, 
written in the form — H (@?J - 12H’) =a@ (2HI- 3aJ/) - 3G’, 
it readily appears that when H and 2HI - 3aJ are negative 
aI - 12H” is necessarily negative. And to prove the converse 
we observe that when aJ is positive 2HI — 3aJ is negative, 
since J is positive on account of the condition A positive; and 
when aJ is negative 2HI — 3daJ is still negative, since the 
negative part 2HJ exceeds the positive part - 3aJ, as may be 
readily shown by the aid of the inequalities 12H’ > aI and 
I? 250". 

The student will have no difficulty in verifying, by means 
of Sturm’s functions, the remaining conclusions arrived at in 
the different cases of Art. 68. 
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EXAMPLEs. 


1. Apply Budan’s method to separate the roots of the equation 
zt — 16x° + 69x" — 70x — 42 = 0. 
Ans. Roots in intervals {- 1, 0}, {2, 3}, {4, 5}, {9, 10}. 
2. Apply Sturm’s theorem to the analysis of the equation 
wi — 423+ 72x? —- 64 -4=0. 


In analysing a biquadratic of this nature which has plainly two real roots, when 
a Sturmian remainder is reached whose leading coefficient is negative, the calculation 
may cease, since the other pair of roots must then be imaginary, and the positions 
of the real roots can be readily found by substitution in the given equation. 


Ans. Two roots imaginary ; real roots in intervals {- 1, 0}, {2, 3}. 
3. Analyse in a similar manner the equation 
wt — x5 + 102? —-6x —-21=0. 
Ans. Two roots imaginary ; real roots in intervals {— 1, 0}, {3, 4}. 
4. Apply Sturm’s theorem to the analysis of the equation 


a+ 323-2? -3r+11=0. 
Ans. Roots all imaginary. 


5. Find by Sturm’s method the number and positions of the real roots of the 
equation 
2 — 1023+ 624+1=0. 


Ans. Roots all real ; one in the interval {— 4, — 3} ; two in the interval 
{- 1, 0}; and positive roots in the intervals {0, 1}, {3, 4}. 


6. Calculate Sturm’s functions for the following equation, and show that all the 
roots are real :— 
a5 — 524 + 5x3 + 62? - 62 -1=0. 


- 


7. Calculate Sturm’s functions for the following equation, and show that four 
roots are imaginary :— 
326 + 523+ 2=0. 


This and the preceding example are instances in which, as the student will 
easily see, there is a factor common to two of Sturm’s remainders which are not 
consecutive. 

8. Calculate Sturm’s functions for the following equation, and verify the con- 
clusions of Ex. 23, p. 104, with regard to the character of the roots :— 


a> — bp2* + bp*z + 2g = 0. 
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9. Prove that when all Sturm’s functions are present, the number of changes of 
sign among the coefficients of the leading terms is equal to the number of pairs of 
imaginary roots of the equation. 


10. If the signs of the leading coefficients of the first two of Sturm’s remainders 
for a quintic be — +, prove that the number of real roots is determined. 


Ans. One real root only. 


11. If Hand J are both positive, prove that all the roots of the biquadratic are 
imaginary ; and that under the same conditions the quintic written with binomial 
coefficients has only one real root. Mr. M. Roberts, Dublin Exam. Papers, 1862. 


12. Calculate the first two of Sturm’s remainders for a quintic wanting the 


second term, viz. 
f(z) = 24+ ae 4+ be +ex4+d=0. 


Ans. Ry = — 2ax> — 3bz? — 4ex — 5d, 
we Ae +t Be + 0, 
where 
A = 40ac — 1203 — 4537, B= 50ad — 8 a®?b — 60bc, = — 4a®?ec — 75bd. 


Retaining this notation, it is easy to calculate the coefficients D, E of the third 
remainder R3 = Dx + E in terms of a, 6, c, d, A, B, C; and, finally, Ry in terms 
of A, B, C, D, E. 

13. Remove the second term from the general quintic written with binomial 
coefficients, and prove that the leading coefficients of the first two of Sturm’s 
remainders for the resulting equation are 


—H, —5HI+ 9aJ. 
14. Prove that, if ¢ has any value except unity, the equation 
eat — 2c? a8 +4 22 —-1=0 

has a pair of imaginary roots. 

15. Prove that the roots of the equation 

x? — (a* + +c) x — 2abe = 0 

are all real, and solve it when two of the quantities a, }, ¢ become equal. 

16. Prove that when the biquadratic 

S (%) = art + 4b2° + 6ex? + ddx+e 


has a triple factor, it may be expressed in the form 
af (2) = {aw +b+V— HH} {av +b-3V- FH}. 


17. Verify by means of Sturm’s remainders the conditions which must be ful- 
filled when the biquadratic of the previous example is a perfect square, and prove 


in that case 
a f(x) = { (ax + b)? + 3H}? 


laa is 
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18. If an equation of any degree, arranged according to powers of z, have three 
consecutive terms in geometric progression, prove that its roots cannot be all real. 

These three terms must be of the form kz" + kaxt-!+ ka?zr-*. Let the equation 
be multiplied by 2 - a. The resulting equation will have two consecutive terms 
absent, and must therefore have at least two imaginary roots; but all the roots of 
this equation except a are roots of the given equation. 


19. If an equation have four consecutive coefficients in arithmetic progression, 
prove that its roots cannot be all real. 

This can be reduced to the preceding example. Writing down four terms of the 
proper form, and multiplying by z—1, it readily appears that the resulting equation 
has three consecutive terms in geometric progression. 

20. If all the roots of any equation f(x) = 0 are real, prove that all the roots of 
every one of Sturm’s auxiliary functions are also real. 

This can be established by reasoning similar to that of Art. 89. Consider the 
k*+ remainder Rx, and let its degree be m. This and the m functions which follow 
constitute a series, of which no adjacent two can vanish together. When z=—oa, 
their signs are alternately positive and negative, and when x=+ 0, they are all 
positive. There are, therefore, m changes of sign to be lost as x passes from — 
to + o ; and no change of sign can be lost except on the passage through a root of 
R, = 0, which equation must consequently have m real roots. 

Since a value of x which causes any of the functions to vanish gives opposite 
signs to the two adjacent functions, it is easily inferred that any equation of the 
series is a limiting equation with regard to the function which precedes it. 


21. If the real roots of any one, fm(x), of the Sturmian auxiliary functions be 
known, prove that the number and positions of the roots of the original equation 
may be determined without the aid of the functions below fm(z). 

Let the real roots, in order of magnitude, of fm(x)=0 be a, B,...n, @; the 
remaining roots being imaginary. As x varies from — © to a value a little less 
than 6, the function fi,(x) cannot change its sign; and therefore in examining 
the roots of f(x) =0 which lie between these limits, the Sturmians which follow 
. Jm(x) may be disregarded. The same holds true as x passes from a value a little 
greater than @ to one a little less than »; and similarly for the remaining intervals. 
If therefore we examine separately the intervals {— 0,0}, {@,n}, .--{B, 4}, 
{a, +c }, the number of roots of the original equation which lie in each of these 
regions can be determined without the aid of the lower Sturmian functions. 


22. If any one of Sturm’s auxiliary functions has imaginary roots, the original 
equation has at least an equal number of imaginary roots. (Mr. F. Purser.) 

This can be inferred from the preceding example by examining the greatest 
possible number of changes which can be lost in the series terminating with fm (z), 
during the passage of x from — © to + © ; remembering that, so far as the limited 
series is concerned, a change of sign may be gained on the passage through each 
real root of fim(x) = 0. 


CHAPTER X. 


SOLUTION OF NUMERICAL EQUATIONS. 


94. Algebraical and Numerical Equations.—There is 
an essential distinction between the solutions of algebraical and 
-numerical equations. In the former the result is a general for- 
mula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must be such that, when for the functions of the coefficients 
involved in it the corresponding symmetric functions of the 
roots are substituted, the operations represented by the radical 
signs |, *} become practicable ; and when the square and cube 
roots of these symmetric functions are extracted, the whole 
expression in terms of the roots will reduce down to one root: 
the different roots resulting from the different combinations 
+. of square roots, and a w ae Ww” 3 | of cube roots. For a 
simple illustration of what is here stated we refer to the case 
of the quadratic in Art. 55. In Articles 59 and 66 we have 
similar illustrations for the cubic and biquadratic. It is to be 
observed also that the formula which represents the root of an 
algebraic equation holds good even when the coefficients are 
imaginary quantities. 

In the case of numerical equations the roots are determined 
separately by the methods we are about to explain ; and, before 
attempting the approximation to any individual root, it is in 
general necessary that it should be situated in a known interval 
which contains no other real root. 

The real roots of numerical equations may be either com- 
mensurable or incommensurable; the former class including 
integers, fractions, and terminating or repeating decimals which 
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are reducible to fractions ; the latter consisting of interminable 
decimals. The roots of the former class can be found exactly, 
and those of the latter approximated to with any degree of 
accuracy, by the methods we are about to explain. 

We shall commence by establishing a theorem which reduces 
the determination of the former class of roots to that of integral 
roots alone. 

95. Theorem,.—An equation in which the coefficient of the 
Jirst term is unity, and the coefficients of the other terms whole 
numbers, cannot have a commensurable root which is not a whole 
number. 

For, if possible, let zs a fraction in its lowest terms, be 


b 
a root of the equation 


e+ pa +g + tet +, = 0; 


we have then g 


aa oh + a = 0; 
3 + (5) e474. 5 paal 5) Pn ca ’ 


from which, multiplying by 4"", we obtain 


n 
rai + =9,q"" + p,a"™*b Peo ie ees Pn-r ab* m pnd™?. 


Now a” is not divisible by }, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 
a 
b 
the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is unity and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 


Hence = cannot be a root of the equation. The real roots of 
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We proceed to explain Newton’s process, called the Method 
of Divisors, of obtaining the integral roots of an equation whose 
coefficients are all integers. 


96. Newton’s Method of Divisors.—Suppose / to be an 
integral root of the equation 


Ay + 29+ 0... + One + dy = 0. (1) 
Let the quotient, when the polynomial is divided by 2 — h, be 
Opa bh Oar eo. + Ogee +. Be 4, 


in which by, d,, &c., are plainly all integers. 
Proceeding as in Art. 8, we obtain the following equations :— 


Ay = Do, a, = b, — Abo, dz = b,-hb,, oe oe 
An-2 = Dn-2 ao Nbn_sy An-1 = Dnt = Nbn-2y a hbn-1. 


The last of these equations proves that a, is divisible by A, 
the quotient being —J,... The second last, which is the same as 


An 
An-) 5 a ec hbn-25 
h 


proves that the sum of the quotient thus obtained and the se- 
cond last coefficient is again divisible by h, the quotient being 
— by; and so on. 

Continuing the process, the last quotient obtained in this 
way will be — &, which is equal to — a. 

If we perform the process here indicated with all the divi- 
sors of a, which lie within the limits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to — a, are roots of the proposed 
equation. Those which at any stage of the po give a frac- 
tional quotient are to be rejected. 

When the coefficient a = 1, we know by the theorem of the 
last Article that the integral roots determined in this way are 
all the commensurable roots of the proposed equation. If a be 
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not = 1, the process will still give the integral roots of the equa- 
tion as it stands; but to be sure of determining in this way all 
the commensurable roots, the equation must be first transformed 
to one which shall have the coefficient of the highest term equal 
to unity. 

97. Application of the Method of Divisors.— With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 :— 


An An-1 An-2 @: 10101. & A, ay Ao 


a Ona ams Dn-2 a b, az b, a by 


—Nbno,»-hbns -hb, -hb 90 


The first figure in the second line (- ),.,) is obtained by 
dividing a, by h. This is to be added to a,_, to obtain the first 
figure in the third line (- 4b,.).. This is to be divided by % to 
obtain the second figure in the second line (- ,.) ; this to be 
added to a,.; and soon. Ifh bea root, the last figure in the 
second line thus obtained will be — a. 

When we succeed in proving in this manner that any integer 
hisa root, the next operation with any divisor may be performed, 
not on the original coefficients a,, d,1,...., but on those of the 
second line with their signs changed, for these are the coefficients 
of the quotient when the original polynomial is divided by 2-4. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The numbers 1 and — 1, which are always of course integral 
divisors of a,, need not be included in the number of trial divisors. 
It is more convenient before applying the Method of Divisors to 
determine by direct substitution whether either of these numbers 
is a root. 
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EXAMPLES. 
1. Find the integral roots of the equation 
zt — 243 — 13277 + 38x — 24 =0. 


By grouping the terms (see Art. 79) we observe without difficulty that all the 
roots lie between — 5 and +5. The following divisors are possible roots :— 


fe se. 


We commence with 4:— 


24 38. 1S, 8 1 
~6 8 
33 


The operation stops here, for since — 5 is not divisible by 4, 4 cannot be a root. 
We proceed then with the number 3: 


— 24 38 -138 -2 1 
-— 8 10 —1 —1 
30 — 3 -—3 0; 


hence 3 is a root; and in proceeding with the next integer, 2, we make use, as 
above explained, of the coefficients of the second line with signs changed : 


8 —10 1 1 
4 -3 —1 
-— 6 -—2 0; 


hence 2 also is a root; and we proceed with — 2: 


—4 3 1 
2 
5; 
hence — 2 is not a root, for it does not divide 5. — 3 is plainly not a root, for it 


does not divide — 4. 

[We might at once have struck out — 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in diminishing 
the number of divisors. | 


We proceed now to the last divisor, — 4. - 


~4 


Thus — 4 is a root. 
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The equation has, therefore, the integral roots 3, 2, —4; and the last stage of 
the operation shows that when the original polynomial is divided by the binomials, 
z—3, 2-2, +4, the result is y—1; so that 1 is also a root. Hence the original 


polynomial is equivalent to 


(x — 1) (x — 2) (w — 8) (x + 4). 


2. Find the integral roots of 


324 — 2325 + 352? + 3lz — 30 = 0. 


The roots lie between — 2 and 8 ; hence we have only to test the divisors 


25.5 6, 


We find immediately that 6 is not a root. 


For 5 we have 


— 30 31 


For 3 we have 
6 -—5 
2 


-3 


hence 56 is a root. 


a 3 
os 
~15 0; 
Ba | 
0; 


hence 3 is a root; and we easily find that 2 is not a root. 
The quotient, when the original polynomial is divided by (x— 5) (x — 3), is, from 


the last operation, 


of this 1 is not a root, and—lisa 
posed equation are — 1, 3, 5. 


2 
The other root of the equation is 3 


32? + 2-2: 


root. 


integral, is not given in the above operation. 
3. Find all the roots of the equation 


Hence all the integral roots of the pro- 


It isa commensurable root ; but, not being 


a* + 25 — 227 + 4z —- 24=0. 


Limits of the roots are — 4, 3. 


Ans. Roots — 3, 2, + 2V—1. 


206 Solution of Numerical Equations. — 


4. Find all the roots of the equation 
xt — 223 — 19%? + 682 — 60 = 0. 


The roots lie between — 6 and 6. 
We find that 2, 3, — 5 are roots, and that the factor left after the final division 
is x—2; hence 2 isa double root. The polynomial is therefore equivalent to 


(~ — 2)? (w — 3) (w + 5). 


In Art. 99 the case of multiple roots will be further considered. 


98. Method of Limiting the Number of Divisors.— 
It is possible of course to determine by direct substitution 
whether any of the divisors of a, are roots of the proposed equa- 
tion; but Newton’s method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of a, within the limits 
of the roots is large, it is important to be able, before proceeding 
with the application of the method in detail, to diminish the 
number of these divisors which need be tested. ‘This can be 
done as follows :— 


If h is an integral root of f(a) = 0, f(@) is divisible by x—-h, 
and the coefficients of the quotient are integers, as was above 
explained. If therefore we assign to x any integral value, the 
quotient of the corresponding value of f(a) by the correspond- 
ing value of «-/ must bean integer. We take, for convenience, 
the simplest integers 1 and-1; and, before testing any divisor h, 
we subject it to the condition that f(1) must be divisible by 
1 -—/ (or, changing the sign, by 2-1); and that /(- 1) must 
be divisible by — 1 — / (or, changing the sign, by 1 + A). 

In applying this observation it will be found convenient to 
calculate f(1) and f(- 1) in the first instance: if either of these 
vanishes, the corresponding integer is a root, and we proceed 
with the operation on the reduced polynomial whose coefficients 
have been ascertained in the process of finding the result of 
substituting the integer in question. 


ote eg laa esti tes 
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EXAMPLES. 
1; aS — 2324 + 16023 — 2812? — 2577 — 440 = 0. 


The roots lie between — 1 and 24. 
We have the following divisors :— 
a: 4, 5, 8, 10, 5 20, 22. 
We easily find 
J (1) = — 840, and f(-— 1) =- 648. 


We therefore exclude all the above divisors, which, when diminished by 1, do 
not divide 840; and which, when increased by 1, do not divide 648. The first 
condition excludes 10 and 20, and the second 4 and 22. Applying the Method of 
Divisors to the remaining integers 2, 5, 8, 11, we find that 5, 8, and 11 are roots, 
and that the resulting quotient is z7+2+1. Hence the given polynomial is equi- 


valent to 
(aw — 5) (w — 8) (vw — 11) (a7 + w+ 1). 


si wv — 2924 — 3la3 + 3lz? — 327+ 60 =0. 
The roots lie between — 3 and 82. 
Divisors : 2 2 8. 4, 5 6, 10: 12. 16, 20, 30, 


J (1) = 9; so 1 is a root. 

Ff(—1) =124; and the above condition excludes all the divisors except — 2, 3, 30. 

We easily find that — 2 and 30 are roots, and that the final quotient is z? + 1. 
The given polynomial is equivalent to (x# — 1) (x — 30) (x + 2) (z* + 1). 


99. Determination of Multiple Roots.—The Method 
of Divisors determines multiple roots when they are commen- 
surable. In applying the method, when any divisor of a, which 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
soon. Whenever in an equation of any degree there exists only 
one multiple root, times repeated, it can be found in this way ; 
for the common measure of f(«) and 7” (x) will then be of the 
form (x — a)", and the coefficients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations :— 


(1). The Cubie.—In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinct roots being repeated. | 


(2). The Biquadratic.—In this case either the multiple roots 
are commensurable or the function is a perfect square. For the 
only form of biquadratic which admits of two distinct roots 
being repeated is 


(@ — a)*(x — 8)’, 


t.e. the square of a quadratic. The roots of the quadratic may 
be incommensurable. If we find, therefore, that a biquadratic 
has no commensurable roots, we must try whether it is a per- 
fect square in order to determine further whether it has equal 
incommensurable roots. 


(3). Zhe Quintic.—In this case, either the multiple roots are 
commensurable, or the function consists of a linear commen- 
surable factor multiplied by the square of a quadratic factor. 
For, in order that two distinct roots may be repeated, the 
function must take one or other of the forms 


(x —a)"(e- B)*(e-y), (w- a)*(w - f)’. 


In the latter case the roots cannot be incommensurable; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratic whose roots are incom- 
mensurable. If then a quintic be found to have no commen- 
surable roots, it can have no multiple roots. If it be found to 
have one commensurable root only, we must examine whether 
the remaining factor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the commensurable roots. 
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EXAMPLES. 
1. Find all the commensurable roots of 
223 — 3lz? + 1127 + 64 =0. 


The roots lie between the limits —1, 16. The divisors are 2, 4, 8. 


64 112 — 31 2 
8 15 —2 
120 —16 UF 


8 is therefore a root. Proceed now with the reduced equation : 


-8 —15 2 
- 1 —2 
—16 0 


8 is a root again, and the remaining factor is 2z + 1. 
Ans. f(x) = (2x¢ + 1)(x — 8)*. 
2. Find the commensurable and multiple roots of 
xt — x — 30x? — 76x — 56 = 0. 
The roots lie between the limits —6, 12. (Apply method of Ex. 10, Art. 80). 
Ans. f(r) = (x + 2)8(z — 7). 
3. Find the commensurable and multiple roots of 
9x4 — 12%5 — 71x? — 407 + 16 = 0. 


The roots lie between the limits - 2, 5. 


The equation as it stands is found to have no integral root; but it may still 
have a commensurable root. To test this we multiply the roots by 3 in order to 
get rid of the coefficient of z‘. We find then 


xt — 4x3 — 71x? — 120x + 144 = 0. 
Limits: —6, 15. 5 
We find —4 to be a double root of this, and the function to be equivalent 
to (x? - 12x + 9)(x + 4). The original equation is therefore identical with the 


following :— 
(x? — 4x + 1) (32 + 4)? =0. 


4. Find the commensurable and multiple roots of 


aw* + 1223 + 3227* — 247+ 4=0. 
Pp 


210 Solution of Numerical Equations. 


The roots lie between — 12 and1. The only divisors to be tested are, therefore, 
—4,—2,-—1. We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extracting the square root, or by applying the conditions of Ex. 3, p. 125. We find 
that it is the square of x + 6x — 2 (cf. Ex. 1, p. 163). Hence the given equation 
has two pairs of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

ST (x) = 05 — ot — 1223 + 82? + 284 + 12=0. 

The limits of the roots are — 4, 4. 

We find that — 3 is a root, and that the reduced equation is 

zt — 4734+ 84+4=0, 


and that there is no other commensurable root. 
The only case of possible occurrence of multiple roots is, therefore, when this 
latter function is a perfect square. It is found to be a perfect square, and we have 


FS (x) = (a? -— 2x — 2)? (x + 3). 
6. Find the commensurable and multiple roots of 
S (x) = 2% — 8xt + 2243 — 2627 + 2124 - 18 =0. 
Ans. f (x) = (a + 1) (a — 2) (x — 3)?. 
7. The following equation has only two different roots: find them :— 
x — 1324 + 672% — 17127 + 216% — 108 = 0. 

In general it is obvious that if an integral root / occurs twice, the last coefficient 
must contain /? as a factor, and the second last 2; if the root occurs three times, 
h® must be a factor of the last, 4? of the second last, and / of the third last coef- — 
ficient. The last coefficient here = 2. 3°. Hence, if neither — 1 nor 1 is a root, 


the required roots must be 2 and 38. That these are the roots is easily verified. 


8. The equation 
80024 — 10227 -x4+3=0 


has equal roots: find all the roots. 
In this example it is convenient to change the roots into their reciprocals before 
applying the Method of Divisors. 
Ans. f (xz) = (10% — 8) (5% — 1) (4¢ + 1)*. 
100. Newton’s Method of Approximation.— Having 
shown how the commensurable roots of equations may be ob- 
tained, we proceed to give an account of certain methods of 
obtaining approximate values of the incommensurable roots. 
The method of approximation, commonly ascribed to Newton,* 
which forms the subject of the present Article, is valuable as 


* See Note B at the end of the volume. 
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being applicable to numerical equations involving transcendental 
as well as those involving algebraical functions only. Although 
when applied to the latter class of functions Newton’s method is, 
for practical purposes, inferior in form to Horner’s, which will 
be explained in the following Articles, yet in principle both 
methods are to a great extent identical. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between close limits. 

Let f(x) = 0 be a given equation, and suppose a value a to 
be known, differing by a small quantity A from a root of the 
equation. We have then, since a + / is a root of the equation, 
t(a+h) =0; or 


F(ayt+f'(ayh a 2. 0 


Neglecting now, since / is small, all powers of / higher than the 
first, we have 


ST (a) +f (a)h = 90, 
giving, as a first approximation to the root, the value 
I'(a) 
Representing this value by 3, and applying the same process a 
second time, we find as a closer approximation 
5 £00) 
I'(b) 
By repeating this process the approximation can be carried 
to any degree of accuracy required. 


a 


EXAMPLE. 
Find an approximate value of the positive root of the equation 
e—2r-5=0. 

The root lies between 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, the root is 
found to lie between 2 and 22. We take 2°1 as the quantity represented by @. It 
cannot differ from the true value a+ of the root by more than 0-1. We find 
easily 

LP SET) corte = 000642. 

S'(@) f'(21) 11.28 

P2 
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A first approximation is, therefore, 
2:1 — 0°00543 = 2°0946. 
*; : ; ees BC)" . 
Taking this as 3, and calculating the fraction Fy we obtain 


FAO > 
; be ote 2°09455148 


for a second approximation; and so on. 


The approximation in Newton’s method is, in general, rapid. 
When, however, the root we are seeking is accompanied by 
(a) 
F(a) 
small, since the value of either of the nearly equal roots reduces 
J’ (x) to a small quantity. A case of this kind requires special 
- precautions. We do not enter into any further discussion of 
the method, since for practical purposes it may be regarded as 
entirely superseded by Horner’s method, which will now be 
explained. | 

101. Horner’s Method of Solving Numerical Equa- 
tions. —By this method both the commensurable and incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure: first the integral part (if any), and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be incommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which are, indeed, only particular cases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Horner’s method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 33. The great 
advantage of the method is, that the successive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process correct to any number of 
places of decimals required. 

This principle of the diminution of the roots will be illus- 
trated in the present Article by some simple examples. In the 


another nearly equal to it, the fraction is not necessarily 
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following Articles we shall proceed to certain considerations 
which tend to facilitate the practical application of the method. 


EXAMPLEs. 


1. Find the positive root of the equation 
223 — 852? — 85x — 87 = 0. 


The first step, when any numerical equation is proposed for solution, is to find the 
first figure of the root. This can usually be done by a few trials; although in cer- 
tain cases the methods of separation of the roots explained in Chap. IX. may have 
to be employed. In the present example there can be only one positive root ; and 
it is found by trial to lie between 40 and 50. Thus the first figure of the root is 4. 
We now diminish the roots by 40. The transformed equation will have one root 
between 0 and 10. It is found by trial to lie between 3 and 4. We now diminish 
the roots of the transformed equation by 3; so that the roots of the proposed equa- 
tion will be diminished by 43. The second transformed equation will have one root 
between 0 and 1. On diminishing the roots of this latter equation by 5, we find 
that its absolute term is reduced to zero, t.e. the diminution of the roots of the pro- 
posed equation by 43°5 reduces its absolute term to zero. We conclude that 43°5 
is a root of the given equation. The series of arithmetical operations is represented 
as follows :— 


2 — 85 ~ 85 a7 (43-5 
80 —200 — 11400 
=5 _ 285 — 11487 
80 3000 9594 
75 2715 —1893 ° 
80 483 1893 
° 155 3198 | 0 
6 501 | 
on 3699 
161 
6 87 
167 3786 
6 
173 
1 
174 


The broken lines mark the conclusion of each transformation, and the figures in 
dark type are the coefficients of the successive transformed equations (see Art. 33). 
Thus. 

225 + 1552? + 27152 — 11487 = 0 
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is the equation whose roots are each less by 40 than the roots of the given equation, 
and whose positive root is found to lie between 3 and4. Ifthe second transformed 
equation had not an exact root ‘5; but one, we shall suppose, between ‘5 and °6, the 
first three figures of the root of the proposed equation would be 43°5 ; and to find 


the next figure we should proceed to a further transformation, diminishing the roots 
by °5; and so on. 


2. Find the positive root of the equation 
| 40° — 132? — 31x — 275 = 0. 


We first write down the arithmetical work, and proceed to make certain observations 
on it :— 


4 eas 231 — 275 (6°25 
24 66 210 
11 35 — 65 
24 210 51-392 
35. 245 — 13-608 
24 11-96 13-608 
59 256-96 0 
8 12°12 
59:8 269-08 
8 3:08 
60°6 272°16 
8 
61-4 
2 
61:6 


We find by trial that the proposed equation has its positive root between 6 and 7. 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equation 


z+ 59xz7 + 2454 — 65 = 0 


has, therefore, a root between 0 and 1. It is found by trial to lie between *2 and ‘3. 
The first two figures of the root of the proposed are therefore 6:2. Diminish the 
roots again by *2. The transformed equation is found to have the root *05: Hence 
6°25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
easily be effected as follows :—-When the decimal part of the root (suppose ‘ade. . .) 
is about to appear, multiply the roots of the corresponding transformed equation by 
10, i.e. annex one zero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that in the third; and so on, 
if there be more columns (as there will of course be in equations of a degree higher 
than the third). The root of the transformed equation is then, not ‘abe..., but 
abe... Diminish the roots by a. The transformed equation has a root ‘be... 
Multiply the roots of this equation again by 10. The root becomes d-c..., and 
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the process is continued as before. To illustrate this we repeat the above operation, 
omitting the decimal points. In all subsequent examples this simplification will be 
adopted :— 


4 18 ae | — 276 (6°25 
24 66 210 
1l 35 — 65000 
24 210 51392 
35 24500 — 13608000 
24 1196 13608000 
590 25696 0 
8 1212 
598 2690800 
8 30800 
606 2721600 
8 
6140 
20 
6160 


3. Find the positive root of the equation 
20x23 — 12127 — 12lz— 141 =0. 
The root is easily found to lie between 7 and 8. It is, therefore, of the form 
7.ab... When the roots are diminished by 7, and multiplied by 10, the resulting 


equation is 
2023 + 299027 + 112500x% — 57000 = 0. 


The positive root of this is a.b...; and as the root plainly lies between 0 and 1, 
we have@=0. We therefore place zero as the first figure in the decimal part of 
the root, and multiply the roots again by 10, before proceeding to the second trans- 
formation. 5 is easily seen to be a root of the equation thus transformed. 

Ans. 7°05. 

In the examples here considered the root terminates at an. 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, the 
labour of the process would be very great. This, however, is 
not necessary, as will appear in the next Article; and one of 
the most valuable practical advantages of Horner’s method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is found, the ¢ransformed equationttself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of the Trial-divisor.— We have seen in 
Art. 100 that when an equation is transformed by the substitution 
of a+h for x, a being a number differing from the true root by 
a quantity 4 small in proportion to a, an approximate numeri- 
cal value of 4 is obtained by dividing f(a) by f(a). Now the 
successive transformed equations in Horner’s process are the 
results of transformations of this kind, the last coefficient being 
J (a), and the second last 7’ (a) (see Art. 33). Hence, after two 
or three steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expect to be furnished with two or three more figures of the 
root correctly by mere division of the last by the second last 
coefficient of the final transformed equation. We might there- 
fore, if we pleased, at any stage of Horner’s operations, apply 
Newton’s method to get a further approximation to the root. 
In Horner’s method this principle is employed to suggest the 
next following figure of the root after the figures already 
obtained. The second last coefficient of each transformed equa- 
tion is called the ¢rial-divisor. ‘Thus, in the second example of 
the last Article, the number 5 is correctly suggested by the 
trial-divisor 2690800. In this example, indeed, the second 
figure of the root is correctly suggested by the trial-divisor 
of the first transformed equation; although, in general, such 
is not the case. In practice the student will have to estimate 
the probable effect of the leading coefficients of the transformed 
equation; he will find, however, that the influence of these 
terms becomes less and less as the evolution of the root 
proceeds. 


EXAMPLES. 
1. Find the positive root of the equation 
e+e22?+4-100=0 


correct to four decimal places. 
It is easily seen that the root lies between 4 and 5. We write down the work, 


and proceed to make observations on it :— 


= £ eee EE ae 
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ied 1 — 100 (4°2644 
4 20 84 
5 21 ~ 16000 
4 36 11928 
9 5700 — 4072000 
4 264 3788376 
130 5964 — 283624000 
2 268 256071744 
132 623200 — 27552256 
2 8196 
134 631396 
2 8232 
1360 63962800 
6 55136 
1366 64017936 
6 55152 
1372 64073088 
6 
13780 
4 
13784 
4 
13788 
4 
13792 


First diminish the roots by 4. As the decimal part is now about to appear, 
attach ciphers to the coefficients of the transformed equation as explained in Ex. 2, 
Art. 101. Since the coefficient 130 is small in proportion to 5700, we may expect 
that the trial-divisor will give a good indication of the next figure. The figure to 
be adopted in every case as part of the root is that highest number which in the pro- 
cess of transformation will not change the sign of the absolute term. Here 2 is the 
proper figure. In diminishing by 2 the roots of the transformed equation 


x* + 1302? + 5700x — 16000 = 0, 


the absolute term retains its sign (— 4072). If we had adopted the figure 3, the 
absolute term would have become positive, the change of sign showing that we had 
gone beyond the root. We must take care that, after the first transformation (the 
reason of this restriction will appear in the next example), the absolute term pre- 
serves its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolution by 
the next suggested number being greater than 9. Such a mistake, however, will 
rarely be made. The error which is most common is to take the number too large, 
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and this will show itself in the work by the change of sign in the absolute term. 
In the above work it is evident, without performing the fifth transformation, that 
the corresponding figure of the root is 4, so that the correct root to four decimal 


places is 4°2644. 
2. The equation 


a$ 4+ 4¢3 —4¢?-1lv+4=0 


has one root between 1 and 2; find its value correct to four decimal places. 


4 = ani 4 (1°6369 
1 5 1 = 10 
5 1 10 — 60000 
1 6 7 50976 
6 Pe — 3000 — 90240000 
| 11496 , 72690561 
7 1400 8496 — 175494390000 
1 516 14808 152131052016 
80 1916 23304000 — 23363337984 © 
6 552 926187 | 
86 2468 24230187 
fee: 588 935601 
92 305600 25165788000 
6 3129 189387336 
98 308729 95355175336 
6 | 3138 189766488 
1040 311867 25544941824 
3 3147 
1043 31501400 
3 t 63156 
1046 31564556 
3 63192 
1049 31627748 
3 63228 
10520 31690976 
6 
10526 
10532 
6 
10538 
6 


— 


ae 


Principle of the Trial-divisor. 219 


We see without completing the fifth transformation that 9 is the next figure of 
the root. The root is, therefore, 1:6369 correct to four decimal places. 

The trial-divisor becomes effective after the second transformation, suggesting 
correctly the number 38, and all subsequent numbers. The first transformed equation 
has its last two terms negative. We may expect, therefore, that the influence of 
the preceding coefficients is greater than that of the trial-divisor, as in fact is here 
the case. The number'6, the second figure of the root, must be found by substitu- 
tion. We have to determine what is the situation between 0 and 10 of the root of 
the equation 

x* + 802° + 1400zx* — 3000x — 60000 = 0. 


A few trials show that 6 gives a negative, and 7 a positive result. Hence the 
root lies between 6 and 7; and 6 is the number of which we are in search. In the 
subsequent trials we take those greatest numbers 3, 6, 9, in succession, which allow 
the absolute term to retain its negative sign. In the first transformation, diminishing 
the roots by 1, there is a change of sign in the absolute term. The meaning of this 
is, that we have passed over a root lying between 0 and 1, for 0 gives a positive 
result, 4; and 1 gives a negative result, — 6. In all subsequent transformations, 
so long as we keep below the root, the sign of the absolute term must be the same 
as the sign resulting from the substitution of 1. This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the questicn. In fact the proposed equation can 
have only two positive roots; one of them lies between 0 and 1, and therefore only 
one between 1 and 2. 

When two roots exist between the limits employed in Horner’s method, t.e. when 
the equation has a pair of roots nearly equal, certain precautions must be observed 
which will form the subject of a subsequent Article. 


3. Find the root of the preceding equation between 0 and 1 to four decimal 
places. Commence by multiplying by 10. The coefficients are then 
1, 40, — 400, — 11000, 40000; 


the trial-divisor becomes effective at once in consequence of the comparative small- 
ness of the leading coefficients. The positive sign of the absolute term must be 
preserved throughout. Ans. *3373. 
4, Find to three places of decimals the root situated between 9 and 10 of the 
equation 
xt — 3x? + 75x — 10000 = 0. 


[Supply the zero coefficient of x°.] Ans. 9°886. 


In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain a 
method by which, after three or four places of decimals have 
been evolved as above, several more may be correctly obtained 
with great facility by a contracted process. 


220 Solution of Numerical Equations. 


103. Contraction of Horner’s Process.—In the ordi- | 
nary process of contracted Division, when the given figures are | 
exhausted, in place of appending ciphers to the successive divi- 
dends, we cut off figures successively from the right of the 
divisor, so that the divisor itself becomes exhausted after a 
number of steps depending on the number of figures it con- 
tains. The resulting quotient will differ from the true quotient 
in the last figure only, or at most in the last two figures. In 
Horner’s contracted method the principle is the same. We 
retain those figures only which are effective in contributing to 
the result to the degree of approximation desired. When the 
contracted process commences, in place of appending ciphers to 
the successive coefficients of the transformed equation in the 
way before explained, we cut off one figure from the right 
of the last coefficient but one, two from the right of the last 
coefficient but two, three from the right of the last coefficient 
but three; and so on. The effect of this is to retain in their 
proper places the important figures in the work, and to banish 
altogether those which are of little importance. 

The student will do well to compare the first transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Article, where the transformation is exhibited in full. He will 
then observe how the leading figures (those which are most 
important in contributing to the result) coincide in both cases, 
and retain their relative places; while the figures of little 
importance are entirely dispensed with. 

In addition to the contraction now explained, other abbre- 
viations of Horner’s process are sometimes recommended ; but 
as the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
give any account of them. The contraction here explained is 
of so much importance in the practical application of Horner’s 
method of approximation that no account of this method is 
complete without it. 
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EXAMPLES. 


1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article 
correct to seven or eight decimal places. 

Assuming the result of the Example referred to, we shall commence the con- 
tracted process after the third transformation has been completed. The subsequent 
work stands as follows :— 


1Q82 315014 25165788 —17549439 (1°636913575 
6 18936 15213090 
3156 2535515 — 2336349 
6 18972 2301597 
3162 255448 — 34752 
6 285 25601 
3168 955733 ~9151 
285 7680 
gh 256018 —1471 
1280 
AGL 
179 
12 


Here the effect of the first cutting off of figures, namely, 8 from the second 
last coefficient, 14 from the third last, and 052 from the fourth last, is to banish 
altogether the first coefficient of the biquadratic. We proceed to diminish the roots 
by 6 as if the coefficients 1, 3150, 2516578, — 17549439 which are left were those 
of a cubic equation. In multiplying by the corresponding figure of the root the 
figures cut off should be multiplied mentally, and account taken of the number to 
be carried, just as in contracted division. 

After the diminution by 6 has been completed, we cut off again in the transformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the first 
coefficient disappears altogether. The work then proceeds as if we were dealing 
with the coefficients 31, 255448, — 2336349 of a quadratic. The effect of the next 
process of cutting off is to banish altogether the leading coefficient 31. The sub- 
sequent work coincides with that of contracted division. When the operation ter- 
minates, the number of decimals in the quotient may be depended on up to the last 
two or three figures. The extent to which the evolution of the root must be 
carried before the contracted process is commeuced depends on the number of decimal 
places required; for after the contraction commences we shall be furnished, in 
addition to the figures already evolved, with as many more as there are figures in 
the trial-divisor, less one. 

2. Find to seven or eight decimal places the root of the equation 


aw —127+7=0 
which lies between 2 and 3. 
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This equation can have only two positive roots: one lies between 0 and 1, and 
the other between 2and3. For the evolution of the latter we have the following :— 


1 0 0 —12 7 (2°0472755671 
2 4 8 = 
2 4 4 — 100000000 
2 8 24 83891456 
4 12 20000000 — 16108544 
2 12 972864 15493401 
6 240000 20972864 — 615143 
2 3216 985792 446262 
800 243216 21958658 ~ 168881 
4 3232 17478 156226 
804 246448 2213343 — 12655 
3248 17478 11159 
808 249698 2930824, — 1496 
4 2496 49 1338 
812 223131 — 158 
4 | a 156 
B16 24 223180 2 


On this we remark, that after diminishing the roots by 2, and multiplying the roots 
of the transformed equation by 10, we find that the trial-divisor 20000 will not 
‘go into’? the absolute term 10000; we put, therefore, zero in the quotient, and 
multiply again by 10, and then proceed as before. 


3. Find the root of the same equation which lies between 0 and 1. 


Ans. °593685829. 
4, Find the positive root of the equation 


zw + 24°847? — 67°6132 — 3761°2758 = 0. 


[When the coefficients of the proposed equation contain decimal points, it will 
be found that they soon disappear in the work in consequence of the multiplications 
by 10 after the decimal part of the root begins to appear. 

Ans. 11:1973222. 
5. Find the negative root of the equation 


gt —1227 4+ 12x -3=0 
to seven places of decimals. 


When a negative root has to be found, it is convenient to change the sign of « 
and find the corresponding positive root of the transformed equation. 


Ans. — 3°9073785. 
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104. Application of Horner’s Method to Cases where 
Roots are nearly Equal.— We have seen in Art. 100 that 
the method of approximation there explained fails when the 
proposed equation has two roots nearly equal. Examples of 
this nature are those which present most difficulties, both in 
their analysis (see Ex. 7, Art. 91) and in their solution. By 
Horner’s method it is possible, with very little more labour 
than is necessary in other cases, to effect the solution of such 
equations. So long as the leading figures of the two roots are 
the same certain precautions must be observed, which will be 
illustrated by the following examples. After the two roots 
have been separated, the subsequent calculation proceeds for 
each root separately, just as in the examples of the previous 
Articles. It is evident, from the explanation of the trial- 
divisor given in Art. 102, that for the same reason as that 
which explains the failure of Newton’s method in the case 
under consideration (see Art. 100), it will not become effective 
till the first or second stage after the roots have been separated. 


EXAMPLES. 


e®-—Te+7=0 
has two roots between 1 and 2 (see Ex. 2, Art. 89); find each of them to eight 
decimal places. 
Diminishing the roots by 1, we find that the transformed equation (after its 
roots are multiplied by 10), viz. 


x + 302? — 400z + 1000 = 0, 


1. The equation 


must have two roots between 0 and 10. We find that these roots lie, one between 
3 and 4, and the other between 6 and 7. The roots are now separated, and we 
proceed with each separately in the manner already explained. If the roots were 
not separated at this stage, we should find the leading figure common to the two, 
and, having diminished the roots by it, find in what intervals the roots of the 


resulting equation were situated ; and so on. 
Ans. 1°35689584, 1-69202147. 


2. Find the two roots of the equation 
x — 49x* + 658z — 1379 = 0 


which lie between 20 and 30. 

We shall exhibit the complete work of approximation to the smaller of the two 
roots to seven places; and then make certain observations which will be a guide to 
the student in all cases of the kind. : 
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159 658 = 4870 (23°2131277 
20 — 580 1560 
— 29 78 181 
20 == 180 180 
6 ~— 102 1000 
20 42 — 992 
11 — 60 8000 
3 51 — 6739 
14 — 900 1261000 
3 404 — 1217403 
17 — 496 43597 
3 408 = 34183 
200 — 8800 9414 
2 2061 — 6786 
202 — 6739 2628 
2 - 2062 — 2372 
204 — 467700 256 
2 61899 — 236 
2060 — 405801 90 
fe 61908 
2061 — 845898 
1 206 
2062 — $4488 
1 206 
20630 206 — 3397% 
3 4 
20633 — 8393 
3 4 
20636 % — 3383 
3 
20689 


The diminution of the roots by 20 changes the sign of the absolute term. This 
is an indication that a root exists between 0 and 20, with which we are not at pre- 
sent concerned. The roots of the first transformed equation 


3+ lla? — 1027+ 181=0 


are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers gives a positive result, so that we have not here the same criterion 
to guide us in our search for the proper figure as in former cases, viz. a change of 
sign in the absolute term. We have, however, a different criterion which enables 


q 
} 
; 
£ 
: 
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us to find by mere substitution the interval within which the two roots lie. If we 
diminish the roots of 2° + 1lz? — 102z + 181 =0 by 4, the resulting equation is 
2+ 2327 + 342+ 13 = 0, which has no change of sign. Hence the two roots must 
lie between 0 and 4. If we diminish its roots by 3, the resulting equation (as in 
the above work) has the same number of changes of sign as the equation itself. 
Hence the two roots lie between 3 and 4. They are, therefore, not yet separated ; 
and we proceed to diminish by 3. The next transformed equation 


x + 2002? — 900x + 1000 = 0 


is found in the same way to have both its roots between 2 and 3 : the diminution by 
2 leaving two changes of sign in the coefficients of the transformed equation (as in 
the above work), and the diminution by 3 giving all positive signs. So far, then, 
the two, roots agree in their first three figures, viz. 23-2. We diminish again by 2. 
The resulting equation x3 + 2060? — 8800x + 1261000 = 0 has one root only between 
1 and 2; 1 giving a positive, and 2 a negative result: its other root lies between 2 
and 8; 3 giving a positive result. The roots are now separated. We proceed, as in 
the above work, to approximate to the lesser root, by diminishing the roots of this 
equation by 1; the trial divisor becoming effective at the next step. To approxi- 
mate to the greater root, we must diminish by 2 the roots of the same equation, 
taking care that in the subsequent operations the negative sign, to which the pre- 
viously positive sign of the absolute term now changes, is preserved. The second 
root will be found to be 23:2295212. 

So long as the two roots remain together, a guide to the proper figure of the root 
may be obtained by dividing twice the last coefficient by the setond last, or the 
second last by twice the third last. The reason of this is, that the proposed equation 
approximates now to the quadratic formed by the last three terms in each transformed 
equation, just as in previous cases, and in Newton’s method, it approximated to the 
simple equation formed by the last two terms, this quadratic having the two nearly 
equal roots for its roots ; and when the two roots of the equation az?+ br +¢=0 
are nearly equal, either of them is given approximately by = or = Thus, in the 
4 - —) and the number 2 by ciahase 
In this way we can generally, at the first attempt, find the two integers between 
which the pair of roots lies. We shall have also an indication of the separation of 
the roots by observing when the numbers suggested in this way by the last three 


above example, the number 3 is suggested by 


: : ; 2 ; b 
coefficients become different, i.e. when a suggests a different number from a: 


3. Calculate to three decimal places each of the roots lying between 4 and 6 of 
the equation 
x* + 8x5 — 70x? — 144z + 936 = 0. 


Ans. 4°242; 4°246. 
4. Find the two roots between 2 and 3 of the equation 


642° — 69227 + 16492 — 1445 = 0. 
Ans. The roots are both = 2°126, 
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Here we find that the two roots are not separated at the third decimal place. 
When we diminish by 5 the absolute term vanishes, showing that 2-125 is a root; 
and proceeding with this diminution the second last coefficient also vanishes. Hence 
2°125 is a double root. 


When an equation contains more than two nearly equal 
roots, they can all be found by Horner’s process in a manner 
similar to that now explained. Such cases are, however, of 
rare occurrence in practice. The principles already laid down 
will be a sufficient guide to the student in all cases of the kind. 

105. Lagrange’s Method of Approximation.— Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for — 
practical purposes, much inferior to that of Horner, we shall — 
content ourselves with a brief account of it. 

Let the equation f(x) = 0 have one root, and only one root, — 
between the two consecutive integers a and a +1. Substitute — 


at ; for 2 in the proposed equation. ‘The transformed equation 


in y has one positive root. Let this be determined by trial to 
lie between the integers 6and6+1. Transform the equation 


in y by the substitution y = b + 2 The positive root of the 


equation in z is found by trial to lie between cand¢+1. Con- 
tinuing this process, an approximation to the root is obtained 
in the form of a continued fraction, as follows :— 


EXAMPLEs. 
1. Find in the form of a continued fraction the positive root of the equation 
e-—%w-5=0. 


The root lies between 2 and 3. 

: 1 . 
To make the transformation = 2 +-, we first employ the process of Art. 33, 
diminishing the roots by 2. We then find the equation whose roots are the reci- 
procals of the roots of the transformed. 
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The equation in y is in this way found to be 
y* — 107? —- 6y —1=0. 


This has a root between 10 and 11. 


Rim 


Make now the substitution y= 10+ 


The equation in z is 
6125 — 942? — 202-1 =0. 


This has a root between 1 and 2. Take z=1 4+ : . 
vi 


The equation in # is 
54u3 + 25u? — 89u — 61 =0, 


which has a root between 1 and 2; and so on. 
We have, therefore, the following expression for the root 


2. Find in the form of a continued fraction the positive root of 


zw? —6zx-—13=0. 


106. Numerical Solution of the Biquadratie.—It is 
proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. VI. Although, as before 
observed, the numerical solution of equations is in general best 
effected by the methods of the present chapter, there are cer- 
tain cases in which it is convenient to employ the methods 
of Chap. VI. for the resolution of the biquadratic. When a 
biquadratic equation leads to a reducing cubic which has a 
commensurable root, this root can be readily found, and the 
solution of the biquadratic completed. We proceed to solve a 
few examples of this kind, using Descartes’ method (Art. 64), 
which will usually be found the most convenient in practice. 

Q2 
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EXAMPLES. 
1. Resolve the quartic 
xt — 643 + 347 + 2247 —6 
into quadratic factors. 
Making the assumption of Art. 64, we easily obtain 
+p'=-8, gt+q'+4pp'=38, py’ +p'g=11, gq =-6. 


i 


oe ; 
Also Cte ag te) 


and, calculating J and J, the equation for ¢ is 


Multiplying the roots by 4, we have, if 4 = ¢, 
¢>— 11i¢— 450 = 0. 


By the Method of Divisors. this is easily found to have a root —6; hence 


/ 


“Senge 
Pe 25) ooo py =2, gt+qg=—8. 
From these, combined with the preceding equations, we get 
De en Oe 


When the values of g und ¢ are found, the equation giving the value of pq’ +p’¢ 
determines which value of g goes with y, and which with p’, in the quadratic 
factors. The quartic is resolved, therefore, into the factors 


(2? — 4% + 1) (a? — 24 — 6). 


By means of the other two values of we can resolve the quartic into quadratic 
factors in two other ways; or we can do the same thing by solving the two 
quadratics already obtained. 


2. Resolve into factors the quartic 


S («) = a — 823 — 122? + 60x + 63. 


The equation for ¢ is 
4p — 195 — 475 = 0, 


which is found to have a root = — 6. 


Ans, f (x) = (u* — 2x — 3)(x? — 6x — 21). 
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3. Resolve into factors 
SJ (x) = x* — 17x? — 20x - 6. 
The reducing cubic is found to be 


217 3185 

Pa atom pasta 

a ae 
or, multiplying the roots by 6, 


4¢5 — 651¢ + 3185 = 0. 


This has a root = 7; hence ¢ = . 
Ans. f(x) = (x? + 4x + 2)(2? — 42 - 3). 
4. Resolve into factors 
SJ (x) = x4 — 623 — 92? + 66x — 22. 


The reducing cubic is 


335 897 
Sp i aS > NN oe 
3 
hence eee 
ence 5) 


Ans. f (x) = (x? — 11) (2? — 6r + 2). 
5. Resolve into factors 


S (2%) = 24 — 823 + 212? — 267 + 14. 
Ans. f(x) = (2? — 2x + 2) (x? - 62 + 7). 


6. Resolve into factors 
a4 +127 +4 3. 


Ans, (a? — 2V6 + 3+ V6)(2? + 2V643- V6). 
7. Find the quadratic factors of 
a4 — 8x3 — 127% + 84x — 63 = 0, 
and solve the equation completely (see Ex. 18, p. 34). 
Ans. {2 — 2x (2+ V7) + 3V7} {2?- 2x (2 —V7) -3V7}. 
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MIsceLLANEous EXAmMPLEs. 


1. Find the positive root of 
“w—64-138=0. 
Ans. 3:176814393. 
2. Find the positive root of 
x —2e¢-5=0 
correct to eight or nine places. Ans. 2°094551483. 
3. The equation 
2x% — 650°8x? + 5a — 1627 = 0 
has a root between 300 and 400: find it. 
Ans. Commensurable root, 326°4. 
4. Find the root between 20 and 30 of the equation 
4x° — 180xz? + 1896z — 457 = 0. 
Ans. 28°52127738. 
5. Find to six places the root between 2 and 3 of the equation 
x3 — 492? + 658x — 13879 = 0. 
Ans. 2°557351. 
6. Find to six places the root between 2 and 3 of the equation 
vt — 1227+ 122-3=0. 


Ans. 2°858083. 
7. Find ‘the positive root of the equation 


w+ 2x? — 234 —70 =0 


correct to about ten decimal places. Ans. 5:13457872528. 
8. Find the cube root of 673373097125. Ans. 8765. 
9. Find the fifth root of 537824. Ans. 14. 


10. Find all the roots of the cubic equation 
xv — 347+1=0. 
The equation g6+a¢341=0, of Ex. 7, p. 100, reduces to this. 
Ans. —1'87938, °34729, 1:°53209. 

The smaller positive root gives the solution of the problem—To divide a hemi- 
sphere whose radius is unity into two equal parts by a plane parallel to the base. 

11. Find all the roots of the cubic 

e+a*-2¢-1=0. 

_ (See Ex. 1, p. 100.) Ans. —1°80194, —-44604, 1°24698. 
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12. Find to five decimal places the negative root between — 1 and 0 (see Ex. 3, 
p- 100) of the equation 


2° +2' — 425 — 377 + 87 +1=0. 


Ans, —*28463. 
13. Solve the equation 


x — 315x* — 196847 + 2977260 = 0. 
We here find that a root exists between 70 and 80. By Horner’s process it is 


found to be 78. The depressed equation furnishes two roots, which, increased by 
78, are the other roots of the cubic. 


Ans. 78, 347, -—110. 


14. Find the two real roots of the equation 
x4 — 11727x + 40385 = 0. 
Ans, 3°45592, 21:43067. 


This equation is given by Mr. G. H. Darwin in a Paper On the Precession of a 
Viscous Spheroid, and on the Remote History of the Earth. Phil. Trans., Part ii., 
1879, p. 508. The roots are ‘‘ the two values of the cube root of the earth’s rota- 
tion for which the earth and moon move round as a rigid body.”’ 


15. Find all the roots of the cubic equation 
20x25 — 2427+ 3=0. 
Ans. —0°31469, 0°44603, 1°06865. 


This equation occurs in the solution by Professor Ball of a problem of Professor 
Townsend’s in the Educational Times of Dec., 1878, to determine the deflection of a 
beam uniformly loaded and supported at its two ends and points of trisection. 


16. Find the positive root of the equation 


1423 + 122%? — 9x —10 = 0. 
Ans. 0°85906. 


The equations of this and the following example occur in the investigation of 
questions relative to beams supported by props. 


17. Find the positive root of the equation 


7x4 + 2025 + 327 - 162 - 8 = 0. 
Ans. 0°913386. 


18. Find to ten decimal places the positive root of the equation 


xz + 1224 + 5923 + 1502? + 201x — 207 = 0. 
Ans. *6386058033. 
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19. Find all the commensurable roots of 
f (x) = 25 + 224 — 3623 — 1492? — 232% — 336 = 0, 
and solve the equation completely. 
Ans. f(x) = (a7 + 4+ 3) (% + 4)? (4-7). 
20. Solve similarly the equation 


S (@) = v® — 3224 + 11623 — 1162? + 115¢ — 84 =0. 
Ans. f (x) = (a +1) (a — 1) (# — 8) (x — 28). 


21. Apply the method of Ex. 21, p. 199, to the analysis of the equation of 
x. 1, ATG 91. 


Disregarding the two lowest Sturmian remainders, we have 


SF (x) = e+ 323 + Tx? + 10x + 1, 
SI’ (x) = 403 + 92? + 14x 4 10, 
R, = — 294? — 784 + 14. 


The roots of the equation 2; = 0 are easily seen to lie in the intervals (— 3, — 2) 
and (0, 1). The equation f(x) =0 has two imaginary roots, since the coefficient 
of x? in R; is negative. The real roots, if any, must be negative. The three 
functions above written are sufficient to determine the existence and situations of 
roots in the intervals (-x», —3) and (—2, 0). It is at once seen that two real 
roots of the original equation are situated in the latter interval. 

It will be found possible in many examples to avoid in this way the calculation 
of the last two Sturmian remainders ; and it will be observed that it is not neces- 
sary to know the actual roots of the quadratic function, but only the intervals in 
which they are situated. 


22. In the application of Sturm’s theorem, if any function be reached whose 
signs are all positive or all negative, the number and situations of the positive 
roots of the original equation can be examined without the aid of the lower 
Sturmians ; and if a function be reached whose signs are alternately positive and 
negative, the negative roots of the original equation may be discussed in a similar 
manner. 


24. Find the condition that the quadratic Sturmian remainder of Ex. 3, Art. 92, 
should have its roots imaginary. 
Ans. HI + 3aJ positive. 
This condition is fulfilled when H and J are both positive (since then J must 
be positive, by the identity of Art. 37). It is, therefore, easily inferred that the 
biquadratic has no real roots when H and J are both positive (cf. Ex. 11, p. 198). 


24. When the biquadratic has two roots equal to a, prove 


—-GI 


soe a7 ETT 8 


25. If the equation f(x) =0 has all its roots real, prove that the equation 
tS (2) f(z) — (f’ (2) } = 0 has all its roots imaginary. 
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26. Calculate the leading coefficients of the first two Sturmian remainders for 
an equation of the n‘* degree wanting the second term, viz. 


x” + azn? 4 bar3 + cxn44 &. = 0. 


No coefficients beyond those here given will enter into the required values; we 
readily find 
R, = — 2ax"-* — 3bx"-3 — 4czn-4 — &e, 
Rz =— {4 (m — 2) a — 8nac + 9nb?} an3 + Ke. 
(cf. Ex. 12, p. 198.) 
27. Remove the second term from the general equation of the n** degree written 


with binomial coefficients, and prove that the leading coefficients of the first two 
Sturmian remainders of the resulting equation are 


—-H, -—nHI+ 3(n-— 2) aoJ/. 


These expressions are easily derived from the preceding example by aid of the 
transformation of Art. 35; the values of 42, A3, Aq being given by the equations 


a)A2 = fs ao? Az = @, ag?.A4 = ag? l — 3H, 
G? being replaced by its value from the identity of Art. 37, and positive multipliers 


omitted (cf. Ex. 13, p. 198). 


28. Calculate Sturm’s functions for Euler’s cubic (see Art. 61). 
We find, after some reductions, and omitting positive factors, 


J (2) = 2 + 3H? + 3(H? — yya*l) zx - 36, 
S'(*)= 2 + 2Hz + H? - psa7l, 

R, = 2Ir + 2HI - 3aJ, 

R2 = [3 — 27J?. 


All the conditions of Art. 68, with respect to the nature of the roots of the 
biquadratic, may be derived from these results, by the aid of Ex. 4, p. 125. And 
it will be observed that the conditions for reality of all the roots as given in 
Art. 93, as well as in the article already referred to, are both obtained here 
together ; for, in order that Euler’s cubic should have all its roots real and positive, 
the substitution of 0 for z must give three changes of sign, and this requires that 
a*[ — 12H? and 2H/J — 3aJ should be both negative. 


CHAP CER 
COMPLEX NUMBERS AND THE COMPLEX VARIABLE. 


107. Complex Numbers—Graphie Representation. 
—In the foregoing chapters many examples have been met with 
of the occurrence among the solutions of numerical equations of 
quantities of the form a + b,/—1, involving the extraction of 
the square root of a negative number. Such an expression, 
consisting of a positive or negative real units and 0 positive or 
negative imaginary units, is called a complex number (see Art. 
15). The imaginary unit,/—1 is denoted for brevity by i. 
Real and purely imaginary numbers are both included in the 
expression a + 7b, the former being obtained when 4 = 0, and the 
latter when a = 0. Complex numbers may be submitted to all 
the ordinary rules of arithmetical calculation ; and in the result 
of any such calculation integral powers of ¢ beyond the first can 
always be reduced by the relation 7? = - 1. 

We proceed to explain a mode of representing complex 
numbers geometrically, which will be found very convenient in 
the treatment of functions involving quantities of this kind. 

The expression a + 16 may be written in the form 


u(coSa +? sina), 
where 
ul = fa? + 8, 008 a = -, sin a ae, 
be I 
The quantity p is called the modulus, and the angle a the 
argument of the complex number a+ib. ‘The modulus is always 


taken positively, the negative sign of the radical corresponding 
to an increase of the argument by 7. 
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Let rectangular axes OX, OY (fig. 7) be taken; and a 
point A such that 


c 

XOA=a, and OA =u. an 
We have then OM : : a 
=p cosa=a, and AM Pees 
= pt sina = b. The Ci 

. ; yee of A, ip 
expression a + 7) may eae | 
therefore be repre- . a « 7 
sented graphically by 


the right line drawn 
from O to a point in 
a plane whose co-ordinates referred to the fixed axes are a, b; 
the distance OA of this point from the origin being equal to 
the modulus, and the angle XOA equal to the argument of 
the complex number. 

The magnitude of a complex quantity is estimated by the 
magnitude of its modulus. When the complex quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vanishes ; and, conversely, when the modulus vanishes, since 
then a’ + 4? = 0, a and b must separately vanish, and therelore 
the complex quantity itself. Two such quantities, a + ib and 
a’ + ib’, are equal when a= and 6 = J’, i.e. when the moduli 
are equal and when the arguments either are equal or differ by 
a multiple of 27. 

In what follows we shall for brevity represent the modulus 
and argument of a + ib by the notation 


Fig. 7. 


mod. (a+%b), arg. (a + tb). 


108. Complex Numbers.—Addition and Subtraction. 
—Let a second complex number a’ + ib’ be represented by the 
right line OA’, so that 


OA’ = mod. (a’ +b’), XOA’ =.arg. (a’ + tb’). 
We proceed to determine the mode of representing the sum 


at+itbh+a’ +’. 
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Writing this sum in the form a+ a’+7(b + b’), we observe, 
in accordance with the convention of Art. 107, that it will be 
represented by the line drawn from the origin to the point 
whose co-ordinates area+a’,6+0b’. To find this point, draw 
AB parallel and equal to OA’; since AP, BP, are equal to 
a’, b’, B is the required point, and we have 


OB=mod.{at+a+i(b+0)}, XOB=arg. {a+a+i(b+0)}. 


To add two complex numbers, therefore, we draw OA to 
represent one of them; and, at its extremity, AB to represent 
the second (that is, so that its length is equal to the modulus, 
and the angle it makes with OX equal to the argument, of the 
second) ; then OB represents the sum of the two complex 
numbers. 

Since OB is not greater than OA + AB, it follows that the 
modulus of the sum of two complex numbers is less than (or at 
most equal to) the sum of their modulh. 

This mode of representation may be extended to the addition 
of any number of such quantities. Thus, to add athird a+ ib”, 
represented by OA”, we draw BC parallel and equal to OA”, 
and join OC. Then OC represents the sum of the three, OA, 
OA’, OA”. It is evident also that we may conclude in general 
that the modulus of the sum of any number of complex quantities 
is less than (or at most equal to) the sum of their moduh. 

Subtraction can be represented in a similar way. Since OB 
represents the sum of OA and OA’, OA will represent the dif- 
ference of OB and OA’. To subtract two complex numbers, 
therefore, we draw at the extremity of the line representing the 
first a line parallel and equal to the second, but in an opposite 
direction (7.e. a direction which makes with OX an angle greater 
by w than the argument of the second). We join O to the 
extremity of this line to find the right line which represents the 
difference of the two given complex numbers. ; 

109. Multiplication and Division.—To multiply the 
two complex numbers a + 7b, a’ + ib’, we write them in the form 


a+ib=p(cosatisina), a+itl’=p'(cosa’ +i sina’). 
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We have then, by De Moivre’s theorem, 


(a + tb) (a’ + tb’) = pp’ (cos (a+ a’) + isin (a+a’)}, 


which proves that the product of two complex numbers is a com- 
plex number, whose modulus is the product of the two moduli, and 
whose argument is the sum of the two arguments. 

In the same way it appears that the product of any number 
of such factors is a complex quantity, whose modulus is the 
product of all the moduli, and whose argument is the sum of 
all the arguments. 


To divide a + tb by a’ + ib’, we have similarly 


) 1) , ehh bt / 
——> = — {cos(a—a) +7sin(a-a)}, 
a fe 


which proves that the quotient of two complex numbers is a com- 
plex number, whose modulus is the quotient of the two moduli, and 
whose argument is the difference of the two arguments. 


It was assumed in the proof of the theorem of Art. 16 that 
when a product of any number of factors (real or imaginary) 
vanishes, one of the factors must vanish. This is evident when 
the factors are all real. From what is above proved the same 
conclusion holds when the factors are complex; for, in order 
that the modulus of the product may vanish, one of its factors 
must vanish, and therefore the complex quantity of which that 
factor is the modulus. 


110. Other Operations on Complex Numbers.—From 
the foregoing propositions it follows that any integral power of 
a complex number, e.g. (a + 7b)™, can be expressed in the form 
A+iB, where A and B are real. And, more generally, if in 
any rational integral function 


AB” + 3" + az +... + An S + An; 


whose coefficients are complex (including real) numbers, a 
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complex quantity a + 7%b be substituted for z, the result can be 
expressed in the standard form A + 7B. 


It is not proposed in the present chapter to discuss any 
functions of complex numbers beyond the rational integral 
function of the kind hitherto treated in this work. It is easy, 
however, to show, by the aid of De Moivre’s theorem, that 
the remaining processes of numerical calculation—powers with 
fractional or complex exponents, logarithms, and powers whose 
base and exponent are both complex—reproduce in every case a 
complex number as result. This is expressed by saying that 
complex numbers form a system or group complete in them- 
selves. 


111. The Complex Wariable.—In the earlier chapters of 
the present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - © to+o ; and the mode of representing by a figure 
the form of the polynomial was explained. Such a mode of 
treatment is only a particular case of a more general inquiry. 
Given a polynomial, rational and integral in s, whose coeffi- 
cients are numbers real or complex, viz. 


SF (8) = a8" + aya" + ag2"F +... + Ani + An; 


we may study its variations corresponding to the different values 
of zs, where z has the complex form zw + cy, and where 2 and y 
both take all possible real values. This form 2 + dy is called the 
complex variable. All possible veal values of the variable are of 
course included in the values of 2 + cy, being those values which 
arise by varying w and putting y=0. In accordance with the 
principles of Art. 107 we may represent the complex variable 
x + iy by the line OP (fig. 8) drawn from a fixed origin O to 
the point whose coordinates are 2, y. Or we may say, x + iy 1s 
represented by the point P. Thus all possible values of a + zy 
will be represented by all the points ina plane. Since for any 
particular value of z, f(s) takes the form 4+7¢B (Art. 110), the 
values of f(s) may be represented in a similar manner by points 
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ina plane. We confine ourselves in the present Article to the 
representation of the variable —~ 

a+ iy itself. We conceive the / m 
variation of 2 + iy to take place y 

in a continuous manner; for ex- 
ample, by the motion of the 
point x, y, along a curve. If OP a 
and OP’ represent two consecu- 
tive values of the variable, we 
write the corresponding values 
a+iy, 2 +’, as follows :— 


Fig. 8. 


sea+iy=r(cosO+isin@), 2 =2'+ty’ =r" (cos 0+ ising). 


Since OP’ represents the sum of OP and PP’ (Art. 108), it 
follows that PP’ represents the increment of s; and if s’=2+ A, 
h may be written in the form 


h=p (cos +?sin®@), 


where p= PP’, and ¢ is the angle PP’ makes with OX. 


The variation of the modulus of zs is OP’ - OP or?’ -r; the 
variation of the argument of s is P’OP or 6’ — 0; the variation 
of s itself is 2 or p (cos @ + ¢sin @), as just explained. 

Let the point be supposed to describe a closed curve. When 
it returns to its original position P, the modulus takes again its 
original value; and the argument takes its original value if the 
point O is exterior to the curve, or is increased by 27 if O is 
interior to the curve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, t.e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which will be found of importance in our 
succeeding investigations. 

Let a plane area be divided into any number of parts by lines 
BD, AF, EC, &c. (fig. 9); then the variation of the argument 
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relatively to the perimeter of the whole area is equal to the sum 
of its variations relatively to 
the perimeters of the partial 
areas: all the areas being 
supposed to be described by 
the variable moving in the 
same sense. This is evident; 5 x 
for when the point is made 
to describe all the partial 
areas in the same _ sense, Fig. 9. 
each of the internal dividing lines will be described twice, the 
two descriptions being in opposite directions; and the exter- 
nal perimeter will be described once; hence the total variation 
of the argument relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
Take, for example, the areas ABI, AFD in the figure. When 
the point describes these areas in the sense indicated by the 
arrows, the total variation relatively to the line AF vanishes. 
112. Continuity of a Function of the Complex 
Wariable.—Suppose the complex variable z, starting from 
a fixed value %, to receive a small increment / =p (cos g +7 sin ¢); 
we have then, if f(z) be the given function, replacing x by s in 
the expansion of Art. 6, 


F(a) =f (t+) =f (e) +7) b+ B+ Bo, 
and the increment of f(z), being equal to f(s) +h) —f (2%), is 


f (20) pa P(e) 


4 3 
I’ (&) A+ 1.2 i23" + 0.6. 4 


In this expression the coefficients of the powers of / are all 
complex expressions of the usual form; and if their moduli be 
a, b,c, &c., the moduli of the successive terms are ap, bp’, cp*, &e. ; 
and since, by Art. 108, the modulus of a sum is less than the 
sum of the moduli, it follows that the modulus of the increment 
of f(z) is less than 

ap + bp® + cp® + &e. 


* inet Fos Nin ie Be REIT. 
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Now a value may be assigned to p (Art. 5), such that for it 
or any smaller value, the value of this expression will be less 
than any assigned quantity. It follows that to an infinitely 
small variation of the complex variable (viz. one whose modulus 
is infinitely small) corresponds an infinitely small variation of 
the function ; in other words, the function varies continuously at 
the same time as the complex variable itself. 


113. Variation of the Argument of /(z) corresponding 
to the description of a small Closed Curve by the Com- 
plex Variable.— Corresponding to a continuous series of values 
of s we have a continuous series of values of /(z), which can be 
represented, like the values of z itself, by points in a plane. 
We represent these series of points by two figures (fig. 10) side 


Fig. 10. 


by side, which, to avoid confusion, may be supposed to be drawn 
on different planes. ‘To each point P, representing x + ty, cor- 
responds one determinate point P” representing f(z). When P 
describes a continuous curve, P’ describes also a continuous 
curve ; and when FP returns to its original position after 
describing a closed curve, P’ returns also to its original 
position. 

Our present object is to discuss the variation of the argument 
of f(z) corresponding to the description of a small closed curve 
by P. Let A be any determinate point whose co-ordinates are 

R 
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Loy You 1.0. So = XZ + WY. We divide the discussion into two 
cases :— 


(1). When a + i% is not a root of f(s) = 0, ae. when f(z) 
is different from zero. 


(2). When a + 7% 1s a root of f(s) = 0, or #(%) = 0. 


(1). In the first case, to the point A corresponds a point A’ 
representing the value of /(z,), and O’A’ is different from zero. 
Lets =s,+/, whereh =p (cos ¢ +7sin #); and suppose P, which 
represents 3, to describe a small closed curve round A. Let P” 
represent f(z); then A’P’ represents the increment of f(z) cor- 
responding to the increment AP of s. By the previous Article 
it appears that values so small may be assigned to p, that the 
modulus of the increment of f(z), namely A’P’, may be always 
less than the assigned quantity O’A’; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ing closed curve described by P’ will be exterior to O’'. It 
follows, by Art. 111, that corresponding to the description by P of 
a small closed curve, which does not contain a point satisfying the 
equation f(s) = 0, the total variation of the argument of f(s) ts 
nothing. 

_ (2). Inthe second case, suppose x, + iy, is a root of the equa- 
tion f(s) = 0 repeated m times, and let 


S(&) = (& — 20)" P(e) ; 
f(s) =h™ wh (8) = p™ (cosm@ +7 sin mg) y (s). 


In this case O’A’ = 0; and when FP describes a closed curve 
round A, P’ returns to its original position, and the argument _ 
of f(s) will be increased by a multiple of 27, which may be — 
determined as follows :—F rom the above equation we have 


then 


arg. f(z) =m + arg. (8); 


and the increment of arg. f(z) will be obtained by adding the 
increment of m@ tothe increment of arg. ~(z). Now the latter 
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increment is nothing by (1), since the curve described by P may 
be supposed to contain no root of ~(s) = 0; and since the incre- 
ment of @ is 27 in one revolution of P, the increment of m@ 
is 2mm. It follows that when P describes a small closed curve 
containing a root of the equation f(z) = 0, repeated m times, the 
argument of f(z) is increased by 2mr. 

114. Cauechy’s Theorem.— When =z describes the same 
line in a plane in two opposite directions, f(z) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg. f(z) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 111, the 
variation of the arg. f(z) corresponding to the description in the 
same sense by s of all the partial areas, is equal to the varia- 
tion of arg. f(z) corresponding to the description by = of the 
external perimeter only. Now let any closed perimeter in the 
plane XY be described; and suppose in the first place, that it 
contains no point which satisfies the equation f(z) = 0. It can 
be broken up into a number of small areas, with respect to each 
of which the conclusions of (1) Art. 113 hold; and by what has 
been just proved it follows that the 
variation of arg. f(z) corresponding a 
to the description by z of the closed 
perimeter is nothing. Supposein the 
second place, that the closed perime - 
ter contains a point which is a root re) x 
of the equation f(s) = 0 repeated m 
times. Let a small closed curve 
PQRS be described round this Fig. 11. 
point. The variation of arg. f(z), corresponding to the descrip- 
tion by s of the whole perimeter, is equal to the sum of its 
variations corresponding to the description of the areas 
ABCPSR, CDARQP, PQRS. The two former variations 
vanish by what is above proved; and the latter is, by (2), 
Art. 113, equal to 2mz. The total variation, therefore, of f(s) 
is 2m7. Similarly, if the area includes a second, third, &c., 
points, which represent roots repeated m’, m”, &c., times, the 

R 2 
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total variation = 2(m + m’+m” + &.) 7. Hence we derive the 
following theorem due to Cauchy :— 

The number of roots of any polynomial, comprised within a given 
plane area, is obtained by dividing by 2m the total variation of the 
argument of this polynomial corresponding to the complete descrip- 
tion by the complex variable of the perimeter of the area. 

115. Number of Roots of the General Equation.— 
We are enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 16; namely, Every rational and integral equation of the n* 
degree has n roots real or imaginary. 

Let 


Fe) = Gok 1a, 2°" + as? 4... +a, 8 + ap 


be a rational and integral function of z. Without making any 
supposition as to the existence of roots of f(s) = 0 further than 
that f(s) cannot vanish for any infinite values of the variable, 
we can suppose s to describe in its plane a circle so large that 
no root exists outside of it. If, then, 


FT (8) = 8" {dy + G18 + a8? +...+a"2"} 
=32"¢(2), where % = 


2’, whose modulus is the reciprocal of the modulus of s, will 
describe a small circle containing a portion of the plane cor- 
responding to the part outside of the circle described by s; and 
no root of ¢ (z’)= 0 will be included within this small circle. 
Hence, corresponding to the description of the whole circle by sz, 
the variation of arg. ¢ (z’) = 0, and, therefore, 


variation of arg. f(z) = variation of arg. 2"; 
and if s=r(cos9+isin 8), or s"=7" (cos nO +7sin nO), 


0 is increased by 2m, and, therefore, arg. s” is increased by 
Qn. 

It follows from Cauchy’s theorem, Art. 114, that the number 
of roots comprised within the circle described by , i.e. the total 
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number of roots of the equation f(z) = 0, is n; and the theorem 
is proved. 

The proposition whose proof was deferred in Art. 15 is thus 
shown to be aw immediate consequence of Cauchy’s theorem, 
which may therefore be regarded as the fundamental proposi- 
tion of the Theory of Equations. It is proper to observe, how- 
ever, that the theorem of Art. 15, viz., that every numerical 
equation has a numerical root, can be proved directly, and 
independently of Cauchy’s theorem, by aid of the principles 
contained in Art. 112 and the preceding Articles, as we proceed 
now to show. 

116. Second Proof of Fundamental Theorem.— If 
possible let there be no value of s which makes f(z) vanish; and 
let the value s,, represented by A, fig. 10, correspond to the 
nearest possible position, A’, of P’ to the origin O%. It is 
proposed to show that such a direction may be given to the 
increment / as to bring 2” into a position nearer to the origin 
than A’. We have the following expansion (Art. 112) :— 


F (G08) =F (6) +f) he at 4. + agi 


By hypothesis /(z,) does not vanish; but one or more of the 
derived functions, /’(z,), &e., may doso. Let the first of these 
which does not vanish be fn(s,), and let us suppose 


Im (85) 
js eee 


= Mm (cos am + i sin aa). 


with corresponding expressions for the coefficients which follow. 
Collecting all the terms which contain powers of 2 beyond h™ 
into one complex expression, we may write 


FT (8) +h) =f(8)) + um p™ {cos (mp + am) + 78 (Mp + am) } 
+ (cos & + 7 sin &), 
where, by the proposition of Art. 108, 


Me < Mn oo + Ume _— +...+ pap”. eat 
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It is easily inferred from the theorem of Art. 5 that such a 
value may be given to p as to make «<pmp”. Now the direc- 
tion of the increment / can be so selected, viz. from the equation 
mo + dm = X'O' A’ + o (fig. 10), as to bring P’,an virtue of the ' 
second expression in the value of f(z, + /), through a distance 
tim p™ nearer to the origin in the direction A’O’. Let S be the 
point on the line O’A’ to which P’ is brought in thisway. ‘The 
effect of the last expression in the value of f(s, + 2) 1s to move 
P’ from S to a point 7’ at a distance ST7’=; and whatever the 
direction of this movement, i.e. whatever the argument &, O'T 
is < O'A’, since ST’< SA’. We have proved, therefore, that A’ 
is not the nearest possible position of P’ with reference to the 
origin; and in the same manner it may be shown that no 
other value different from zero can be the least possible value 
of the modulus of f(z). 

In the proof here given it is only shown that the equation 
must have a root, and the precise number of roots is not deter- 
mined, as it isin the proof derived from Cauchy’s Theorem ; 
but when it is proved that one root at least must exist, the 
proof can be easily completed by the method of Art. 16. 

It is important to observe that when /’(z,) does not vanish, 
for any particular point the limiting value of the ratio of the 
increment of f (z,) to isthe constant /’(s,) =: (cos a: + 7 sin a). 
It is easily inferred that the two increments are inclined at a 
constant angle, and their moduli are in a constant ratio. This 
is usually expressed by saying that the figures described by P 
and 2” are similar in their infinitely small parts. 

The student is referred to Note C at the end of the volume 
for some further observations on the subject of this Article. 


CHAPTER Xit. 


DETERMINANTS. 


117. Elementary Notions and Definitions.—This 
chapter will be occupied with a discussion of an important class 
of functions which constantly present themselves in analysis. 
These functions possess remarkable properties, by a knowledge 
of which much simplification may be introduced into many 
mathematical operations. 

The function a,b, + a.,, of the four quantities 


is obtained by assigning to a and b, written in alphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2; and adding the two products so formed. 
Similarly the function 
, 0.03 + 1030. + Azb30, + Ab, C3 + AgbiCg + a3 b2C,, (1) 

of the nine quantities 

a, b, a, 

Ar, Dey Cry 

A3, bs, C35 
is obtained by adding all the products abe which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2,3. The whole expression might be represented by (adc), 


or any other convenient notation, from which all the terms could 
be written down. 


248 | Determinants. 


The notation (abcd) might be employed to represent a 
similar function of the 16 quantities a,, b,, ¢,, di, d2, &e., con- 
sisting of 24 terms, which can all be written down by the aid 
of the 24 permutations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a, b, c,... 1, we can write 
down a similar function consisting of n(n -1)(n-2)....3.2.1 
terms, this being the number of permutations of the first » num- 
bers 1, 2,3... n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, namely: of the 1. 2.3...n 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all positive, 
as in the functions above given. 

We shall now give some instances of the functions which 
will be discussed in this chapter. They occur most frequently 
as the result of elimination from linear equations. If, for 
example, x and y be eliminated from the equations 


Ae aE by =F 0, 
a,u + bey = 0, 
the result is ab. — dob, = 0. 


Again, the result of eliminating «, y, z from the equations 
ae+by+es=0, 
a,¢4+ by + ms =0, 
asa + by + es = 0, 


is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 


ay b.¢3 — A, be» + As b3C, = Az b1 C3 sai A301 Co — 3.20, = Ge (2) 


and this function differs from (1) written on the preceding page 
only in having three of its terms negative, instead of having 
the six terms positive. 
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Similarly the process of elimination from four linear equa- 
tions gives rise to a function of the sixteen quantities 


which differs from the function above represented by (abcd) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nants.* The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 


a: 0, 


i -h 


represents the determinant a,b, — az,. 
Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 


em 2 8 
i De 6, 
as b; C3 


And, in general, the determinant of the n’ quantities 
M,, bi, ¢,... L, dz, b,, &e., is represented by 


ay b, Ci . . . l 1 
Ao by C2 l, 
a; bs Cg d, (3) 
eS Os a: ee 


By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n(n -1)(n—- 2)... 3.2.1 
permutations of the numbers 1, 2, 3, ... , all the terms of the 


* See Note D at the end of the volume. 
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determinant can be written down. Half of the terms must 
receive positive, and half negative signs. In the next Article 
the rule will be given by which the positive and negative terms 
are distinguished. | 

The individual letters am, bi, ¢,,... a, ... &¢., of which a 
determinant is composed, are called constituents, and by some 
writers elements. 

Any series of constituents such as a, b,, a, ... 4, arranged 
horizontally, form avow of the determinant ; and:any series such 
@S My, Ary Az, «-. An, arranged vertically, form a column. 

The term Jine will sometimes be used to express a row or 
column indifferently. | 

118. Rule’ with regard to Signs.—It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 117 as the symbolical representation of a function con- 
sisting in general of n(m — 1) (n- 2)... 3.2.1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row; and one constituent, and 
one only, fromeach column. All that is required to give perfect 
definiteness to the function is to fix the sign to be attached to 
any particular term. For this purpose the following two 
rules are to be observed :— 


(1). The term a,b.c;... 1», formed by the constituents situated 7 
in the diagonal drawn from the left-hand top corner to the right- — 
hand bottom corner ts positive. 


This is called the Jeading or principal term. In it the suffixes 
and letters both occur in their natural order; and from it the © 
sign of any other term is obtained by means of the following ~ 
rule :— 


(2). Any interchange of two suffixes, the letters retaining their — 
order, alters the sign of the term. 


Rule with regard to Signs. 231 


This rule may be otherwise expressed thus :—Any interchange 
of two letters, the suffixes retaining their order, alters the sign of a 
term. For if two letters be interchanged, and the two corre- 
sponding constituents then interchanged, the entire process is 
equivalent to an interchange of suffixes. If, for example, in 
a,b,c,d,e; the letters 6 and e be interchanged, we get ae.csd,5s, 
which is equal to a,b;c,d,e,, and this is derived from the given 
term by an interchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number will. 

EXAMPLes. 


1. What sign is to be attached tu the term agbgcgdse; in the determinant of the 
5th order ? 

The question is, How many interchanges will change the order 12345 into 84251? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order becoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows:—-Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place; and so on. If 
the number of displacements in this process be even, the sign is positive; if it be 
odd, the sign is negative. oe rot 

2. What sign is to be attached to the term por od SPs in the determinant of 
the 7th order ? 

Here two displacements bring 3 to the leading place ; five displacements then 
bring 7 to the second place; four then bring 6 to the third place; three then bring 
5 to the fourth place; the figure | is in its place; and finally, one displacement 
brings 4 into the sixth place. Thus there are in all fifteen displacements; and the 
required sign is therefore negative. 

3. Write down all the terms of the determinant / 


ay by, Cc) ad, 


az bz C2 ade 


A ‘ 
a3 by ¢3 dy 
| 
‘ 


ay bs um dy 


4% 
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The six permutations of suffixes in which the figure 1 occurs first are 
1234, 1243, 1324, 1342, 1423, 1432. 


The six corresponding terms are, as the student will easily see by applying the 
Rule (2), as in the previous examples, 


aybec3d4 — a becqd3 + ayb3cad2 — aybgced4 + aybgeods — aybgesde. 


The other eighteen terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows :— 


Agb\c4d3 — agbyegd4 + aghseids — agbscad, + agbacsd, — aabseids 
+ a3bycod4 — agbycqd2 + agbecad, — azbecid4 + asbacid2+— ashsc2dy 
+ agbje3d2 — agbye2d3 + agbeeid3 — agbzesd, + aghzc2d, — agbseide. 

It will be observed here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures be moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over 2m figures. 


5. Determine the sign to be attached to the second diagonal term, viz. 
Gnbn-1 (ng. . - Keli, in the determinant of the n** order. 


Here the number of displacements required to change the natural order to the : 


required order is plainly 


n(n—1 
(n-1)+(%—2)+(m—3)+... see arma 
n(n-1) 
Hence the required sign is (—1) 2 


119. In the Propositions of the present and following 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Cauchy’s notation above 
described, render the employment of these functions of shes 
practical advantage. 

Prop. I.—If any two rows, or any two columns, of a determi- 
nant be interchanged, the sign of the determinant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 118), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters; so that in either 
case the sign of every term of the determinant is changed. 
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By aid of this proposition the rule for obtaining the sign of 
any term may be stated in a form which is usually more 
convenient for practical purposes than that already given. It 
will readily be perceived that the general mode of procedure 
explained in Ex. 1, Art. 118, is equivalent to the following :— 
Bring, by movements of rows (or columns), the constituents of the 
term whose sign is required into the position of the leading diagonal. 
The sign of the term will be positive or negative according as the 
number of displacements is even or odd. 


EXAMPLE, 


What sign is to be attached to the term ASzzx in the determinant 


2 )o (> 
a 2 


1h a 
Pe aR < L& 


Here a movement of the fourth row over three rows (i. e. three displacements) 
brings A into the leading place. One displacement of the original second row 
upwards brings 8 into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing ASnzx into the diagonal place. Thus the number of displacements being 
odd, the required sign is negative. 


120. Prop. Il.— Whenever, in any determinant, two rows or 
two columns are identical, the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way; hence A =- A, or A= 0. 

121. Prop. III.—The value of a determinant is not altered if 
the rows be written as columns, and the columns as rows. 

For all the terms, formed by taking one constituent from 
each row and one from each column, are plainly the same in 
value in both cases; the principal term is identically the same; 
and to determine the sign of any other term (by Prop. I.) the 


AS Determinants. 


number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second case. 


EXAMPLE. 
4 db ( & a G2 a3 % 
a2 be C2 d» by be bs ba 
a3 bs c3 d. 3 = Cy= 2.09 103. C4 
ag by cy ay ad, dz d3 ad 


Here the sign of any term, e.g. @2)4¢,43, is the same in both determinants. For 
three displacements of rows are required to bring this term into tke leading position 
in the first determinant; and the same number of displacements of columns is 
required to bring the same constituents into the leading position in the second 


determinant. 


122. Prop. lV.—J/ every constituent in any line be multiplied 
by the same factor, the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the 
determinant vanishes. | 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this 
is equivalent to multiplying by the factor - 1. ! 


EXAMPLES. 
ka, by C} ay by; Cl 
l kag be 2 ak az be ce 
ka3 bs C3 | a3 bz C3 
Ql ma: a2 Qi @ @ 
2. Bi mB, Be |=m!| Bi Bi Be |=°%. 
y1 my Y2 VW Fis 
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3. Show that the following determinant vanishes :— 


eee ee 


bo 
Or 
~I 


3 
8 9 1 4 


GS i621 9 


When the constituents of the last row are divided by 3, they become identical 
with those of the second row. 


4. Prove the identity 


‘be a @ 1 a @ 


ca bP = jE Ny 


abc @& lee 


Represent the first determinant by A, and multiply the rows by a, 4, ¢, respec- 
tively. We have then 
abe a @ 


abcA=| abe & 6 
acc & 
and, dividing the first column by ade, the result follows. 
5. Prove the identity 


ByS a a a? Loe ee 

wat fr Lie 8 oe 

tp yt yp | | 1 et YX 

apy & & 8 je et ee 
6. Prove 


| 2 1 -7 5 ee Vee | 
-4 -3 ee ee eee a 
fon 5 -9 a. 82 


Change all the signs of the second row, and afterwards of the third column. 
7. Prove 


a B Y 1 1 1 

ee See, oe ed a'By Bya yaB 
aBy 

a”’ p’ 7” a’ B y B’'y a ya B 


This is easily proved by multiplying the columns of the first determinant by 
By, ya, a8, respectively ; and then dividing the first row by a8. 
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It is evident that a similar process may be employed in general to reduce any 
determinant to one in which all the constituents of any selected row or column shall 
be units. 


8. Reduce the following determinant to one in which the first row shall consist 
of units :— 


Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 5, 10, 4, 2; we thus obtain 


20 20 20 20 
1 ie (ee? eae 
Oude 2s Fl 8h 980. 010 


On 20-) 20.46 


Taking out the multiplier 20 from the first row, 5 from the third row, and 4 from 
the fourth row, we get finally 


1 £ 1 1 
G10 2 7a 6 
7 1 \ ome 
7 6 0 2 
0 5 5 4 
9. Prove the identity 
i; 1 1 
OR ye Pe (P97) 6) a 8), 
a pr » 


Since if 8 were equal to y, two columns would become identical, 8 — yy must be 
a factor in the determinant. Similarly, y—a and a—£ must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
a, B, y; and by comparing the term fy? we observe that this factor is + 1. 


10. Prove similarly the identity 
1 eee | 1 


= — (B—-¥) (a—8) (y— a) (8-8) (a—B) (y— 8). 


~ 
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It is evident that a similar proof shows in general that the value of the deter- 
minant of this form, constituted by the m quantities a, 8, y ... A, is the product of 
the 4n(n— 1) differences which can be formed with these n quantities. 


ae” 

123. Minor Determinants. Definitions.—When in a 
determinant any number of rows, and the same number of 
columns, are suppressed, the determinant formed by the 
remaining constituents (maintaining their relative positions) is 
called a minor determinant. 

1f one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor; and 
soon. The suppressed rows and columns have common con- 
stituents forming a determinant; and the minor which remains 
is said to be complementary to this determinant. ‘The minor 
complementary to the leading constituent a, is called the leading 
Jirst minor, and its leading first minor again is the /eading second 
minor of the original determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A, the first minor obtained by suppressing in A 
the row and column which contain any constituent a; by A, s 
the second minor obtained by suppressing the two rows and two 
columns which contain a and 3; and so on. Thus Aa, repre- 
sents the leading first minor, and A,,,s, or Aa,,», the leading 
second minor. 

The determinant A, formed by the constituents , hi, ¢, &e., 
is often denoted for brevity by placing the leading term within 
brackets, as follows: A = (a,,¢;..... /,). The notation 
= +a,b,c;... d, 1s also used to represent 4; this expressing its 
constitution as consisting of the sum of a number of terms 
(with their proper signs attached) formed by taking all possible 
permutations of the n suffixes. 


124. Development of Determinants.—Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A is a linear and 
homogeneous function of the constituents of any one row or any one 

S 
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column. Thus we may write 
A = aia + a,Ar+ as3As + &e., 
A = Lye ef aia b.B, + b,B, = &e. ; 
or, again, A = 4A, + 6,B, + ¢,0, + &., 
A = 4,4, + 6.B, + oC. + &e. 
The student, on referring to Ex. 3, Art. 118, will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely, 


Pee eee b,c ay ba d b,c, a, 


A=a,| bs cs; ds |+d2| bg Cy dy | +a3| b. ec. d, | +ay!| bs cs dy 


4 


by cy cy bs cz; ds by Cy dy | area & 


We proceed to show that in the general case, writing A in 


the form 
A = a,A, air Pte, Ae aA; ne eg eae Ung Ae: 


the coefficients 4,, A., A;, &c., are determinants of the order 
n—1.. 3 
In effecting all the permutations of the suffixes 1, 2,3....n,— 
suppose first 1 to remain in the leading place, as in the example 
referred to; we then obtain 1.2.3 ....(n-—1) terms which have 


a, as a factor, and 
; GA, = GS st OG ee: 


hence 
0 ta ; 
Pay eae l. 
A= 315.6 .44= : : ; 
ie a aa 


and this determinant is the minor corresponding to the consti-_ 
tuent a, or A, = Ag,. 
To find the value of A., we bring a, into the leading place — 
by one displacement of rows. This changesthe sign of A, so- 
that we obtain A, = —A,,, i.e. A, = the minor corresponding to 
a, with its side changed. Again, bringing a, to the leading 
place by two displacements, we have A;= A,,; and so on. _ 
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Thus we conclude that, in general, 
A = 4@,Aa, — Aa, + Au, — WAa, + Ke. 


Similarly, we can expand A in terms of the constituents of 
any other column, or any row. For example, 


A= a,Aa, ae bi As, = & (Ac, — &e. 


If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant (a,),c,d,e;) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to @;Ag,. Here two displacements upwards, and after- 
wards three to the left, will bring d; to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows: — 
Proceed from a, to the constituent under consideration along the top 
row, and down the column containing the constituent ; the number 
of letters passed over before reaching the constituent will decide the 
sign to be attached to the minor. In the example just given, 
beginning at @,, we count a, b,, ¢, d,,d2, 1.e. five; and this number 
being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value ofa determinant by successive 
reductions to determinants of lower degree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
positive (whatever the row or column under consideration), 
and the coefficient of any constituent represented by the cor- 
responding capital letter. By substituting for the capital letter 
the corresponding minor with the proper sign, determined in 
the manner above explained, the latter notation is changed into 
the former. 


$2 
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EXAMPLEs. 
] a, dy Cc) 
be eg b ey bh 4 
@o ba tg |= — a2 + a3 
bz 63 b3 63 be C2 
a3 b3 Cs) 


= &b203 — ayb3¢g — agb10¢3 + aghge1 + azh1 C2 — agb2¢. 


(Compare (2), Art. 117.) 


a1 a hg 
ee 3 hg hg 
ee ale gee ek —hA +9 
a Ae ce ee & 
dee 


= abe + 2fgh — af? — bg? — ch?. 
3. Expand the determinant of the fourth order in terms of the constituents of 
the fourth row. 
A=— %4Aa, + bsAd, gies dsAa, 


bh oy m4 C) ay a db ay a. hb 
=- 74 bg co dh + bg a2 C2 ae —C4 a, be deo’ |+d4| aa de ce |. 
bs C3 dz as C3 dz a3 bs a3 a3 bs C3 


’ When the determinants of the third order are expanded this will give the ex- 
pression of Ex. 3, Art. 118, as the student will easily verify. 


4. 3 2 4 
6 1 24 bee 
foo 6 lS 8 - +5 | 
oS 8 | Dae | 
63.28 | 
= 3 (48 — 3) -—7 (16-12) + (2 — 24) 
=—3. 
5. Find the value of the determinant 
8 . a> 20 
a 1 4 7 
a 
5 0 ll 0 


8 1 0 6 
It is plainly convenient to expand this in terms of the third row, since two of 
the constituents in that row vanish. 
7 2 20 8 (pecs 
Pe, Ee Eee Gia eet eae me Nee, 
1 0 6 a | 6 
and expanding the two determinants of the third order, we find 4 = 2188. 
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6. Expand 0 e b d 
c 0 a e 


eee OF. 


d ag & 0 


Ans. a’d* + be? + ef? — 2beef — 2cafd — 2abde. 


=1+a?+ B?+ 77+ a? + B+ 2+ (aa’ + BB’ + y7’)?. 


a c 5b -a 


Ans. at + b4 + ch + d4 — 2b? ¢? — 2c? a? — 2a? b? — 2a? d? — 2b? d? — 2c? d? 48.abed. ©) 


9. Prove the following identity, and expand the determinants :— 


0 1 1 1 0 x y Z 

1 0 SF Ee 0 z y 

1 S20 x . y z 0 x 
ot eee ee | Z y 2 0 


Ans. x + y! + 24 — Qy?2? — 22? x? — 2x23, 


10. Find the value of the determinant 


a h g A 

h b im 
A= . 

g Sf ec vy 

A Mu v 0 


Expand first in terms of the last row or last column, and then each of the 
determinants of the third order in terms of A, pw, v. 
Ans. — & = (be — f?) A? + (ca — g?) up? + (ab — h?) v2 + 2 (gh — af) py 
+ 2(hf — bg) vA + 2( fg — ch) Au. 
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125. Laplaee’s Development of a Determinant,— 
The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we now expand it as a linear 
function of the minors comprised in any number of lines. 

Consider, for example, the first two columns (a, 6) of any 
determinant; and let all possible determinants of the second 
order (a,b,), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the a, and b, lines be represented by A,,,; then the deter- 
minant can be expanded in the form & + (a,b,) Ap, g, where 
each term is the product of two complementary determinants 
(see Art. 123). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column 4. Suppose a term to contain the 
factor a,b,, there must then (interchanging p and qg) be another 
term differing only in the sign and the interchange of these 
suffixes; hence, the determinant can be expanded in the form 
= (ap bg) Apyg 3 and A,,, is plainly the sum of all the terms 
which can be obtained by permuting in every possible way 
the n - 2 suffixes of the letters c, d, e, &c., viz. + Ap,g, the 
sign being determined in any particular instance by the rule 
of Art. 118. This reasoning can easily be extended to the 
general case. Let any number p of columns be taken, and all 
possible minors formed by taking p rows of these columns. 
Hach of these minors is to be then multiplied by the comple- — 
mentary minor, and the determinant expressed as the sum of 
all such products with their proper signs. 


EXAMPLES. 


1. Expand the determinant (a;2c¢3d4) in terms of the minors of the second order 
formed from the first two columns. 

Employing the bracket notation, we can write down the result as follows :— 
(a, b2) (c3d4) — (4143) (cody) + (4104) (c2d3) + (@2b3) (e1d4) — (aaa) (e143) + (a3ba) (erd2) ; 
where the sign to be attached to any product is determined by moving the two rows 
involved in the first factor into the positions of first and second row. Thus, for 
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example, since three displacements are required to move the second and fourth rows 
into these positions, the sign of the product (424) (cids) is negative. 

2. Expand similarly the determinant (a,b2c3d4¢5). 


Ans. (ayb2) (¢sds¢5) — (a103) (c2d4es) + (41b4) (C2ds¢5) — (415) (cade) 
+ (a2b3) (c,d 4é5) _ (ab) (c:d3é5) + (a2b5) (c,d3¢4) + (a3b4) (cid2€5) 
— (agbs) (¢\d2e4) + (a4bs) (eid2es). 


3. Prove the identity 
(ha ean hi 


a2 bz c2 do e2 fe 


a bh a Ai 

a3 bs ¢3 d3 @3 fs 
=| a2 b2 ec a, Be ¥2 

O50 0: a Bi mn 
a3 b3 6 a3 Bs Y¥3 


O--¢ 0 a Bs 


Ct. 0 = fi 1 


This appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is evident that all these minors vanish (having one row 
at least of ciphers) except one, viz. (a152¢3). 

In general it appears in the same way that if a determinant of the 2m order 
contains in any position a square of m?* ciphers, it can be expressed as the product 
of two determinants of the m** order. 


4. Expand the determinant 


oe ae 
BP oe 
g | i eee et f 
jhe 
pitta Soa ate | eo 


in powers of a, 8B, y, where 
a=pr—pv, B=vr’—vA, y =A —Ap. 
Ans. aa? + bB* + cy? + 2fBy + 2gya + 2haB. 


5. Verify the development of the present Article by showing that it gives in the 
general case the proper number of terms. 

Consider the first r columns of a determinant of the n** order. The number of 
minors formed from these is equal to the number of combinations of » things taken 
r together. This number multiplied by 1.2.3. . . 7 (the number of terms in each 
minor), and 1.2.3... — (the number of terms in each complementary minor), 
will be found to give 1.2.3... , viz. the number of terms in the determinant. 
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126. Development of a Determinant in Products 
In this and the next fol- 
lowing Articles will be explained two additional modes of 
development which will be found useful in the expansion of 
certain determinants of special form. The application which 


of the leading Constituents. 


follows will be sufficient to show how any determinant may 
be expanded in products of the leading constituents— 
It is required to expand the determinant of the fourth order 


o. Deas (7 ¢C} ad, | 


| 


ae B C2 ad 
a3 bs C a3 


a4 bg C4 D 


according to the products of 4A, B, C, D. In order to give prominence to the 
leading constituents we have here replaced a, 52, ¢3, dg by A, B, C, D. When 
the expansion is effected it is plain that the result must be of the form 


A= Ao + SAA + SA’AB + ABCD, 


where Apo consists of all the terms in which no leading constituent occurs; SAA is 
the sum of all the terms in which one only of these constituents occurs; 3A’AB._is 
the sum of all in which the product of a pair of the leading constituents is found; 
and ABCD, the leading term, is the product of all these constituents. It will be 
observed that the expansion here written contains no terms of the form A”_4 BC, and 
t is evident in general that the expanded determinant can contain no terms in 
which products of all the leading constituents but one occur, since the coefficient 
of any such product is the remaining diagonal constituent. It only remains to see 
what is the form of Ao, and of the undetermined coefficients A, u,...A’, w,.-. ke. 
Putting A, B, C, D all equal to zero in the identity above written, we have 


0 by rT ay 
a2 0 ce2 de 


a3 bs 0 d3 


a4 b C4 0 


Again, to obtain A, let B, C, D be made equal to zero. The coefficient of A is 
plainly the determinant 


the coefticient of B is similarly obtained by replacing A, C, D each by zero in the 


eee ee eo ee 
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minor complementary to B; and soon. To obtain a’, let Cand D be made zero; 
the coefficient of 4B in the resulting determinant is plainly the second minor 


0 ds 


C4 0 


The coefficient of any other product is obtained in a similar manner. Finally, 
the expansion of A may be written in the form 


0 by ¢} ay 
a4 0 C2 d2 


a3 bs 0 dz 


a4 bs C4 0 


0 ce de ea pee eer 0h ad Ooh er 4 


+A 6b, 0 d3 |}+ Bi az 0 d3 |+ Cl ae 0 dg |4+Di wm 0 ep 


bg C4 0 ay C4 0 aA bs 0 a3 bs 0 

0 a3 0 de 0 0 a, 0 Ce} 0 by | 
+ AB +AC + AD RCC RD fd) a 

% 0 bg 0 bg 0 a4 a3 0 a2 0. 
+ ABCD. 


A determinant whose leading constituents all vanish has been called zero-arial. 
The result just obtained may be stated as follows :—Any determinant may be ex- 
panded in products of the leading constituents, the coefficient of every product in the 
result being a zero-axial determinant. 


127. Expansion of a Determinant by Products in 
Pairs of the Constituents of a Row and Column.—In 
what follows we take the first row and first column as those in 
terms of which the expansion is required. This is plainly suf- 
ficient, since any other row and column may be brought by 
displacements into these positions. It will*be found convenient 
to write the determinant under consideration in the form 


4 a: Boy % 
a’ ay b, C; . 
; Go te G5 


Y a; b, Cs 
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Let this be denoted by A’, and its leading first minor 
(a,b.c;...) by the usual notation A. The determinant A’ may 
be said to be derived from A by bordering it, horizontally with 
the constituents a, a, 3, y, ..., and vertically with the consti- 
tuents a, a’, 3’, y’,... When A’ is expanded, all the terms 
which contain a, are included in a,A. In addition to this, the 
expansion will consist of the product of every other constituent 
of the first column by every other constituent of the first row, 
every such product of two being multiplied by its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of a, bi, G4, ... dz, bo... . &e., in the expan- 
sion of A be Aj, Bi, ... Ax, B, ..., according to the notation 
explained in Art. 124. It is plain that the factor which multi- 
plies any product, for example aa’, in the expansion of A’, is the 
same as the factor which multiplies a,a, with sign changed, viz. 
—A,; similarly the factor which multiplies a’ is the factor with 
sign changed of a,b,, viz.— B,; and so on. To obtain the factor 
of any such product the rule plainly is—Jind the fourth consti- 
tuent completing the rectangle formed by the leading term a, and 
the two constituents which enter into the product: the required 
Jactor is obtained by substituting for the constituent of A so found 
the corresponding capital letter with the negative sign. It appears 
therefore finally that the expansion of A’ may be written in the 
following form :— 


A’=a,A - A,aa’- B,Ba’-Cyya’-... 
— A,af3’— B.B’- Cryp’-... 
— A;ay’- B;By'- Csyy’-... 
— &e. 


Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

128. Addition of Determinants. Prov. V.—/J// every 
constituent in any line can be resolved into the sum of two others, 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to be a, + , 
a, +2, d;+ a, &ce. Substituting these in the expansion of 
Art. 124, we have 


A = (a, + a) A, + (2 + az) Az + (ds + a3) As + Ke. 


can GA, + ,A.+ a3A 3 toe &e, a er. ne a, A, 3 a,A; AE &e. ; 


or, 
A, + Ao by Ca. - Ae b, Ca... de b. Ca. e 

= a ’ 
a3 + a3 bs Cae As bs C3 . a3 bs Cs a) 


which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be resolved into the sum of four others. Tor example, the de- 
terminant 


Qt; b; aE en C; 
2g + Ag b, + Bo C2 
d3 + 3 : bs + Ps C3 


is (using the notation of Art. 123) equal to the sum of the four 
determinants 


(@,b20¢3) + (a1 5203) + (a; [32¢3) + (ai 3203). 


Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example— 


, 


a—-a,+a‘y b, Cy ay by C; a; b, Ci a, b, Cy 


, 
(—a,+a2 b, Co i=| & by Ca" l = is b, C2 | +| a2 b, Cy. 


lg— ast a’; b; C3 as bs C3 as b; C3 a3 b, C3 
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And, in general, if one column consists of the algebraic sum of 
m others, a second column of the sum of n others, a third of the 
sum of p others, &c., the determinant can be resolved into the 
sum of mnp ..., &c., others. 

Similar alts plainly hold with conee to the rows, which 
may be substituted for columns in the proof just given. 


129. Prov. VI.—Jf the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines multi- 
plied by constant factors, the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 
ma,+nb, a bh Gr Oy b, a, Od, 

4 Ds As b. . 


Mae nO, Gs 0s | = a a 0 


de + 10s ds 0s 1 eat) Paas | Os ig Oe 


and each of the latter determinants vanishes (Art. 120). 


130. Prop. VII.—A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns, multiplied respectively by constant Jactors. 

For when the determinant is resolved into the sum of others, 
as in Art. 128, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. ‘Thus, for example, 


Ay or 6 a+mb,+ne, 6 
ao a + Mba + NC. 6, C2 |; 
ee eae dg+mb,+ncs bs Cs 


for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 129). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 
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EXAMPLES. 
1. Show that the following determinant vanishes :— 
Bt+y a 1 
y¥+a B 1 


a+B ¥ 1 


Adding the constituents of the second column to those of the first, we can take 
out a+ 8+ y asa factor, and two columns then become identical. 


2. Find the value of the determinant 


1 2 4 
2 3 7 
3 a 10 


Subtracting the constituents of the first column from those of the second, and 
three times the constituents of the first col:mn from those of the third, we obtain 


1 1 1 

2 1 Ly 

3 1 l 

which vanishes identically. 
Pe [aeerte Gees Wee) cae ca Se ee ee ag 
(PAU 5e ae 
ee hate Ba Tee aay ae 2 | 
= =| 2 ¢ 2° 15— 16 
Pe i ese ieee | Baga | 
y ie a 

| as Ven | 0-2 2.8 


Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 


4. (outs (eee Eisee 7 -—10 -10 


13 15 10}=3/13 15 10|=3|13 -24 -16]-3 
| | 24 16 
| 


1 678 
= 30(16 — 24) = — 240. 


30 G Oe alee 


Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Art. 122; but in general it can be effected more readily by direct addi- 
tions or subtractions, as in the present instance. 


Bere 0 Foe 0S 
| 119 9-47 
fe eee ee | et 0 0) Ey | 
| = e276 8 
Oe). be 
| ieee eee 
| Sid ee A tee Os 9 


The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 


second column from the first, and three times the second column from the third. 
Thus 


i 2h te OY ee) 

| | 4 Or 

a ee eG ; G72 
—27 -17 

9 8g eee ese 


6. Calculate the determinant 


1 15 14 4 
12 6 7 9 
a 
8 10 11 5) 
13 3 2 16 


The first sixteen natural numbers are arranged here in what is called a ‘‘ magic 
square,”’ i.e. the sum of all the figures in any row or in any column is constant. In 


general for a square of the first x? numbers this sum is 4” (n?+1). Determinants. 


of this kind can be at once reduced one degree. Here, adding the last three columns 
to the first, and subtracting the last row from each of the others, we have 


esa ee ee | § 12.495 19. 
| | ee ee | 
60° 79 asa ace eee ar 
A = 34 = 34 l= $4 21913 2 67 
y 10 11 5 61-9 
| yee eee 
i 3 2 6 lo 82 16 


and subtracting the second row from the last row, it is evident that the reduced de- 
terminant vanishes; hence A=0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square : 


4 9 2 
3 5 7 
8 1 6 


Ans. 360. 
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8. Calculate the determinant formed by the first twenty-five natural numbers 
arranged in a magic square : 


10 18 1 14 22 
4 12 25 8 16 


23 6 19 v4 15 
ct 5 13 ya | 9 
11 24 7 20 3 


Ans. — 4680000. 


9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 124. 


Qa it i es | 0 0 
i 1 2 Bi 
lo 0 ee sae) 2 ¥? 
AS = Pe er er 
ks 0 ae loos ee ee 
1 x#-y? -y¥ 
by 0 1 yxy? -y? 


Here, to obtain the second determinant, we subtract the second column from each 
of the following ones. In the reduced determinant, subtracting the first row from 
each of the following, we find 


1 Fd y? 
22° yt+e2—2? 
A=-|0 — 22? gy? |= 
y2+22 - x2 Qy? 
0 xyz? — 2y? 


= (y24 2-2) 4y22 
=(y2 + 2-2? + Qyz)(y? + 2° — x? — Qyz) 
= {(y + 2)?—2°} {(y—2? — 27} 
=—(rty+z(yt+2—a2)(2+2-y)(x+y—-2). 
10. Prove the identity 


(b+e) a* a* 
A= b? (e+ a)* b | = 2abe (a+ b+). 
| 
a ct (a+b)? | 


Subtracting the last column from each of the others, (a+ +c)? may be taken out 
asa factor. Calling the remaining determinant 4’, and subtracting in it the sum of 
the first two rows from the last, we have 


b+c-a 0 a* b+cec-a 0 a? 
a'= 0 c+a—b 2 |= 0 e+a—b 
e-a—b c-a-b (a+b)? — 26 — 2a 2ab 
a (b+ec-a) 0 a? 
l 
— —_ & - 
= 0 b(e+a—5) 
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Adding the last column to each of the others, we obtain 


a(b+c) a a 
oe | a(b+e) a b+e «a 
OS biota) 18 le oak 
b ig b (c+a) b cta 
0 0 2ab 
= 2abe(at+b+ec). — 
Hence, A=A' (a+b +4)? = 2abe (a + b + c)3. 
11. Prove the identity 
i 1 1 


a  B yy |=(B-+¥)(y-4)(a—-B) (a+ B+). 
a> BS aad 
Subtracting the first column from each of the others, B — a and y — a become 


factors. In the reduced determinant, subtract the first row multiplied by a? from 
the second row. 


12. Resolve into simple factors the determinant oe 


1 1 1 1 


at Bt we 54 
Proceeding as in Ex. 11, we easily find that (8 — a) (y — a) (6 — a) is a factor, 
and that the reduced determinant is 
1 1 1 
Bia y-he d+a 


| 
B+ Bat Bar+a® yw+yatyata® 8+ 8at da? + a3 | 
Subtracting the first column from each of the others, (y —8)(5— 8) comes out 


as a factor, and the remaining factor is easily found to be (§— y)(a+AB+y +5). 
Hence, finally, 


A=-— (B-7)(a—5)(y — a)(B— 8)(a— B)(y —8)(a+B+7+8). 
13. Resolve into linear factors the determinant 


a: 6. 
ye ae gee See 
oe es 


Multiply the second column by w, and the third by w?; and add to the first. 
‘The factor a+ wb + w*e may then be taken off the first column (since w*= 1), leaving 
the constituents 1, w, w*. Adding then the second and third rows to the first, the 
factor a + 6 + ¢ may be taken out; and the remaining determiuant is easily found 
to be equal toa+w*h+we. Hence we have 


A=(a+ b+0¢) (a+ wh + wc) (a + wd + we). 
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14. Resolve into linear factors the determinant 


es te geek | 

- 4.8 -¢ 
A= 

i 6 <4 2 

4.) 


The result is as follows :— 
A=—(a+b+e+d)(b+c—a—d) (¢+a—b-d)(a+b-c-d), 
since each of the factors here written is a factor of the determinant ; for example, 
a+6-—c-—d is shown to be a factor by adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of a‘ it appears that the 
negative sign must be attached to the product. 

It may be observed that the determinant of Ex. 9 is a particular case of the 
determinant .here considered, viz. that obtained by putting a = 0, as will appear 
by comparing the equivalent forms of Ex. 9, Art. 124. 

131. Multiplication of Determinants.—Pror. VIII.— 
The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (ab.¢;), (ai:(2ys) 1s 


ayay + bP, + Cy aya, + bi 8. +CiY2 Maz t+ bs + Ciys 


axa, + b,(9; + Coyi1 2aq + b.(3. + Coy2 aa3 + b.[35 + C23 


asa, + b5(3, + Cs¥1 G3@2 + b:3.2 + Csy2 = Ass + b:3s + C33 


whose constituents are the sums of the products of the con- 
stituents in any row of (a,).c;) by the corresponding constituents 
in any row of (aiPzy3). | 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Art. 
128). Now it will be observed that when any one of these 
is written down, a common factor can be taken off each column ; 
and that several of the partial determinants will, when these 
_ factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
‘selected. Taking, for example, the first vertical line of the first 

T 
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column ; this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows :— 


ne, 1 See Pee 


aPz73 A b, t + My2[s A, Cy by |, 


ag 0; 4; a3 C3 bs 


Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. ‘Thus 
there are in all six terms; and it is plain that (a,),c;) is a 
factor in each of these. Taking out this factor there remains 
the sum of six terms— 


aes = a,[3sy2 pe ar[r73 + as[3172 + arps71 = a3(32V15 


and this is the determinant (a,/3.y;). We have therefore proved 
that the determinant above written is the Pe of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns; hence, the product may be written — 
in several different forms as a determinant; but these will, 
of course, give the same value when expanded. 


132. Multiplication of Determinants continued.— 
Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi- — 
nants of the same order, may be derived from Laplace’s mode — 
of development already explained (Art. 125). | 

The nature of this proof will be sufficiently understood from | 
the application which follows to two determinants of the third © 
order :— 
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The product of the two determinants (a; 52¢3), (a; B23) is (see Ex. 3, Art. 126) 
plainly equal to the determinant 


eh Be ew 
a2 bg C2 0 0 0 
a3 bs Cg 0 0 0 
-1 0 0 ai a2 a3 
0 -1 0 Bi ps 


0. 0 -il Vo 


In this determinant add to the fourth column the sum of the first multiplied by 
a1, the second by fi, and the third by y; add to the fifth column the sum of the 
first multiplied by az, the second by B2, and the third by 42; and add to the sixth 
column the sum of the first multiplied by ag, the second by 83, and the third by 7s. 
The determinant becomes then 


a 6b) « aathiBitery aiazt biBetecry: aias +6163 + C13 
@z bg cg agar t+ b2Bitecoy. a2az+ b2B2+ c2y2 a2a3 + b2B3 + Coys 


as by cg agait+ b3Bitesyi @3a2+ 0382+ e372 4303 + b3B3 + esys 


te oO 0 0 0 
ree oe | 0 0 0 
G.. 02.-3 0 0 0 


And this is, by Art. 125, equal to the product (with the proper sign) of the deter- 
minant 
-1 0 0 


0 -1 0 | (which is equal to —1) 


by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down the first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacements 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the product-determinant of Art. 131 is always 


positive. 


T2 
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EXAMPLEs. 
1. Show that the product of the two determinants 
| a+ ib c+id 


| 
'-—e+iad a— ib 


b 


a’ — id’ c — id’ 
’ 


—c' — id’ a’ + ib’ 
where i = V—1, may be written in the form 


D-iC B-iA 


—-B-iA D+iC 
where 
A=tbe'—Ub'c+ad'-ad, Baca’ -—cat+ bd’ —)'d, 


C =al'’—avb+ca'’—cd, Dz=aa'+bb'+ cc’ + dd’; 
and hence prove Euler’s theorem 
(a? + b2 4+ c& 4+ d?) (a? + 6% 4 6% 4 a") 
= (aa’ + bb’ + ce + da’)? + (bc' — W’e + ad’ — a'd)* 
+ (ca’ — c'a+ bd’ — b'd)? + (ab’ — wb + cd’ — cd)’, 
viz. the product of two sums each of four squares can be expressed as the sum of four 


squares. 


2. Prove the following expression for the square of a determinant of the third 


order :— 
£6 ¢e.\2 2 (ac — 5) ac’ +a'c—2b0' = ae” + ac — 208" | 
el @ B oc lel ad+a'e—-2Y 2d -— 8%) ae’ ta"—248" |. 
3 8 o: ac’+al"e—2bb" ale’ + a" —20'b" = 2 (a"c” — 5") | 


This appears by multiplying the two determinants 


a b c ec —26 a 
PL fe gee "Mone | ae Ges 
a tN rb cl” lke 2b" a 


which differ only by the factor 2. 
3. Prove the identity 
Qhe — a (od b 
c ca — b a |= (8+ B+ 3 — 3abe)*, 


b a* 2ab— 
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This may be readily proved by multiplying together the two equivalent deter- 
minants 


a b c —a ¢c b 
b c re —5b a c 
c a b -¢ b a 


4. Show that two determinants of different orders may be multiplied together. 


For their urders may be made equal; since the order of any determinant can be 
increased by adding any number of columns and the same number of rows consisting 
of units in the diagonal, and all the rest zero constituents. For example, 


1 0 0 or 


| 
a by, | 0 1 0 0 
may be written | 7 
a2 be | 0 ee eee 
| 0 0 a2 be 


the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constituents (i.e. those either to the right or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus (a,42) may be written in either of the forms 


1 a B of 1 a B e 
0 1 5 € 0 1 0 
ee 
0 0 a2 be 0 € a2 b: 


as readily appears by means of the expansion of Art. 124. 


133. Rectangular Arrays.—Arrays in which the num- 
ber of rows is not equal tothe number of columns may be called 
rectangular. These do not themselves represent any definite 
function; but if two such arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 131 
a determinant whose value we proceed to investigate. 


(1). When the number of columns exceeds the number of rows. 


Take, for example, the two rectangular arrays, 


% b Gy a, a ay) ey ys oO: (2) 
), 2); 
a, b, ad, a, Bx 72 e: 
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and performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 


aya, + bp 2 (iyi ss de; Qa, + bi 32 - CiY2 - d102 | 
A2a, + b.3, ao C21 = a0, Aeag + b.[3. + C22 - dO2 | 
The value of this is easily found to be 


(a,b2) (ai(32) Ss (a1C2) (ary2) ee (a,d2) (a,0:) if (C3) (Bry2) 
+ (bide) (Bid2) + (eds) (y182), 
i.e. the sum of the products of all possible determinants which can 
be formed from one array (by taking a number of columns equal to 
the number of rows) multiplied by the corresponding determinants 
Jormed from the other array. 

Another proof of this proposition, ana.ogous to the treat- 
ment of multiplication of determinants in Art. 132, is given in 
the sixth of the following examples; and either of these proofs 
can be easily generalised. 

(2). When the number of rows exceeds the number of columns 
the resulting determinant vanishes. 

Take, for example, the two arrays, 


a b ay By 
Ae bo CO), a2 Be (2). 
(3 bs a3 Bs \ 


Performing the process of multiplication, we have 
ay\a1 + b,3, Aa + bi: Be Mas + b,(s 
Aza, + bf, A2Az + b2{3. AzA3 + b.[33 


a3a, + b3(31 A3A2 + b:(32 asa3 + b;(3 
It will be observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes. 

A similar proof applies in general. It is only necessary in 
any instance to add to each array columns of ciphers, so as to 
make the number of columns equal to the number of rows, and 
then multiply the two determinants. 
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EXAMPLES. 


1. From the two arrays 


beer Var | | ae 
on 


a BUY a8 4 


(2), 


prove 


3 at+Bt+y 
m(a—f)t (a= 9) + 8-7). 


atBt+y a+ p++’? 


2. From the two arrays _ 


[aoe Sane c —2b a 
(1), (2), 


prove 
4 (ac — b?) (a’c’ — b'2) — (ac’ + a’e — 2bb')? = 4 (be’ — b’e) (ab’ — a’b) — (ac’ — a’e)? 


a b | 
a be. : 
prove 


(a? +b? + c2)(a’? + b + ¢') = (aa’ + bb’ + cc")? + (be’ — b’c)? + (ca’ — c'a)? + (ab’ — a'b)?. 


3. By squaring the array 


4. Verify, by squaring the array 


the result of Ex. 1, Art. 132. 

5. Prove the determinant identity 
(a, — b1)? (ay — bz)? (a, — bs)? (a1 — 44)? 
(a2 — by)? (a2 — 02)? (a2 — 53)? (a2 — 04)? 


= 0. 
(a3 — bi)? (a3 — ba)? (a3 — 3)? (a3 — a)? 
(ag — 1)? (ag — 52)? (ag — 3)? (ag — 54)? | 
This can be proved by multiplying the two arrays 
OY eae eae | a 1 —325; | 
a2? a2 1 1 - 2Qhe b.7 
> (1), ? (2). 
asx ag (1 1 —2), 6,° | 
at a 1) 1 —2hy 3 J 
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6. Find the value of the following determinant, and hence derive another proof 
of the property of arrays of the first kind— 

Sc er tr vag 8 0 
a2 bg cg dz O 0 
-—1 0 0 0 a. =a 
OS) 20s 0 By as 
ieee es cea ey ee 
0 0 0 -1 di 52 


Expanding this by Laplace’s method, we readily find its value to be the six 
products, =(a142) (ai82), of p. 278; and treating the determinant as in Art. 132, viz. 
adding to the fifth column the sum of the first multiplied by a1, the second by Ai, 
&c., we reduce it to the determinant of the second order at the top of p. 278. 


134. Solution of a System of Linear Equations.— 
We have seen in Art. 124 that a determinant may be expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent being the corre- 
sponding minor with its proper sign. We have, for example, 


A = 4,4, + aA, + 034; + &e. 
Now, the coefficients A,, A., &c., are connected with the consti- 
tuents of the other columns by n — 1 identical relations, viz. 
b,A, + b,A, + 0,43 + &e. = 0. 
¢,A, + A, + 3A; + &e. = 0, &e.; 


for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
ly, Az, 43, &e., and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three unknown quantities 2, y, s, is sufficient to 
explain the general process. Let the equations be 


Ax + by + C3 = Mi, 
Age + by + C23 = Mey 


age + bsy + C38 = M3. 
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Multiply the first equation by A,, the second by A., and the 
third by A,; and add. The coefficients of y and = vanish, in 
virtue of the relations above proved, and we obtain 


(a,A, + a,A, — a;A3) c= m,A, ee 2A» + mi3A3, 


or 
MD ty 
Ag =ut My by 6.1, 
Ms bec. 


where A represents the determinant formed from the nine con- 
stituents a, b,, ¢, &e. 
Similarly, multiplying by B,, B., B;, we obtain 


(b,B, + b.B, x b; Bs) Y = m,B, 7 m,B, “+ m;B;, 


ii a 
AY el Gy. Ms Cy 
a3 Ms Cz 


where the determinant on the right-hand side is what A becomes 
when 22;, m., #3 are substituted for the constituents of the second 
column. Similarly, we obtain for s 


a 0, om; 
Az=| a 6b, m, 
a hy om 


These values may be written more compactly, as follows :— 
Ax = (mbes), Ay = (ames), As = (a,b.ms). 
In general, the values of 2, y, s, &c., may be written as 
follows :— 


(m, byes... 1) (a, M2bs.. . Ln) (a, b,ms... d,) 
i ia a Ke. 
. (a b. C3 O66 Ly Y (a, b. C3 49 i) : (a, b. C3 ee fy: : 


where, to obtain the value of any unknown, the known quanti- 
ties m,, m., &c., on the right-hand side of the given equations 
are to be substituted in A for the coefficients of the required 
unknown, and the determinant so formed to be divided by A. 
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135. Linear Homogeneous Equations.— When » —- 1 
linear homogeneous equations between x variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article; or we may determine these ratios more 
conveniently, as follows. We take the particular case of three 
equations between four quantities z, y, s, w, which will be 
sufficient to illustrate the general process : 


ae t+ by +os+ dw = 0 
ae+by+e2+dw=0 ?. (1) 
at by +es+dw=0 ; 


To these may be added a fourth equation whose coefficients 
are undetermined, viz. 


aye + Dy + C4 + dw = X. (2) 


Calling (a,b2¢;d,) as usual A, and solving from these four — 

equations by the method of the last Article, we obtain, since — 

m,=0, m,=0, m;=0, m =A, the following values :— 
Az AAs, Ay = AB, Ae = AC, a0 = AD, 


or, 
St a a es 3 

ae be Ce aD 8) 

The first three of these equations express the ratios of 2, y, 

z, win terms of the coefficients in the three given equations. — 
And, in general, the variables are proportional to the coefficients — 
nm the expansion of A of the constituents of the n row supposed — 
added to the n—1 rows resulting from the given equations. | 
We can now express the condition that » linear homogeneous ; 
equations should be consistent with one another; for example, — 
that the equation (2) should, when A = 0, be consistent with the — 
equations (1). We have only to substitute in (2) the ratios 67 
derived from (1), when we obtain 3 
aA, a b,B, + ¢,C, + dD, = 0, 


or 
A=0. 


Reciprocal Determinants. 283 


The same thing appears from the equations (3) ; for if A =0, 
and if 2, y, %, « do not all vanish, A must vanish. 

What has been proved may be expressed as follows :—The 
result of eliminating n quantities between n equations linear and 
homogencous in these quantities is the vanishing of the determinant 
Sormed by the coefficients of the given equations. 


136. Reciprocal Determinants. — The quantities 
A,, B,, C,... A., B,, &e. (Art. 124), which occur in the ex- 
pansion of a determinant (7. e. the first minors with their proper 
signs), may be called ¢nverse constituents ; and the determinant 
formed with them the inverse or reciprocal determinant. We 
proceed to prove certain useful relations connecting the two 
determinants. 

(1). Yo express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A’, and multiply the two 
determinants 


ay b, C; A, B, C; 
Awl a kh eke | A Bh AC, 
a; bs Cs | A, B GQ; | 


All the constituents of the resulting determinant except those 
in the diagonal vanish (Art. 134); and the result is 


= A’: 


> © oO 


re Nara | 
Ad’=| 0 A 
0 0 


whence 
A’ = A’. 


The process here employed in the particular case of two de- 
terminants of the third order is equally applicable in general ; 
giving AA’= A", or A’= A". Hence the reciprocal determinant 
is equal to the (n— 1)" power of the given determinant. 
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(2) To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, for example, the determinant of the fourth order 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 134, 
we obtain 


7 Pee i vee ri ae F d ogous | feet | Soe ie 0 20 
Ge Oe te (Ag De Oy DD, | a, A Oo 0 
re es ee Ag tbs Ce dD; - rae | eee pe ; 
G20; te a ee tag One ED, a O° 0 
whence 
Beas 2D, 
eee bes Ce i, t= Grae 
DB, Ci D, 
or (B.C3D,) = a, A’, 


thus expressing the first minor of A’ complementary to A). 
Again, to express the second minors of A’, we have, by an 
exactly similar process, 


a0 dy Lo 8. a 0b, 
ibs Cs i Oe OG i 
es Pea eee) A We 3 Fate OF Aa 8S a; bs 
Go be Gd, O. Wines 3 Fee Ofaae fF i: 


whence 


oe 
> 2.5 2 


Cc. D; ay b, 
A ge a. 
C, D, Ae b, 
or (C3Ds) — (a,b2) ra 8 


The general theorem may be expressed as follows :—A minor 
of the order m formed out of the inverse constituents is equal to the 
complementary of the corresponding minor of the original determi- 
nant A multiplied by the (m —1)* power of A. 
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The method of proof above given can be generalized. In 


the case of a determinant of the fifth order, for example, the 


student will easily verify the following expression for a minor 
of the third order :— 


(C;D,E;) = (4,2) AY 


If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. ‘The vanishing of the minors of the second 
order may be expressed in the following useful form :— When a 
determinant vanishes, the constituents of any row of its reciprocal 
are proportional to those of any other row, and the constituents of 
any column to those of any other column. 


137. Symmetrical Determinants.—Two constituents of 
a determinant are said to be coujugate when one occupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. For example, d, and 
b, are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. 


‘Each of the leading constituents is its own conjugate. Any 


two conjugate constituents are situated in a line perpendicular 
to the principal diagonal, and at equal distances from it on 
opposite sides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 124, Exs. 2, 9, 
10, and Art. 125, Ex. 4. 

In a symmetrical determinant the first minors complemen- 
tary to any twe conjugate constituents are equal, since they 
differ only by an interchange of rows and columns. The 
corresponding inverse constituents are also equal, the signs 
to be attached to the minors being the same in both cases. 
It follows that the reciprocal of a symmetrical determinant is 
itself symmetrical. 

The leading minors are all symmetrical determinants. 


2 ieee date unica 
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The mode of expansion of Art. 127 is especially useful in — 
the case of symmetrical determinants, as will appear from the — 
examples which follow. : 


EXAMPLES. 


1. Form the reciprocal of the symmetrical determinant 


a h 9 | 
Pe ae Tene ae P 
$2 fe 


Using the capital letters to denote the reciprocal constituents as explained in 
Art. 124, so that A. may be expanded in any one of the forms a4 +hH+gG, — 
hH+0B+f/F, g@+fF+¢C, we may write the reciprocal determinant A’ as _ 
follows :— : : 
ne th 7 : 
th. ca 9) gh — 
if tg oh af ab i ‘ 


aH 8 
Ae A 6D F 
G F C 


2. Form similarly the reciprocal of 
a h 
| a 7 
Se SR Mer ac 


l m n ad 


Using a notation similar to that of the preceding example, so that A may be 
expanded indifferently in any of the forms 


aA+hH+g9G+IL, hH+bB+fF + mM, &., 


bs lagers: 


the reciprocal determinant A’ is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficulty in writing out, if — | 
necessary, the expanded form of any of the reciprocal constituents ; for example, F 
is the minor complementary to f with its proper sign (the negative sign in this case), : 
and F is therefore obtained from the expansion of 4 


Z ae d 4 


3. Expand the determinant A of Ex. 10, Art. 124, by the method of Art. 127, @ 
Bringing the last row and last column into the positions of first row and first _ 
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column, and using the notation of Ex. 1 for the inverse constituents of the leading 
minor, the result can be written down at once in the form 


—A = And? + Bu? + Cv? + 2Fuv + 2GvA + 2HAu. 


Since a determinant is unaltered when both rows and columns are written in 
reverse order, if the expansion of a determinant be required in terms of the last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the positions of first row and first column. The expansion can be 
written down from the determinant as it stands, replacing in the rule of Art. 127 
the leading constituent and its minor by the last diagonal constituent and its 
complementary minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
column, by the method of Art. 127. 

Attending to the remark at the end of the preceding example, and using 
A, B, C, F, G, H, to represent the same quantities as in Exs. 1 and 3, the result 
may be written down as follows :— 


a ee Be 
A=d|h b SF | -— APR — Bm — Cn? — 2Fmn — 2Gnl — 2Him. 
te Roe 


When a symmetrical determinant of any order is bordered symmetrically (i.e. by 
the same constituents horizontally and vertically) the result is plainly a symmetri- 
cal determinant of the next higher order. The result of Art. 127 shows in general 
that the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together with 
a homogeneous function of the second degree of the remaining added constituents. 

5. Expand the determinant 


. h l a 
eee m B 
OM Ee Se ey 
l “8 d 5 
a B ¥ ) 0 


This is the determinant of. Ex. 2, bordered symmetrically, the common consti- 
tuent of the added lines being zero. The result is plainly a homogeneous function 
of the second degree of a, B, y, 3; and, by aid of the notation of Ex. 2, the value 
of — A may be written down at once in the form 


Aa* + BB* + Cy* + DS + 2FBy + 2Gya + 2HaB + 2Lad5 + 2M BS + ANS. 


6. Prove by means of the Proposition of Art. 131, that the square of any deter- 
minant is a symmetrical determinant. 
S72. The product of two reciprocal determinants is the reciprocal determinant of 
the product of the two original determinants. 
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138. Skew-Symmetrie and Skew Determinants.— 
A skew-symmetric determinant is one in which every constituent 
is equal to its conjugate with sign changed. Since each leading 
constituent is its own conjugate, it follows that in such a deter- 
minant all the leading diagonal constituents are zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. ‘Thus, while a skew-symmetric determinant is 
zero-axial, a skew determinant is not. The calculation of a ~ 
skew determinant may plainly be reduced to that of skew- | 
symmetric determinants by the method of Art. 126. 

The remainder of this Article will be occupied with the proof 
of certain useful properties of skew-symmetric determinants. 

(1). A skew-symmetric determinant of odd order vanishes. 

For any skew-symmetric determinant A is unaltered by 
changing the columns into rows, and then changing the signs © 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A; hence A must in 
this case vanish. For example, 


0 -a -bd 
A=|-a 0 -e {20 
-b -c je 


(2). The reciprocal of a skew-symmetric determinant of the nt 4" 


order is a symmetric determinant when n is odd, and a skew-symmetric 7 
determinant when n ts even. | 

In any skew-symmetric determinant the minors correspond- ‘ 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. — 
Hence the two minors are equal when their order is even, — 
namely when n is odd; and equal with opposite signs when nis — 
even. In the former case, therefore, the reciprocal determinant — 
is symmetric ; and in the latter case it is skew-symmetric, its — 
leading diagonal constituents all being skew-symmetric deter- — 
minants of odd order. | 


~ 
“Sey, 
a 
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(3). A skew-symmetric determinant of even order is a perfect 
square. 

This follows from the principles established in Art. 136. 

Take, for example, the determinant of the fourth order 


0 a b c 
-a 0) d e 

Pl epg 
-c -e +f 0 


and let the inverse constituents forming its reciprocal be de- 
noted by A,, B,,...A:, &. We have then, by (2), Art. 136, 


Ok 
7 6 


A,B,-A,B,=A ara, 


Now A, and B,, being skew-symmetric determinants of odd 
order, vanish ; and A,=-— B,, since these are conjugate minors; 
hence f? A= .4,’, which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew-symmetric determinant of the 
fourth order is a perfect square; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
Ais also. By an exactly similar process, assuming the truth of 
the Proposition for the determinant of the sixth order, it follows 
for one of the eighth; and so on. 


EXAMPLES. 


1. Verify the following expression for the skew-symmetric determinant of the 
fourth order :— 


= (af — be + ed)? 
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2. Expand in powers of x the skew determinant 


i i ‘ ws 
When the expansion of Art. 126 is employed to calculate a skew determinant, 

it is to be observed that the determinants of odd order in the expansion all vanish, 

and those of even order may be expressed as squares. Here the coefficients of the 
odd powers of x plainly vanish, and the result takes the form 


Aaah (a? + B24 & 4d? 4/2 + f2) 2? + (af — be'+ ed)? 


t 
! 


3. Expand the skew determinant 


$229 
—-b -e C h ae 
-c¢ +f -h D J 


i-@. -g -ict-j \£ 
The result may be written in the form 


ABCDE + 3j?ABC + (oj —fi+gh)?A, 
where the first = includes ten terms similar to the one here written, and the second 
= includes five terms. The terms involving the products in pairs of the leading 
constituents vanish, as also the term not involving these quantities. 


4; The square of ‘any ‘determinant of even order can be expressed as a skew- 
symmetric determinant. 

The followi ing method of proof i is oper: in general. q 

The' square of (aybeesd4) is obtained os ee the two oe determi- 
nants :— : ae ‘Cae 8 4 


pede ge oe ee 
pai a2 bar c2 dp | | bg te tet 
9% b3 03 as oA ae eee 
ma bb wm che, 706 4 44 


and the product of these is 
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0, —(aib2) — (¢1d2), —(a1b3) — (eds), —(a1b4) — (e144), 
(a1 bo) + (rds), 0, —(d2bs) — (¢ads), —(a2bs) — (cod), 
(a1b3) + (¢1ds), (42s) + (c2ds), 0, —- (4304) — (¢sds), 
(4104) + (¢1ds), (42.4) + (24s), — (3 b4) + (3.44), 0, 


which is a skew-symmetric determinant. 


5. Form the reciprocal of a skew-symmetric determinant of the third order. 
Using for A the form in (1) of the present Article, the result is easily found 
to be the symmetric determinant 


c? —be . ac 
— be L —ab 
ac —ab a 


6. Form the reciprocal of the skew-symmetric determinant A of the fourth order 
in Ex. 1. 


Répresenting by @ the function af — be + cd whose square is equal to A, and by 
A’ the required reciprocal, we easily find 


of = dp 

x i 0 ep bp 
ep =e 0 ap 

— do bp —ap 


The value of this skew-symmetric determinant may be written down by aid of the 
result of Ex. 1. It is thus immediately verified that A’ = (af — be + ed)?o* = a’. 


i) 


7. Form the reciprocal of the skew-symmetric determinant A of the fifth order, 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 138), and since 
also it must be such that the constituents of any line are proportional to those of any 
parallel line (Art. 136), it appears that the required determinant must be of the 
form 


o> pig2 gids ids pe 
p2p1 $2" paps, prpa ads 
$3p1  pah2 hs”, apa ahs |, 
papi «paz Paha. Ga? haghs 
Psi Poh2 pops : Popa | Hs” 


4 : ‘ 
in which 91, $2, $3, $4, ¢s are five functions of the second degree in the original 


constituents whose squares are the values of the five first minors complementary to 
the leading constituents of A. 


U2 
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In general the reciprocal of a skew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, the diagonal constituents being the 
squares, and the remaining constituents the products in pairs, of 2m + 1 functions, 
each of the mt‘ degree in the original constituents. 


139. Theorem.—We conclude the present chapter with 
an important theorem relating to a determinant whose leading 
first minor vanishes. Adopting the notation of Art. 127, we 
regard A as the vanishing determinant, and state the theorem to 
be proved as follows :—J/ a determinant A, whose value is sero, 
be bordered in any manner, the product of the determinant so formed 
by the leading first minor of A is equal to the product of two linear 
homogeneous functions of the added constituents. 

Retaining the notation of Art. 127, we shall prove that the 
- product of A’ and A; may be expressed in the form :— 


A, A’=- (Aja + BiB + Cry +...) (Aia’ + A238’ + Asy’+...). 


This follows at once from (2) of Art. 186 by considering in 
the determinant reciprocal to A’ the values of the constituents 
inverse to @ a, a, a,; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 127, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 136), viz. that 
in the determinant formed by A,, B,, C,, &c., the constituents 
in any line are proportional to those in any parallel line. 

If the determinant A is symmetrical, and the bordering also 
symmetrical, the two factors on the right-hand side of the above 
equation become identical, and the theorem takes the following 
form :—IJf a symmetrical determinant, whose value is zero, be bor- 
dered symmetrically, the product of the determinant so formed by 
its leading second minor is equal to the square with negative sign of 
a linear homogeneous function of the bordering constituents. 

Regarding A’ as the original determinant, the following — 
useful statement may be given to the theorem just proved:—Jf _ 
in any symmetrical determinant the leading first minor vanish, the 
determinant itself and its leading second minor have opposite signs. 
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EXamMPLes, 


1. If a skew-symmetric determinant A of odd order 2m+1 be bordered in 
any manner, the resulting determinant A’ is equal to the product of two rational 
functions each containing the added constituents in the first degree, and the original 
constituents in the m** degree. 

Writing, according to the result of Ex. 7, Art. 138, the reciprocal of the given 
skew-symmetric determinant in the form 


go = =—s gigz = Hig 
$291 $2” g2p3 + |, 


and applying the theorem of the present Article, we find 


pA’ =— (pi°a + pip2B + pipsy +. . «)(pi?a’ + p2piB’ + papiy’ +--+); 
or A’ =-— (pia + $28 + pay + .-.) (pia + $28’ + day’ +...)- 

It may be observed that if in this result a’, p’, y’, &c., be made equal to -a, —8, 
—+, &c., respectively, we fall back on the theorem (3) of Art. 138. 

2. If a skew-symmetric determinant of even order 2m be bordered in any 
manner, the resulting determinant is equal to the product of two rational functions, 
one of the m**, and the other of the (m + 1)** degree in the constituents. 

This may be derived immediately from the last example by making therein all 
the added constituents a’, B’, y’, &c., equal to zero, except the last, which is to 
be made =1. The determinant then reduces to one of the (2m + 1) order of the 
kind here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m*’ degree in the result is the square 
root of the given skew-symmetric determinant of order 2m. 


3. Prove 


= — (aa + b8 + cy)(aa’ + bp’ + cy’). 


¥ b -a 0 £ 


v -@ -y <5 0 
Ans, (ax + by + cz) {2 (By) +y (ya') + £(aB') + a (ad’) +.0(83") + ¢(y8')}. 
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' } a : ] , 
MIscELLANEOUS EXampurs. 
t eae ; ’ ’ \ : 

1. Prove 

ao ay a2 


Cay eee 
where J has the same signification as in Ant. ee 
2. Prove : : : | oe oo : 
Bt+y y +a a +p | a Bui OY : 
B+y yy ta a’ +p’ |=2] a’ B' ~ 
Be ty” xy" +e" al? +B" a B” y" 
3. Prove | ; | 
BY Ry Phy ey 
ya yal tra ya’ | = (By’) (ya’) (a8'), 
aB ap'+aB a’B’ ae 


where the factors on the right-hand side are determinants of the second order. 


Dividing the rows by f’y’, y'a’, a’B’; and putting A = = = y= ” the 
‘ Qa. Fig ‘ ; ’ 


determinant (omitting a factor) reduces to the form 


1l pty. py t.-vA pd! 
Ll v+A wA |=] 1. -w WA | =—(u-v)(v—A)(A—p), &e. 
1 Atm! Ap Lee Ap fos a 


4. Find the value of the determinant 
Ll B+yt+d8 Byt+h3+75 Aye. |, eee as: 
Loatyti ayt+oad+yi-— ayd 
1 at+Bt+6 aB+a54+ 85 aBd 


l at+tBt+y aB+ay+By aby 


Since the interchange of two letters would make two rows identical, this can 
differ by a numerical factor only from the. product of the six differences. Or we 
may reduce the determinant easily to the form in Ex. 10, Art. 122. The value of 
a similar determinant of any order can be found in the same way ; and the sign ~ 
can be determined in any instance by the method of Ex. 9, Art. 122. 


Miscellaneous Examples. 295 


_ 5, Prove ' 2%, aS * 
By? +078? Byt+ad 1 
ya + 68? ya+ BS 1 | =(B--y)(a—-d)(y—a)(B—8)(a—-B)(y—8). 


} 


ap? +778? aoB+yds 1 


Add the last column multiplied by 2afyé to the first. The determinant becomes 
then of the form of Ex. 9, Art. 122. 


6. Prove 
(Bey -a- 3) (Pty a0) 
yao 8-8) rae ep 


= 64 (B — y)(a— 8)(y - a) (6B —8) 


(a — B) (y— 8). 
(a+B-y-58)* (a+ B-y-5)? 1 
7. Prove 
| a 5 axtt+db 
| b ¢ be+e | =—(ac— 0) (ax? +2be+0). 
ax+b be+t+e 0 


Subtract from the third row the second row plus the first multiplied by z. 
8. Prove similarly 


a b c ax? + 2be +e 
b ¢ a ba* + 2er +d 
¢ a ie ex® + 2dz +e 
ax*+2be+e ba®4+2x+d cu? +2%Mdxt+e 0 
a b e 


=-| 6 ec @ | (ax* + 4bx3 + 6cx* + 4dx + e). 


¢ d é 
9. Given 
ah (x) = 423 + 3b) 27 + 8c, 2 + a, 
S2(@) = a2%3 + 8b227 + 302% + dh, 
ts (x) = agx> + 8b32? + 3¢3% + dz; 
prove the identity 
| ee 2 -2# 
Az) Sfi'l(z) fi''(2) 
a by 1 a, 
Sax) fa(z) fa'(e) | = —18 
a2 be C2 a2 
Ss(z) 'fs'(x) Sfs""(#) 
a3 b3 C3 ds | 
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The first determinant reduces easily (omitting a factor) to the following :— 


ax + dy bate (x7+ ay 
agx% + be box + C2 2% + de 


a3x + bz b3x% + ¢3 ¢3% + ds 


We have seen (Ex. 4, Art. 132) that the order of a determinant may be increased 
without altering its value. By a suitable selection of the added constituents the 
calculation of a determinant may often be simplified by bordering it in this way. 
The determinant last written is plainly equal to 


1 0 0 0 
a ax + by) bjetey qx2+a, 


a2 aox + be box + C2 C2" + de 


ag a3xz + b3 b3x% + 63 ¢3x% + ds 


Subtracting from the second column the first multiplied by x; subtracting then 
from the third the new second column multiplied by xz; and, finally, from the fourth 
the new third column multiplied by x, we have the result above stated. 

10. Show that the determinant 


Az + cy*® + b22? -— 1 (A — ¢) ay (A — 5) xz 
(A — c) xy Ay? + az®? + cx? —1 (A — a) yz 
(A — b) xz (A—a)yz . Az® + ba? + cy*-—1 


contains A (2? + y* + 2?) — 1 asa factor, and that the remaining factor is indepen- 
dent of A. 

Border the determinant, as in Ex. 9, with a first column whose constituents are 
1, Ax, Ay, Az; and with a first row whose constituents are 1, 0, 0,0. Subtract 
then x times the first column from the second, y times the first column from the 
third, and z times the first column from the fourth. In the determinant thus 
altered subtract from the first row « times the second, plus y times the third, plus z 
times the fourth ; and the result follows. 


11. Expand in powers of x the determinant 


a+ue by C1 dy 
a2 bo+% C2 dz 
a3 bg cota ds 
a4 bg C4 dg+2x 


Ans. 2+ (a1 + bo + ¢3 + dy) 2 + {(b2 ¢3) + (a1 G4) + (a1 €3) + (bods) + (tbe) + (csds) } 2” 
+ { (becgdq) + (a10sd4) + (aibeds) + (aibacs)} a + (4152034). 


= Sa 
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12. Prove 


_ ~ (be") (ad) (ca’) (64) (ab) (od”) 
a’ a abed a'b'c'd’ 


. 


a 
“ 
> 
o 
21% 
QR 
n~ 


, ’ 


1 a eae 


ey eas Meany << ieee Ds ne | Pe A | Yee 3 | 
= = = : 
| Loy Fe oay HS age $2 eatery. | | Ae: 
poe 0 8 8. 


where 
A = (B- 7) (a—85), B = (y~-a) (8-85), C = (a-B)(y-84), 


A’ = (B' —7') (a'- 3’), B= (y'—a@) (8-8), C= (a —B’)(y'— 3’). 
Expanding the first determinant in terms of the minors formed from the first 
two columns (see Art. 125), we easily prove that it is equal to 
A (B’y' + 3’) + B(y'a’ + B'S’) + C(a’p’ + 78’); 
and employing the identical equation 4 + B+ C=0, along with the relations of 
Ex. 18, Art. 27, the result follows. 
14. Prove that the determinant of Ex. 15 is equal to 
1 By+ad By’ +08’ 
1 ya + BS ya’ + B's’ 
4 aB+y5 8 af’+ 7's 
This follows at once from the relations of Ex. 18, Art. 27. If a’, B’, 7’, 3 be 


put equal to a”, B™, y”, 5" in the result, we obtain an identity which includes 
Ex. 5, p. 295, as a particular case. 


15. Express as a function of differences the following determinant, whose 
vanishing expresses the condition for involution of six points on a line :— 


1 ata’ aa’ 
A=/| 1 B+B8 Bp’ 


ee ata’ 2 
Multiplying the determinant by 
oe 


B* = § 1 ’ 
i a 
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and then removing the factor (8 — y) (y — a) (a— 8) from both sides of the equation, 
the value of A is easily expressed as follows :— 


A = (a — 8B’) (8 — ¥')(y — a’) + (a’— B) (8’— y) (7 — a). 
This result may also be derived from the determinant of Ex. 13, whose vanishing 
expresses the general homographic relation between two sets of four points. 


16. Expand the determinant 


0 0 -!1 x ay 


0 0 0 -1 aM 
This is found to be identical with the quartic 
aox* + aa? + age? + ase + 45 


and it is easily seen that a polynomial of any degree can be expressed as a determi- 
nant of like form. 


17. Prove 


a B « oa 1 |=("%-a)(x—f)(%—-+)(x-8); 
a B Y x 1 
a B y ) 1 


@, 42, 43, by, b2, c, being any quantities. 

This follows by subtracting a times the last column from the first, 6 times the 
last from the second, &c. The student will have no difficulty in writing down the 
corresponding determinant of the (n + 1) order which is equal to the polynomial 


SJ (@) whose roots are aj, a2, ag... an. 

18. Resolve into factors the determinant 
Oe ee Tee 0) eC (Gace 2 
em (ea) (6-8) B=) 


qa) By yy) 


a” a 1 1 — 2a’ a’? 
Here A=| B? 8B 1 1 op As 
ee ARS ees Atede By 


and these two determinants may be resolved as in Ex. 9, Art. 122. 
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19. Resolve into factors the determinant 
(Q--e)* (ap). (ay)? 
Am| (B-a)® (8-8) (B-y)? 
yay ye By aa 


Multiplying the two rectangular arrays 


a? a? a 1 1 —-38a 3a2 —@’ 
AB i a) ae se ee 
GO Arm Aer ty ey ey 


A becomes equal to the sum of four terms, from each of which we can take out as 
a factor the product of the two determinants 


1 a a? 1 a’ a? 
1 B ae 1 |: ae < 
a feet. os Cy 


The remaining factor is 
3 {3aBy — SBy Sa’ + SP’y’ Sa — 3a’B’y’}, 
which can be written also in the form 
3{(a—a’) (B— B’)(y—7') + (a—- B’) (B—) (y-@’) + (a—-7’) (B- a’) (y- B)}. 


20. Prove the expansion 


l+qaq, 1 1 1 

1 1 1 1 1 1 1 1 
ea = avaatoas $14 | i AEST if 

1 1 tin OR ae 

1 1 1 l+ag, 


This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that the value of 


the similar determinant of the n** order is @14243 . . . Gn 1+ . '' 
21. Prove the relation 

eer Patt Sey 

x B x x 


=f (x) — af" (z), 


x x Se 


x z E 3 


where J (x) = (@ — a) (x — B) (x -— y) (2 - 3. 
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This can be derived from the previous example, or proved independently in a F 
similar way. As in the last example, the determinant of this form of the 7‘ degree — 
can be similarly expressed. q 


22. Each of the coefficients of any equation can be expressed in terms of the © 
roots as the quotient of two determinants. : 
The student can easily extend to any degree the following application to the — 
equation of the third degree. ; 
From Ex. 10, Art. 122, we have 


a ume eras | 


oe eet 
on a = — (B— +) (y ~ a) (a — B) (x — a) (@- B) (% — y)- 


9 Ae AEs ey fee 
Expanding the determinant, this identity can be written 


2 


ee eee re ee ee ed Oo. a a 


BB 1ie-|p3 B lit se fp 1ic-| 8 BB 


2 


Spey ae ey 1 Sis aan mae) ae se | 


ae see | F 
=|-? B 1 | {z'-—piz?+ por ~ps}, a 
eda Fae 


equation whose roots are a, B, ¥. 


23. Express as a determinant the reducing cubic of a biquadratic. 
Writing down the equations which result from the identity 


(ao at + 4a, 23 + 6agx? + 403% +4 a4) = (aa? + 2be +c) (a'x* + 20’ +c’), 


assuming 6a = ac’ + a’c— 20’, and substituting in the following identity :— 


r Site” Gee Chere ee 2Qaa’— ab’ + a'b ae’ +a'e 
oY. 0: bx) 8. 6. 0 , =| ab’ta’b 2d0 be + d'c | =0, 
oe 6 hee eI, a’+a'’e be +e 2ce’ 4 
we easily find the equation | q 
ao |. th 9+2aep ; 
@ az—ao a3 = 0, 
a2+ 2a as a4 | 


which when expanded is found to be identical with the standard reducing cubic. — j 
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24. Find the condition that a biquadratic should be capable of being expressed 
as the sum of two fourth powers ; and, expressing it in the form 


ax' + 4bx> + 6cex? + ddv +e =1(r+ 6)4+ m(r+9)!, 


find the quadratic whose roots are @ and 9. 
From this identity we have the following equations :— 


t+m =a, )\ 
l@+mp =), 

le? +mp?=c, + (1) 
10° + mo’ = 


1o4 + mp* =e. / 
Assuming A + ux + vx* = 0 as the equation whose roots are @ and ¢, we easily 
obtain the three equations 
Aa+pb+vce=0, 
AD + we + vd=0, 
Ac+pd+ve=0, 
from which we have at once the required condition J = 0; and from the first two, 
along with the assumed equation, we obtain the following quadratic whose roots 
are @ and ¢ :— 


b ¢ d 


If it were required to express a cubic as the sum of two cubes, in the form 
d(x + 6)3 + m(« + ¢)5, the first four of the above equations (1) would lead to the 
same quadratic for @ and 9. 

25. For the biquadratic 

A(x+a)t+ B(x+p)*+ C(xt+y)*+ D(x+d)t= 
prove 
H= AB (a — 8), 
I = SAB (a — B)', 
J = ABC (a — 8)? (a — y)* (8 - 7). : 


These expressions are true for a biquadratic written as the sum of any number 
of fourth powers. If it can be written as the sum of two only, J= 0, since only 
A and B remain; and if it reduces to one fourth subi H, I, J all vanish—results 
already obtained = other methods. 

26. Discuss the determinant of the fourth order, whose constituents (a — a’)*, 
(a — B’)', &c. are arranged as in Ex. 19, p. 299; and if a, B, y, 8, a’, B’, 7’, F 
are the roots of two given biquadratic equations, show that the value in terms of 
the coefficients contains as a factor 


ae’ + a’e — 4 (bd’ + b'd) + Gee’. 
When the two biquadratics are identical, this factor becomes 2J. 
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27. Find the condition that the homogeneous quadratic function of three 
variables 
ax? + by® + ez? + 2fyz + 2gzx + 2hay 


should be resolvable into two factors. 
Equating the given function to the product of the factors 


(av + By + yz) (aa + Bly + 2), 


we readily find 
eet |, aa. 0 ah g 
ae: gee Bb 20 ja Sicw bay 4s 
2 ee fee he ise ee ee 


hence the required condition is that is pes eee last written should vanish. 


28. Show that the most genaral values of @, y, %, w which satisfy the two 
homogeneous equations © j SNH Je UE IND 1 


att by+ectdw=0, ,@e+bytestdw=0 


may be expressed symmetrically in terms of two indeterminates X, Y in the form 
(Wee) (ad)2=0X 40K, yy} 


ae (ba’) (B0’) (bd’) y = dX + BY, &e. ae 
This can be proved by oining to the two given equations the two following : — 
a* 3b? ad? le 2 ¢c’2 
att pvt G e+ Tle Mapa aes Pore ar ca re bys? 

t ee bo ARE Beit et 
ana A, m are indeterminate quantitios by then solving for x, y, 2, w, a8 in 
Art. 184, and reducing the determinants as ‘in Ex. 12, p\’297; and finally rhaldde 
X=dvedrn, Y=-— abedu. 

29. If in any secant r columns (or ; rows) become identical when t= a, 

* eae | 

then (x —a)r is a factor in the determinant. : 
This appears easily by subtracting in the given determinantione of the » columns 
from each of the others. The resulting r—I eqlumns ; must each contain t—a as 


a factor, since by hypothesis each constituent i in it vanishes when yea 
36; Find! the’ value of the determinant f'the!nt™order- 2° 


5 Aah UN Se? a a SS 4 At’) JIC 4 eve 8p 


iy 


Lat ee > Saas Bi: tC BY Vig Rretees 2 Yi it ptf 
xv a a a | 3 
2 a4 a 
j is Berea hey t ' brad { 
A= @. 365-50 a |, 
ek i r t 
i tr } AS Nae Pe Ge tl 
: a a a . a“ ‘ 
oe a ) f : ee r\ 


whose leading constituents are all equal to x, and the remaining constituents all 
equal to a. 
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By the preceding example A must contain (z — a)""! as a factor; and by adding 
all the columns we see that it must also contain z + (n—1)a@ asa factor. Hence A 
can differ by a numerical factor only from the product of these ; and by comparing 
the product with the leading term we find 


A= (x — a)" {74+ (n—- la}. 
This result can readily be proved directly without the aid of Ex. 29. 


31. The determinant 
Si(a) f(a) f(a) 


TB) 88) SB) 1; 
Sify) foly) faly) | 


in which fi, f2, fs are any rational integral functions, contains the difference- 
product (8 - +) (y — a) (a — 8) as a factor. 

This appears readily iby ; reasoning similar to that of Ex. 29, Determinants of 
this nature, in which the constituents of any column (or row) are functions of the 
same formy-and the constitudnts of dny row (or column) involve the same quantity, 
are called alternants. It is plain that the result is general, and that the alternant 
of any order contains as a factor the difference- product of all the quantities involved. 
The determinants of Exs.9/ 10, Art. 122, and Exs. 11, 12, Art. 130, are alternants 
of the simplest ; form... “ : 


32. Ra in the form of a aefedear the quotient of the alternant in the 
preceding example by ‘the différence-] product. 

Assuming, ‘to’ fix the ideas, that, the’ functions involved are each of the fifth 
degree (which vill include lower degrees by making some ba ges ene vanish), we 


may write 
hay ote SIG) = Ge? +, drat + pia? + dig? + ea + fi, 


al a) : = aa + boat + cea’ + dea? + e2a + fr, 
| Sa(a) = = ase + bat + esa + d3a + esa + Ss: 
N ow taking a, B, 7. to is the roots of the equation 

e+ pe + qr tr =0, 


and forming the product of the following determinants : --- 
vr Any T 


oat - @ a 1 eo Ge 
| p>’ pt p° ‘B? B t: @, b: @& de & fs 
yp YY - Py 1 ee, ae: eee ee, ee 
40090 Khe & 00 O3)n10 0° Bip ig + | 
0 r 0 0.78 8 04) 6. 6. 
P00 eo Ol 1 eg 


it readily appears that the determinant last written is the required quotient. 
A similar method may be used to form the quotient when the alternant is of any 
order, and fi, fz, fz, &c., rational integral functions of any degrees. 
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33. Resolve the following determinant into linear factors :— 


a a2 a3 a4 a5 
a5 ay a2 a3 aM 
a4 a5 a a2 a3 
a3 a4 a5 a a2 
a2 a3 a4 as ay 


In all the rows the constituents are the same five quantities taken in circular 
order, a different one standing first in each row. <A determinant of this kind is 
called a circulant. It is convenient to write a circulant in the form here given, 
viz., such that the same constituent occupies the diagonal place throughout. 
Taking 6 to be any root of the equation x5 — 1 = 0, and adding to the first column 
the sum of the constituents of the remaining columns multiplied by @, 6?, 63, 64, 
respectively, we observe that the following are factors of the determinant :— 

Ma+a, +43 +4 +45, 
a + Oadz + 0%a3 + O32 a4 + O45, 
a + @a2 + O4a3 + Oag + 0° as, 
a, + a2 + Oag3 + O4a4 + 07 a5, 
a, + O42 + O a3 + Bas + Oa5, 


the five roots of #° — 1 = 0 being 1, 0, 6?, 6°, 64; and comparing the coefficient of 
a,° in both expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 120). A circulant of any order can be treated in a similar manner. 


34. The product of two circulants of the same order is a circulant. 
35. Calculate the determinant of the z** order 


an bn 0 0 0 
-1 Qn-1 On-1 0 0 


fain => 0 aes 1 An-2 Dn-2 0 ‘ b 


in which all the constituents are zero except those which lie in the diagonal and in 
lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to — 1. 

Expanding in terms of the first column, we have the following relation connect- 
ing three determinants of the kind here considered whose orders are n, n—1, 
n— 2:— 

An = Gn Ani + bn An-2. 
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By aid of this equation the calculation of any determinant is reduced to that of 
the two next inferior to it in the series Ay, An-1, An-2, ... 42, 4:; and the values 
of A; and A2 are plainly a; and a,a; + b2, respectively. 

Dividing the equation just given by An-1 we have 


An pare bn 
An-1 iS Ant ; 
An-2 


replacing by a similar value the quotient of An. by An-2, and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property determinants of the form here treated are 
called continuants. When each of the constituents Jn, dn1,... 43, b2 (in the line 
above the diagonal) is equal to + 1 the resulting determinant is a simple continuant. 


36. Calculate the determinant of the n‘* order 


a 1 0 0 0 
B a 1 0 0 

An=| 0 B a 1 0 ; 
0 B a 1 


| 


whose only constituents which do not vanish are a, 8, 1, occupying the diagonal 
and the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of », in a manner 
similar to that of the last example, by aid of the equation 


An = aAn-) — BAn-2, 


the values of A; and A2 being a and a? — B, respectively. 


By examining the formation of the successive values of A, the student will 
readily observe that the terms contained in the result are 


a. Gg" o By Gh, «cc ee Bs 


when is even and of the form 27; and 


q@rtl, a’r-lB, a2r-3B?, ecies apr}, aB’, 
when » is odd and of the form 2r + 1. 

For the purposes of a subsequent investigation, in which the results just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
coefficients which enter into these expressions; but such forms can be arrived at 
without difficulty, and the following general expression obtained for A, :— 

(n — 3) 


(n—2) 
er We an 


(nm — 5) (n — 4) (n — 3) 
1.2.3 


A, = a"— (n— 1) a"*B+ a’§25 + &. 


x 


ities iis 
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37. When a polynomial U is divided by another U’ of lower dimensions, the 
coefficients of the quotient, and of the remainder, can be expressed as determinants — 
in terms of the coefficients of U and U’. 

The method employed in the following particular case is equally applicable in — 
general. Let U be of the fifth, and U’ of the third degree ; the quotient and — 
remainder can then be represented as follows :— q 


Q=gr?+qxt+ ge, R= roe t+ riz t re. 4 

Also, let 4 

T= aor? + aya + dau? + gx + age+a5, U' = aoe? + ax? + ap'e tas. a 
From the identity U=QU'+ B, 


we have the following equations :— 
&% = Jot’ 
a = gor’ + 9140’; 
Az = goda’ + qiai’ + G2a0’, 
a3 = Gods’ + Gide’ + Q2%1'+ 10, 


a = gid3’ + g2a2’ +71, 


a5 = g2a3' +12. 


Solving by Art. 134; qo, qi, 92 are expressed as determinants by means of the 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine 79, 71, 72. For example, to find 7» we have, from the fist 
four equations, & 


Ay, 0 0 —a&o ao’ 0 0 ao 
a a 0 OU a @a@ 0 ay 
|=0, or ap%ro = 
, , 
a @& & —-& ie ay 6 oe 
a3 ak 3 + 10 @3 ay 0g 


38. Find the general forms of the coefficients of the quotient, and of the re- 7 
mainder, when a polynomial of even degree 2m is divided by a quadratic. a 
Taking z* + ax + 8 as the given quadratic function, we have the identity 


ay 22™ + ay e2m1 4 gg g?m2 4... 4 Aamo? + damit + dam 
= (qou?m? + 91 x?mM3 4... + Gam-3% + Gam-2) (a? + at +B) + rox +11. 


Writing down the first 7 + 1 equations, formed as in the preceding example, to 
solve for go, 91, 92, +++ Yr, it is easily seen that the value of g, thence derived is 
a determinant of the 7** order of the form treated in Ex. 36, bordered at the top — 
with the constituents 1, 0, . . . 0, a, and at the right-hand side with a, a, ... Gy 
Expanding this determinant in terms of the last column, itis immediately seen that 
any quotient is expressed by means of a series of the determinants of Ex. 36 in the 


form a 
Qr = Gr — Gr) Ai + Gy-2 Aza — &e.... + @1 Ar-i + Ar; 


er 2 ee a eee 
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the upper or lower sign to be used according as r is even or odd. To obtain the 
coefficients of the remainder, we have the equations 


Bqg2m-3 + aG2m-2 + To = dom-1, 


Bq2m-2 + 11 = dam. 


Expressing the values of g2m-s, ¢2m-2 by the formula just proved, and attending 
to the results of Ex. 36, we derive the following general forms for 7o and r; :— 


10 = Aam-1 + Aam-3B + Azm-5B? +... + A3B™* + 41p™!, 
T1=Q2m + Bom-2B + Bam48? +... + BoB™!+4 Bop, 


in which the coefficients .4, B are all functions of a, the highest power of a in any 
coefficient A or B being represented by the suffix attached to the coefficient. 


39. If the leading constituents of a symmetric determinant be all increased by 
the same quantity z, the equation in x, obtained by equating to zero the determinant 
so formed, has all its roots real. 

Let the determinant of the »‘* order under consideration be denoted by A, and 
written in the form 
a+z h g 


h biz s, 


An = 
g ee ea ees 


Let the determinant obtained from this by erasing the first row and first column, 
i.e. the leading first minor of An, be denoted by An-: ; again, the leading first minor 
of An-1 by An-2; and so on, the last function A; obtained in this way being of the 
form /+z. To these we add the positive constant Ao = 1, which may be regarded 
as completing the series of minors and obtained by the same process, since A, is not 
altered by affixing a last row and a last column consisting entirely of zero-elements, 
with the exception of the constituent + 1 in the leading diagonal. We have now 
a series of n + 1 functions— 


An, An-1, An-2; e958 Ae, Al, Ao, 


whose degrees in x are represented by the suffixes. When + o is substituted for x 
the signs are all positive, and when — © is substituted, the signs (beginning with 
Ao) are alternately positive and negative. Hence, if x be regarded as increasing 
continuously, » changes of sign must be lost in this series during the passage 
from —«© to+o. Now it appears by the theorem of Art. 139, that a value of z 
which causes any function (excluding An, Ao) in this series to vanish gives opposite 
signs to the functions adjacent to it on either side. Ao retains its sign throughout. 
It follows, exactly as in (2), Art. 89, that a change of sign can never be lost except 
when z passes through a real root of A, =0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of 
from— to+o. 


x3 
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Any equation in the series, being of the same form as A, = 0, has all its roots 
real. It is plain also that each of these equations is a limiting equation (see Art. 83) 
with reference to the equation next above it in the series; since, in order that a 
change of sign may be lost between A, and An-; at the passage through each of 
two consecutive roots of the former, the value of An-: must change sign between 
these two values of x. The equation A, = 0 may have equal roots, and by what 
has been just proved it appears that when this equation has 7 roots equal toa, the 
equation An-1=0 has r — 1 roots equal to a, the equation An2= 0 has r — 2 roots 
equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure mathe- 
matics and physics. The proof here given of the property above stated is taken 
from Salmon’s Higher Algebra (Art. 46), to which work the student is referred for 
other proofs of the same theorom. 


40. If the determinant of the preceding example have r roots equal to a; prove 
that every first minor has x — 1 roots equal to a; every second minor r — 2 roots 


equal to a, and so on. 
Employing the notation 4, H, G,.. . for the elements of the reciprocal deter- 


minant, we have the equation 
AB ras H? = An-2An- 
Now it is easily seen by proper transpositions of rows and columns that every 
leading first minor contains the multiple root r—1 times. It follows from the 


equation just written that the minor H must contain this root + - 1 times; and H 
may be taken to represent any first minor. 


_ 41. Find the conditions that the equation 


at+2z h g 
h b+2 i =0 
tC] oe c+2z 


should have equal roots. 
Since each first minor must contain the double root, we readily derive the 
required conditions in the following form :— 


he 


—— — —_ = _— 
o 


: g A 


[This and the preceding example are taken from Routh’s Dynamics of a System — 
of Rigid Bodies, Part 11., Art. 61.] 

42. Any symmetrical determinant can be altered so as to have any selected 
pair of conjugate constituents each zero, the determinant remaining symmetrical. 

Consider, for example, the determinant obtained by putting x - 0 in the pre- 
ceding example, and suppose it is required to remove the constituent gy. Multiply 


Miscellaneous Examples. 309 


each constituent of the third column by a (dividing the whole determinant by a at 
the same time), and subtract from the constituents so altered those of the first 
column multiplied by g. ‘Treat now the two corresponding rows in the same way ; 
the resulting determinant is symmetrical, and init g is replaced by zero. This 
process may be applied to a determinant of any order, to remove in succession all 
the conjugate constituents of the first row and column, and afterwards of the 
remaining rows and columns, so as to reduce the determinant finally to one, all of 
whose constituents vanish except those in the leading diagonal. 


43. Reduce the following determinant, of any order, to a form in which z will 
appear in the leading constituents only :— 
ax + ay’ byx + dy’ Cx + ¢," 
gt + a2’ bor + be’ =n + 02" 


a3 + as’ bsx + b3' 3% + ¢3' 


Multiply by the determinant reciprocal to (a;42¢3 ...¢,). If the given deter- 
minant is symmetrical, the determinant derived from it in this way will not be 
symmetrical; but a different process may be used to reduce it in that case to 
a symmetrical determinant which will have z present in the leading constituents 
only, viz. by removing the coefficients of x from all pairs of conjugate constituents 
in succession by a process exactly analogous to that of the preceding example. If 
the coefficients of x in the leading constituents of the reduced determinant should 
all have the same sign, it may be proved, just as in Ex. 39, that the corresponding 
equation will have all its roots real. 


44. Let a determinant of the n‘* order be divided into two rectangular arrays, 
one containing u rows, and the other v rows (where » + vy =), and let uy sums of 
products be formed by operating with one array on the other as in the multipli- 
cation of determinants; if then such relations exist among the constituents that 
all these sums of products separately vanish, the determinants of order « formed 
from the first array are proportional to determinants of order vy formed from the 
complementary constituents of the second. 

To fix the ideas, we take a determinant of the fifth order, but the mode of proof 
is perfectly general. Let the determinant 


ay a2 a3 a4 a5 
by by bg bs bs 
A=| ¢ C2 C3 C4 C5 


Bal v2 v3 v% 75 


"i y2 ¥3 Ya ¥5 
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be split horizontally into two arrays, one of three, and the other of two rows; and 
let the following six relations exist :— 
Zam=0, Sayi=0, Shim=0, Bbiyi=0, Sexm=0, Seyi = 0. 


If now A be expanded by Laplace’s theorem, and the minor determinants so taken 
(as can readily be done) that the expansion is written with all positive signs, e. g. 
in the form :— 


A= (a1 bec) (x45) Le (a13¢4) (x2Y5) + (a1b2¢4) (7543) + (a1 D205) (a3y/4) + &e., 


it is proposed to prove that cach minor determinant of the third order formed from 
the first array is proportional to its factor in the expansion of A so written. 
We use for convenience the following notation for the expansion last written— 


A=LL'+ MM' + NN’ + PP’ + &e. 


Squaring the determinant A, making use of the above relations, replacing by their 
values the determinants obtained by squaring separately each of the component 
arrays, and equating the two values of A® thus obtained, we have 


(LL' + UM'+ NN’ + &....)? =(12 + M*?+N? + &e...)(L°+M?+N%+ &e....), 
whence : 
(ZM’ — L'M)*? + (LN’ — L'N)* + (MN' — M'N)? + &e....= 0, 
from which we have at once 
Tee NP 
= __ = —_=_= &. 
es eM eo IN oe 


45. Write down the relations which exist among the minors of the second order 
formed from a determinant of the fourth order divided equally into two rectangular 
arrays in the manner of the last example, like conditions being fulfilled. 

We take the general determinant of the fourth order 


ay by C1 dy 
a2 be C2 dz 


as bs C3 a3 


a4 bg C4 ds 


and first expand it by Laplace’s theorem. As the expansion of such a determinant 
in terms of its second minors is often required in practice, the student is recom- 
mended to accustom himself to write it with all positive signs as follows :— 


(b1¢2) (asda) + (¢142) (b3d4) + (4102) (e344) 
+ (aidz) (b3c4) + (B1d2) (e304) + (¢1d2) (a304). 


The method of writing this down is obvious, the same arrangement being observed 
as on all former occasions where four letters were involved (cf. Ex. 17, Art. 27). 
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By the preceding example, we have at once the relations 


(d1¢2) _ (¢1d2) _ (abe) _ (aide) _ (didz) _ (end) 
(asd4) (b3ds) — (cads) (aca) ~~ (caaa) — (agb4)’ 


provided the following four equations hold :— 


Saia3=0, Saiag=0, Saeaz3=0, Sa2ag= 0. 


What is here proved has an important application in geometry of three dimen- 
sions, with reference to the six co-ordinates of a right line. (See Salmon’s Analytic 
Geometry of Three Dimensions, 4th ed., Art. 57b.) 

It may be remarked here that it will be found convenient to write uniformly 
with positive signs the expansion of a determinant of the third order, which occurs 
so often in practical questions. Taking, for example, the determinant obtained by 
erasing the last row and last column of A, we write its expansion as follows, the 
three letters being taken in circular order :— 


(a1b2¢3) = a1(b2e3) + b1(¢243) + ¢1(a2)s). 


46. Derive the equations (3) of Art. 135, for obtaining the ratios of m variables 
from »— 1 linear homogeneous equations, from the proposition of Ex. 44. 

47. Express by determinants the values of the unknown quantities derived 
from a set of given linear equations by the Method of Least Squares. 

The given equations, which are greater in number than the unknown quantities, 
are supposed to have been obtained as the result of observation or experiment ; and 
the numerical coefficients which enter into them, being consequently liable to 
errors of observation, are not known with certainty. In such cases the most 
reliable values of the unknown quantities are obtained in the manner about to be 
explained by what is called the ‘‘ method of least squares.’’ Take, for example, 
five equations of the form a,x + biy + ciz = mi, aox + boy + c22 = ma, &e., between 
three unknown quantities z, y, z. Multiply them respectively by a1, 2, a3, a4, a5, 
and add; again by 41, be, bs, d4, d5, and add; and again by ¢1, ¢2, ¢3, C4, ¢s, and 
add. In this way the following three equations are obtained :— 


xSa\* + ySaibi+ zBaiei= Saim., 

rXaibi + yS bi? + 2Bbie. = Shim, 

eSaie, + ySbier + zB? = Seim; 
from which we have without difficulty 


arb2c2) (mib2e3) + (aibecy) (miboeg) +... « + (a3b4¢5) (msbaes) 
; 3 
(aibecs)*> +  (a@ibocy)? +....+  (azbges)? 


with corresponding values for y and z, each of these values containing ten terms in 
the numerator and ten in the denominator. 

48. Show that the value of x given in the preceding example can be obtained 
by first eliminating y and z from every set of three of the five given equations, and 
then applying the method of least squares to the ten equations in z alone which 
result from the elimination. 


CHAPTER XIII. 


SYMMETRIC FUNCTIONS OF THE ROOTS. 


140. Newton’s Theorem on the Sums of the Powers 
of the Roots.—We now resume the discussion of symmetric 
functions of the roots of an equation, of which a short account 
has been previously given (see Art. 27); and proceed to prove 
certain general propositions relating to these functions :— 

Prov. I.—TZhe sums of the similar powers of the roots of an 
equation can be expressed rationally in terms of the coefficients. 

Let the equation be | 


ST (a) = a + psa + pal +. +n 


= (vw — a1) (# — ar) (w— a3)... (@—an) = 0. 


We proceed to calculate Sa’, Sa°,... Xa”; or, adopting 
the usual notation, s, 83, . . . Sm, in terms of the coefficients 
Pry Pay + + + Pn- 

We have, by Art. 72, | 

ie iG OO) 


PO ee g 
Ui OT wv Ag L— An 


= na" + (n -1) pa" + (n — 2) pa? +... + 2p ot + Pn; 
and we find, dividing by the method of Art. 8, 


J («) = gn! +a gn? ee a’ yn-3 Ee a gt SW eee a”! 
wt-a 
+p, + pia + pra” ay is ae 
+ po + poa + pea” 
+ Ds ge ce 
+ Pn-2 a 


a es ee 
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If in this equation we replace a by each of the quantities 
G1, G2, . . . dn In succession, and put 8, =La? =a +aP+...+an?, 
we have, by adding all these results, the following value for 


f(e)— 


ef (2)=no'+3, | 2* + 8 am + 8, ili Pa ae 
+ Np, + Py8; + pi82 + Pi8n-2 
+ No + P28; + P8n-s 
+ Nps 
+ Dn-28) 
+ NPn-r 5 


whence, comparing this value of f(r) with the former, we 
obtain the following relations :— 


8 +p, =0, 


82 23 Psi sl 2Qpo = 0, 
83 + P82 + P28 + Ops = 0, 


8, + P83 + 282+ pss + 4p, = 0, 


Sn + Pi8n-2 + P28n-3 +. . + + Pn28it (N-1) Pn. = 0. 


The first equation determines s, in terms of ~,, p.,.- + Dn 3 
«ee second s,; the third s,; and so on, until s,_, is determined. 
| We find in this way 


* h=-Pry &=pPi-2py 8 =—p,> + Bpipr— SPs, 
— &= pi—4p"p. + 4p.ps + Ip. — 4p, 


85 = — py’ + Op,*p2— Op,"ps — 5 (pa? — ps) pit 5 (pops —ps); &e. 


_ -Having shown how &:, 82, 8, ..- Sn. can be calculated in 
_ terms of the coefficients, we proceed now to extend our results 
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to the sums of all positive powers of the roots, ViZ. Sn, Syi1y +. Sms 
For this purpose we have 


am f(r) =2™ + pe™ + poe + oo + ne™™. 


Replacing, in this identity, x by the roots a, a2, . . . an, in succes- 
sion, and adding, we have | 


Sm + PiSm-1 + P28m-2 cin Peters + PnSm-n = 0. 


Now, giving m the values n, n + 1, n + 2, &., successively, 
and observing that s) =, we obtain from the last equation 


Sy + Mi8n-1+ PSnat...+%n, = 9, 
Sait ie, FPS. ct Posy OU, 
Sasa + Di8nei + D28n +. ~~ + nd, = 0, Keo. 


Hence the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by 
transforming the equation into one whose roots are the reci- 
procals of aj, a2, az... an, and applying the above formulas, 
we may express similarly all negative powers of the roots. 

141. Prop. [1.—Lvery rational symmetric function of the 
roots of an algebrate equation can be expressed rationally in terms 
of the coefficients. 

It is sufficient to prove this theorem for integral functions — 
only, since fractional symmetric functions can be reduced to a — 
single fraction whose numerator and denominator are both © 
integral symmetric functions. Every integral function of a, ; 
dy, 43. +. a, 18 the sum of a number of terms of the form © 
Na;? a4 a;"..., where WV is a numerical constant ; and if this 
function be symmetrical we can write it under the form 
Na,’ ap! a;’ ..., all the terms being of the same type. There- | 
fore, if we prove that this quantity can be expressed rationally — 
in terms of the coefficients, the theorem will be demonstrated. — 
We shall first establish the following value of the symmetric ~ 
function Sa,"a,4 :— 

Day? az? = p89 — Spig- (1) 
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To prove this, we multiply together s, and s,, where 


a? +a’ +af+... ar’, 


Sp 
Sq = ay? + an? + a3? +... ants 
whence 
Sp8q = at + atl +... +an?*2 + aPa,t + ala? + &e., 
or 


8p8q = Sp+q a =a,” a!, 


which expresses the double function Ya,’ a.? in terms of the 
single functions 8), 8, 8p,4g, in the form above written. 
We proceed now to prove a similar expression for the triple 


function, i.e., 
Xa ? ay! a3” _ 88 qSr mart SqirSp ae SripSq ‘ape 8piq8r + 28pigar- (2) 
Multiplying together a,” ao? and s,, where 


Da,Pa,2 = a,Pa.? + ala? +ayPa,? +... 
& =a,’ + a’ +a,” + ee Gy’, 


we obtain an expression consisting of three different parts, viz. 
terms of the form a,?*"a,%, Sa,*"a.2, and Ya;?a,2a;". 
Hence 


8, LayPazt = BayPa,? + Sai" a? + ZayPazfa3", 
a formula connecting double and triple symmetric functions. 
But, by (1), 


Za," a? = Spir8q — Spigiry 

Dail" a? = 8¢erSp — Sprgers 
Pp = ae 

a, a2? Bat Sp8q Spiqe 


Substituting these values, we find the triple function 
Za;"a,/a;" expressed as above in terms of single functions in 
the series $,, s, 83, &e. 

In the same manner the quadruple function Za,’ a,‘a;" a,’ 
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can be made to depend on the triple function Sa,’ a* a”, and 
ultimately on s;, 8: 8, &e.; and so on. Whenee, finally, every — 
rational symmetric function of the roots may be expressed — 
in terms of the coefficients, since, by Prop. I, s, 8: 3 &e., 7 
can be so expressed. : 

The formulas (1) and (2) require to be modified when any _ 
of the exponents become equal. a 

Thus, if p=, a%a,° = a’a,%, and the terms in (1) become — 
equal two and two; therefore Sa,"a.? = 2Sa,"a:”; whence 


| SayPa;? = } (sp" — sy). 
Similarly, if p=q =r in Ya,astas, the six terms obtained — 
by interchanging the roots in a,"a,%as” become all equal; hence 


1 
Sa,Pa,’a? = 2.3 (s,° _ Bp8ap + 23). 


And, in general, if ¢ exponents become equal, each term is 
repeated 1.2.3 ... ¢ times. 


EXAMPLRs, 
lL. Prove 
SayMargtary"ag? = HpPpNHhy — WopSpsrag + WEspSper sa + BWopagdres — O8pegeres- 
2. Prove 


QASayag™ay™ay™ = Sat — Esato + Sodom + Soa? — sans 


142. Prov. I[T.— The value of s,, expressed in terms of q 
Py Pays ss Pay ts the coefficient of y" in the expansion, by ascending — 


1 
powers of y, ofr log v7(5): 
Since 
a" > pre + pot te = (@— ay) (Waa) ©. . (@- a), 
putting : for # in this identicel equation, we find 


1+ pry + pay + pay +... + Pay” = (1 - ay) (Lay) .. . (1 any): ' 


1 
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Now, taking the Napierian logarithms of both sides, 
| PyYtP, jy t+Ps (yr? +p ly +p y+ &o....+ Pry + &o. 
Ee i | Pie = ae 
ar | 2 
| 4 3 pi = : pi ae 
: + py" ps 
ao Pi" Pr — pp 
a ip — py" pr 
1 
as 5 p, 


1 1 1 
=~ 981 — 5 Y'8— 5 "8s - oes md th ie &e, 


Therefore, equating coefficients of y” in both expansions, 


& = —-7rP,, 


1 
y 

From the above identical equation it may be seen that 
8 (r less than n) involves the coefficients p,, p., Psy .. + pr only ; 
and, therefore, Pri, Privy. «+ Pn may be made to vanish without 
affecting the form of the expression of s, in terms of the coef- 
ficients. 


where P, is the coefficient of y, in log y"/ ( ); 


143. To express the coefficients in terms of the sums of the 
powers of the roots. 


Since 
1+ pry + pry? +... + pny" = (Lay) (1 - ay)... (1- any), 
we have 
log (1 + pay + «.++ Py”) “= y- 59% - er er -+3 (1) 
and, therefore, 


l+py+py' +... + Day" = eV Ww8a- bys, ies 
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which becomes by expansion 


1 | 1 - 
L- sy —5 8 | Y?— 8 YF 8 y 
ee 1 
EO el We et apie 
1 1 
(oe faa 
fees 
7a 
ee 4 
53.4" 


Now, comparing the coefficients of the different powers of y, 
we obtain values for 71, 2, Ps, - + - Pn, in terms of 8, 82,... 8,3 
and we see that py, involves no sum of powers beyond s,. 

If the identity (1) be differentiated with regard to y, the 
equations of Art. 140 connecting the coefficients and sums of 
powers may be derived immediately from the resulting identity. 

It is important to observe that the problem to express any 
symmetric function of the roots in terms of the coefficients or 
any coefficient in terms of the sums of the powers of the roots is 
perfectly definite, there being only one solution in each case. 

General expressions, due to Waring, for s,, in terms of the © 
coefficients, and for p,, in terms of the sums of the powers of 
the roots, will be found among the following examples which 
depend on the preceding propositions. 


EXAMPLES. 
1. Determine the value of 


(a1) + (a2) +... + G (an), 


where aj, a2, a3.-+-an are the roots of f(x) = 0, and $(z) is any rational and 
integral function of z. 
We have | 
fC 1 
ST (2) eh eo eee 
and 
CCST Ad oe ANd a ce a 


F(z) e =O) 2 2 OA is 2 — Gn 
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Performing the division, and retaining only the remainders on both sides of this 
equation, we have 
Rox) + Kya? + ...4+ Rar (ai) > (a2) 4 2 (a), 


S (x) Z—-a,1 @-a2 # £—@a’ 


whence 
Roxw™! + Riv? +... + Ruri = SG(a1) (x — az) (vw — a3)... (%— an) ; 


and, comparing the coefficients of 2“! on both sides of this equation, 


Ro = = (ai). 


; eee ; wae 
2. Prove that s, is the coefficient of 8 the quotient of the division of /’(x) 


by f(x) arranged according to negative powers of z. 

3. Prove that s_p is the coefficient (with sign changed) of z?-! in the same quo- 
tient arranged according to positive powers of z. 

4. If the degree of p(x) does not exceed m — 2, prove 


> 2 (a) (ar) _ 0, 
pet AC 
Tan 
where > denotes the sum obtained by giving r all values from 1 to n inclusive. 
r=) 


We have, by partial fractions, 


p (x) _ A; A2 y. 
jill toe ea ee 


and, multiplying across by f(z), and putting x equal to ai, az, . . . in succession, 


g(x) _ o(u) 1 p(a2) 1 @(an) 1 


eX) 


fa) false Sime nha 


whence (en) 
<p Or Gr 
a -=% Pia) (} Z ae +): 


When ¢ (z) is of the degree n— 2; expressing the first side of the equation asa 


7 . ; . ‘ 1 ie 
_ function of 2 it readily appears that there is no term without Pde multiplier. 


We have, therefore, comparing coefficients, 


fon 


> p (ar) 


< F (ar) (ar) 


As » may be any rational and integral function of degree not higher than » — 2, 
we have the following particular cases which are worthy of special notice :— 


l 
= 0, >=—— -0. 


2 a3 
patie «ahs Fe 


7) fa Fa 
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5. Given the following » — 2 equations between » variables 2, v,... an!— 
an fen rn 
> x = 0, > arte = 0,2... D> apt2 ay = 0, 
r=l1 r=l rel 


express the » variables in terms of two new variables X1, X2. 
Xi + ar X2 


SJ (ar) 
6. Prove that the sum of all the homogeneous products I1,, of the 7 degree, of 
the quantities aj, az, ... an, is equal to 


Ans. ty = 


z oe 
; J'(a) 
We have, putting y = 
Ba: 1 
f(#) (b= any)(1 — aay)... (1 — any) 
=(L+ayta2y?+...)(Ltacyt a2y?+...)...(L+any + an?y? +...) 


=l+My+My?+...+Mry"'+... 


(The quantities 1, Mz, ... ,, are defined by the identity last written. It will 
be observed that the coefficient of each symmetric function which enters into any 
one of them is unity. ] 


gn) nol i 
We have also — =F lin , 
(x) S'(a)%-a 
and therefore 
an ql 1 qrtr-l 


— = —_ en — > pore eee y" . 
Ce BO) Us Tae AC ee 
whence, comparing coefficients of y” in these two expansions, 
qntr-l 
Ily = > | “PUY RE 
"es f(a) 
7. To express the coefficients of an equation in terms of the homogeneous pro- 
ducts of the roots, and vice versd. 
From the equation of the preceding example 
1 


(l— ay) (1 — ay)... (Ll — any) 


=1+My+t+ My?+..., 
we have 
(l+ pry tpoy?+...+ pny") (1+ My + My?t+...)=1, 


which gives the following relations :— 
Pi +1) = 0, 
Po + Te + pil = 0, 
ps + 113 + pi Me + pe Th = 0, &e. 


These equations (in which p), pz... Pn, and M, M2, ... Mp, are interchange- 
able) determine 1, yo... Ynin terms of Mh, Mz, ... Mn, and vice versa. 
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By means of this and the preceding example the values of the following symme- 

tric functions may be found in terms of the coefficients :— 
an! a” antl 
p | 7 PO > | rere = Peres &e. 
AO e mee. aay 
8. To express I, by the sums of the powers of the roots. 
. 1 ; P 

Representing by : the product (1 — ay) (1 —azy) ...(1— any), and differentiat- 

ing, we find 


a 
et ag ea 2 a 
ws dy roa 81 + by + 83y7+...; 
also w=1+MMy+My?+... 
We have, therefore, 


(l+My+Mey? +...) (81+ sy + s3y*+...)=Mi + 2Mey + 3Mgy? +... 


Now comparing the several coefficients of the different powers of y, we have a 
number of equations by means of which the sums of the homogeneous products 
TI,, M2, M3, . . . may be expressed in terms of 81, 82, 83, &c. 

9. Prove the following formula for calculating the sums of the homogeneous 
products in terms of the coefficients :— 

d8y,5 
py 

Differentiate both sides of equation (1) in Art. 143, and introduce Ml, Mz, &c., by 
the equation of Ex. 7. 

10. To find a general expression for s in terms of the coefficients pi, po. . - pn, 


of an equation of the n* degree. 
We have 


=—(r+t)M. 


rem os 
—loge(1 + piy + pry? +... + pnyn) = C2 (piytpoay?+...+ pny")? 
r=l 


= § eae eo 34 rae m+ 
=8y 9 %2Y 3 8 rar’ tad eee 


Now, making use of the known form of the coefficient of y” in the expansion of 
(piy + pay? +...+ pny")’ by the multinomial theorem, and comparing coefficients 
of y™ in the above equation, we find 


im = > (—1)" ml (ri+roa+...+?n) 


r r a 
Pari eho heer 


in which 
TT res Kt ees, 
f, + 2re+ 8rg34+...4+ "tn =m; 
and 1}, 2, 73, .. . ®n are to be given all positive integer values, zero included, which 


satisfy the last of these two equations. Also, representing by ri any of these in- 


tegers, 
r(irco+t1jp=1.2.3...%, 


with the assumption that fr (1) = 1 when 7; = 0. 
Y 
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11. To find a general expression for any coefficient ym in terms of the sums of 
the powers of the roots 8), s2, ... 8m. 
We have 


1+ piyt poy? +... + pmy™+ ... + pny” = ess. ety 78, . e “tvs 83... 
When the factors on the right-hand side of this equation are developed, and the 


coefficients of y™ on both sides compared, we find, employing the notation of the last 
example, 


- > (— 1)ratrate+*t%m $171 8072... 8m" 
Pm = du r+ 1) P(re + 1)- +P (tm+t 1) 2723". . mem 
in which 7, 72, . . . %m are to be given alt positive values, zero included, which 


satisfy the equation 
r1 + 2re + 873 +--+. + Mm = mM. 

144. Definitions. Theorem.—The weight of any sym- 
metric function of the roots is the degree in ai/ the roots of any 
term in the function. For example, the weight of Ya/3’y° is 
sx. 

The order of any symmetric function of the roots is the 
highest degree in which each root enters the function. For 
example, the order of a/3’y* is three. 

It has been proved (see Art. 28), that the weight of any 
symmetric function of the roots, when expressed by the co- 
efficients @,, d1, Uz --- Uy, 18 the same as the sum of the suffixes 
of each term in the expression. We now prove another im- 
portant theorem, viz. : 

If any symmetric function be expressed in terms of the coefficients 
Pry Pry +++ Pn, the degree in the coefficients is the same as the order 
of the symmetric function. For example, Sa’)? = p.” — 2pi ps + 2ps, 
no term being of higher degree than the second in the coefficients, — 
and the order of the symmetric function being two. 

The student may easily satisfy himself of the truth of this — 
theorem by observing that in the equations (2) of Art. 23, the 
value of each coefficient in terms of the roots contains each root _ 
in the first power only; hence the highest degree in the co- 
efficients will be the same as the highest degree of the cor- ¢ 
responding symmetric function in any individual root. We 3 
add the following formal proof, as it is in accordance with the — 
proofs of certain general propositions to be given subsequently. © 
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Replace the coefficients p,, p2, ... pn by —, as Peat 
GM A Mo 


Now, if (a, a, . .- an) denote any rational and integral 
symmetric function of the roots, we have 


ao (ai, Az, --- an) = F(a, MQ, Qe, seis Gai; 


where a is the degree, in the coefficients, of F(a, a1, dz... An), 
a homogeneous and integral function of the coefficients, not 
divisible by a. 

We require now to show that a is the order of ¢. For this 
purpose change the roots into their reciprocals, and, therefore, 


Moy ay 2. 0.:@ An into Any An-15 ee ek Ao. Whence 
i 1 
rol — aes Oe sen ee = FY Re An-\5 Un-25 ee ee a) ; (1) 
a) Ae an 
also 


(- a -)- 4 Ce, EL) 


3 >] . . . 3 
a, @2 an (a, az.a; <6 an)? 


where p is the order of ¢, and y an integral function not divi- 
sible by the product of all the roots; (a,a.a; .. . a,)? being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 


ae (a), G2, --- a) =+ rs sag Fan, An-15 cele Ao). 


From this equation it follows that p is equal to a; for if p 
were greater than a, ~ (ai, a: . .. a,) would be divisible by the 
product aia, ... an, and if it were less, the function of the coef- 
ficients F'(dn, dn-1, - . . do) would be divisible by @,, both of which 
suppositions are contrary to hypothesis. 


145. Caleulation of Symmetric Functions of the 
Roots.—Any rational symmetric function can be calculated 
by the method of Art. 141. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the two fol- 
lowing Articles, which contain propositions tending in many 
eases to facilitate the calculation of symmetric functions. 

Y2 
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The number of terms in any symmetric function of the roots 
is easily determined. For example, the number of terms in 
Sa,° a,” a; of the equation of the n™ degree is n(n — 1) (n — 2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
different, the number of terms will be reduced. Thus Sa? By 
for a biquadratic consists of twelve terms only (see Ex. 6, p. 48), 
and not of twenty-four, since the two permutations aBy, ay 
give only one distinct term, viz., a*By, in Sa’By. The student 
acquainted with the theory of permutations will have no diffi- 
culty in effecting these reductions in any particular case. 
When two exponents of roots are equal, the number obtained 
on the supposition that they are all unequal is to be divided by 
1.2; when three become equal this number is to be divided 
by 1.2.38; and so on. In general, the number of terms in 
Da,’ a2 a;”... of the equation of the n* degree, each term con- 
taining m roots, and v of the indices being equal, is 


n(n—1) (n-2)... (n—-m+1) 
beg ee 


When the highest power in which any one root enters into 
the symmetric function of the roots issmall, i.e. when the order 
of the function (see Art. 144) is low, the methods already — 
illustrated in Art. 27 may be employed with advantage for the 
calculation of the symmetric function. | 

It is important to observe that when any symmetric function, — 
whose degree in all the roots (i.e. its weight) is n, is calculated 
in terms of the coefficients ~,, p.... pn» for the equation of the — 
n™ degree, its value for an equation of any higher degree (the - 
numerical coefficients being all equal to unity) is precisely the 
same; for it is plain that no coefficient beyond p, can enter into 
this value, and the equations of Art. 140, by means of which — 
the calculation can be supposed to be made, have precisely the 
same form for an equation of the u™ degree as for equations of — 
all higher degrees. It is also evident that the value of the same 
symmetric function for an equation of a degree m (lower than n) 
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is obtained by putting Pn, Pmiz, -- + Pn all equal to zero in the 
calculated value for an equation of the n™ degree, since the 
equation of lower degree can be derived from that of the n by 
putting the coefficients beyond p,, equal to zero; and the corre- 
sponding symmetric function -reduces similarly by putting the 
TOOtS m1; Gm42, +--+ a, each equal to zero. 


EXAMPLEs. 


1. Calculate %a:*a,a3 of the roots of the equation 
29 + em) + po a2 4 2.6.4 pnictt+pn=0. 


_ Multiply together the equations 
Sai =-— Pi, 


Sal a2 a3 = — pz. 


- 


In the product the term a1? a2 a3 occurs only once ; the term a1 a2 a3 a, occurs four 
times, arising from the product of a by az a3 a4, of az by ai a3 a4, of az by ai az as, 
and of ay by aiaza3. Hence 


Say? ag a3 + 4301 a2 a3 04 = Pips; 


therefore 
a1? a2 a3 = pi ps — 4p. (Compare Ex. 6, Art. 27.) 


If the calculation were conducted by the method of Art. 141, we should have 
Sa)" a2 a3 = $82 8? — 81 83 — $32? + 8, 


which leads, on substituting the values of Art. 140, to the same result ; but it is 
evident that in this case.the former process is much more simple, since the values 
of 8), 82, &c., introduce a number of terms which destroy one another. 


2. Calculate %a)?a2? for the general equation. 
Squaring 
Sai a2 = pr, 
we have 
Za? ag* + 2Sa1? a2 ag + 6Sa1 ae as ay = pr”. 


In squaring it is evident that the term a a2 a3 a4 will arise from the product of 
aaz by agay, or of ajas by aza, or of ai ay by aza3; hence the coefficient of 
@ a2 a3 a, in the result is 6, since each of these occurs twice in the square. The 
result differs from the similar equation of Ex. 8, Art. 27, only in having & before 


; the term a; a2a3a4. Hence, finally, 


Sa;? a2? =p? _ 271 Ps op 2p. 
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3. Calculate 3a,° a; for the general equation. 
We have, as in Ex. 9, Art. 27, 


Sai? Sajaq = Say? ag + Say? ae az. 


Hence, employing previous results, 


Sa13 ag = 1" po — 2p2? — pi ps + 44. 
4. Calculate 3a)? a2?a3 for the general equation. 


The result will be the same as if the calculation were made for the equation of 
the fifth degree. 

To obtain the symmetric function we multiply together Sa:az and Sajaza3 ; and 
consider what types of terms, involving the five roots a1, a2, a3, a4, a5, can result. 
The term aj?a2?a3 will occur only once in the product, since it can only arise by 
multiplying ajaz by ajaza3. Terms of the type ai?a2a304 will occur, each three 
times; since aa2a3a4 will arise from the product of aaz by aiasa4, of a1a3 by 
aiaza4, Or Of ajay by ajagaz3; and it cannot arise in any other way. The term 
aja2a3a4a5 will occur ten times in the product, since it will arise from the product 
of any pair by the other three roots, and there are ten combinations in pairs of the 
five roots. We have, then, for the general equation, 


Saja Sajagaz = Saz2a2"a3 + 83aj2aga3a1 + LO Sajazagayas. 


[We can verify this equation when = 5, just as in Ex. 9, Art. 27; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up of the 30 terms contained in 3a1?a2’a3, along with the 20 terms con- 
tained in a,"a,a304, each taken three times, and the term aiazaz3aza5 taken 10 
times. ] 

Thus the calculation of the required symmetric function involves that of 
21"a2a304 ; for which we easily find 


Sa; Saja2az3a4 = Say" a2a304 + SSajazazayas. 
Hence, finally, we obtain 


Say7a2"a3 = — pops + 391 ps — Ops. 


The process of Art. 141 would involve the calculation of s5; and many terms 
would be introduced through the values of s1, s2, &c., which disappear in the 
result. 


5. Find the value of 3a1?a2*a3aq for the general equation. 
We multiply together Sajaz and Saja2a304, and consider what types of ternis 
can arise involving the six roots a, a2, a3, a4, a5, a6. The term a;?a2"a3a4 can occur 
) Terms of the type ai*a2a3a4a5, will each occur four times, this term 
arising from the product of aiaz by aazagas, or of aiaz by aiazagas, or Of aay by 
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aa2a3a5, or Of ajas by ajagazjay. The term ajagazsajasag will occur 15 times, this 
being the number of combinations in pairs of the six roots. Hence 


Zajaz Sajagazay = Say2a2*agay + 4Ea)"arazagas + 15 Sajazayagasac. 
We have again, for the calculation of 3a;*azasasa5, 
Sa Sajazazayas = Sai*a2azaya5 + 6Salaragagasac. 


Hence, finally, 
Bai7a2"azay = pops — 4p ps + Ipe. 


6. Find the value of aya2?a;* in terms of the coefficients of the general 
equation. 
Here, squaring Saja2a3, we have 


Sa} a2a3 Saaza3 = Say2a2*a3" + 25a)" a27asay + 6Sa*arazsaga5 + 2ZSaiarazagasac, 
from which we obtain 


Sa1*a27a3" = ps3? — 2pe ps + 2p1 Ms — Bye. 


146. Caleulation of Symmetric Functions continued. 
—By aid of the following differential equation, connecting a 
function of the coefficients and its value in terms of the sums 
of the powers, symmetric functions can often be calculated 
with great facility :— 


1 (dF dF dF 
r apn 


d 
eee ie) no ee 


To prove this equation, we take the equation (1) of Art. 143, 
and differentiate it with regard to s,, Comparing coefficients 
of the different powers of y, we have 


dp, 
ds, 


and substituting these values in 


d dF dp, dF dp, dF dp, 
da, E (Pu Pa ee aa ar aes -" dade 


we have at once the equation above written. 
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EXAMPLES. 


1. Calculate the value of the symmetric function Sa? a2? as? ay? of the roots 
of the equation 
xn + py, aml + poanw? +... + pn= 0. 


Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here = is of the second 
order, and its weight is eight; hence 


== tops + ty PtP + to pe po + tsps ps + ts pa, 


where fo, ¢1, ¢2, &c., are numerical coefficients to be determined. 

Terms such as 691", Y5P1P2, ~5pi*, &c., although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for =. Again, 
= expressed in terms of the sums of the powers of the roots is of the form 
F (82, 84, 86, 8); for, in general, Sai? a2% a3”... , expressed in terms of the sums of 
the powers of the roots, is made up of terms such as 8p, Spiq, Spygiry - + + Skpy s+ 
all of which are sums of even powers when 7, g, 7, ... are even; therefore in this 
case none but even sums of powers enter into the expression for &. 


dsz 
tops + tipi ps + tops pe + ts( pops + ps) + 2tspips = 0, 
topi t+ tipi = 0. 


me a. : : 
Also, since = = 0, and ed = 0, we have, using the formula above given for ds? 
3 7 


From these equations we infer 
to+i=0, t+%=0, g+%m=0, 44+2%=0; 
but ¢, = 1, since for a quartic = = 4”; therefore 
Olea: t=2, t3=-2, t=2; 
and, substituting these values of fo, ¢1, ta, ts, ta, 
Bar? a2? as? ay” = 2g — 2p7 pi + 26 po — 2ps ps + ps’. 
2. Calculate a)? ag*a3? for the same equation. 


Ans. — 2p¢6 + 2p1 95 — 2p2p4 + ps3". (Compare Ex. 6, Art. 145.) 
3. Calculate for the same equation the symmetric function Sa,° a2? az. 
Here the weight is six, and the order three ; hence 


Say? a2? a3 = tope +t ps pit te ps pr + ta papi? + ty ps® + ts 1 Po ps + be pr°. 
Also &, expressed in terms of 51, 82, 83, &c., is (see Art. 141), 
818283 — 8185 — 83° — 8254 + se. 


Now, differentiating these two values of = with regard to ss, and comparing 
differential coefficients, we have 


to 
10 Ts6 6 Jd , 


Seminvariants and Semicovariants. 329 


Differentiating with regard to s5, we have 


top: + ti pi = 58; = — 5p; .°. t) = 7. 
Differentiating with regard to s4, 


top? + ti pr? + tape + ts pi? = 482 = 4 (pi? — 2p); 
whence 
tbota=-8, t+tt=—4; 
and 
tfig=-3, t&=4. 


Again, ts= 0; for = vanishes if m — 2 roots vanish. And we find ¢& and fs; by 
taking the particular case when » — 3 roots vanish ; for in this case 
Sai? a2? ag = a1 203 Sa? a2 = — ps (— pi p2 + 33) = pi p2 ps — 3p3", 
and therefore 


4=- 3, {= 1 ; 
whence, finally, 


Sa a2? ag = — 12p6 + Trips + 4ps pe — 34 pi? — 3ps? + pi pe ps. 
147. Seminvariants and Semicovariants. — Let 
M1, Az, A3,--+ An be the roots of 
n(n —1) 
1 . 2 


the general equation written with binomial coefficients (see 
Art. 35). We proceed to the discussion of an important class 
of functions of « which may be derived from a given symmetric 
function of the roots. 

We called attention in Art. 36 to a class of homogeneous 
symmetric functions of the roots which contain the differences 
only of these quantities. Such functions may be called (for a 
reason which will appear in a subsequent chapter) semi-inva- 
riants or, as it is usually written, seminvariants. Being sym- 
metric functions of the roots, they are expressible (when 
multiplied by a power of a,) in a rational and integral form in 
terms of the coefficients. 

We may use in like manner the term semicovariants to denote 
similar functions of the differences of the quantities 2, a,, a2, ... any 
such that when they are arranged in powers of x the successive 
coefficients of x are expressible in a similar manner. 

We proceed now to show how semicovariants may be 
generated, and then expanded in powers of 2, when expressed 
either in terms of the roots or in terms of the coefficients. 


a,x” + nae” + a,20°*+...4+a,=0, 
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From any relation such as 
ao (a, a2, eee an) = F(a, Ny, Ary eee fa); 


where ¢ is an integral function, of the order a, and F the cor- 
responding expression in terms of the coefficients, we may, by 
diminishing each of the roots by 2, and consequently changing — 
any coefficient a, into U, (see Art. 35), derive the following — 
equation :— 


a," (ai — @, az — wv, a e.-6 ay — X) =. F(U,, Ui; EES C1630 U,), (1) 


thus obtaining two forms for a semicovariant, one expressed in — 
terms of the roots, and the other in terms of the coefficients. | 

T’o expand these forms in powers of x, we have, for the first — 
member of the equation, by Taylor’s theorem, q 


$ (a — 2, Ay ~ 2... dp 2) = hy + aB$y + Ta Shy +. (2) 
where do = p (ai, a3; --- Gn), 
d d d 
and eee ge. 


Again, omitting all powers of # higher than the first, the 
second member of the equation becomes 


or, when expanded, 
FI, + «DF, + &e., 


where 
z = F(a, QM, Ar, Sibi Ga) 
d d Yas d 
and Ds el ay + ti day 5 Sar As a dan. 


Comparing the two expanded forms, we have 


As" Oo (a1, Gz, --- Gn) = DF (do, i, -- - An); 
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and consequently, by successive applications of the operators 
6 and D, 
Gp" Op (a1, Ga, ..- Gy) = D’ F(a, @;, ... Ge)3 


whence we infer from the expansion (2) 


F(U), Ui, ... Un) = Fo t+ eDF + “S Dig + <6..., 

By the aid, therefore, of the two operators—é in terms of 
the roots, and D in terms of the coefficients—we can expand at 
pleasure either side of the equation (1) in powers of « By 
means of the successive operations of 6 we obtain a series of 
functions of the roots; and, by means of D, their equivalent 
values in terms of the coefficients. 

The results now arrived at are equally true if the function @ 
involves the roots of two or more equations, / being the cor- 
responding value in terms of the coefficients of these equa- 
tions, and D and 6é being replaced by the sums of the similar 
operators relative to each equation. 

It is important to observe that when og, vanishes identically, 


so also 
} (Cqo) or o° Po = 0, Odo = 0, &e., 


and therefore « disappears in the expansion of the first member 
of equation (1). Now this can happen only when ¢ is a function 
of the differences of a,, a,,... a, 3 Whence we conclude that if 
F (do, a, ... Gn) 18 & Seminvariant 


DF (a, Qi, Arey oe An) = 0. 


This identical relation is generally sufficient to determine 
the numerical coefficients in a seminvariant when the order and 
weight are known, as the following examples will show. If 
there should be two or more seminvariants of the same order 
and weight, the operation of D will not supply equations enough 
to determine the assumed coefficients; and if no seminvariant 
exists of the required order and weight, the coefficients will all 
vanish. 
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EXAMPLES. 


1. Determine for a cubic a seminvariant whose order and weight are both 
three. 
Assume p = Aap a3 + Bay a a2 + Cay’, 


these being the only three terms which satisfy the required conditions. It is 
evident from the form of D that the operation is performed by applying to the 
suffix of any coefficient a, the same process as in ordinary differentiation is applied 
to the index. Thus Da,=ra,1, and therefore 


Do = (3A + B) ao? az + (2B + 80) ay? a =0. 


Hence 
34+B=0, and 2B+30=0; 


and putting 4 =1, we have B=- 3, and C=2; 


whence, finally, 
o= ao” a3 — 8a0 a dg + 2a? = G. (See Art. 36.) 


For a quadratic no such seminvariant can be formed. 


2. Determine for a cubic a seminvariant whose order is four, and weight six. 
Assume 


= Aa? a3” + Bagae® + Caz a> + Day? ae? + Eaoa 243, 
whence 


Do = (64 4+ EB) apr*agas + (6B+ 8£ + 2D) aga ag? + (804 4D) a> ae 
+ (304+ 2L) Ay 417 a3 =0. 
Now let 4 =1, whence #£ = — 6; also 30 + 2H = 0, giving C = 4; and 


3C0+4D=0, giving D=—3; and from 6B+3H+2D=0, we have finally B=4. 


Hence 
o= Ao? a3 + 4a9 423 + 4a3a\° — 3a;? az” — 6ay a, a2 a3. 


Compare Art. 42, where the value of ¢ is given in terms of the roots. 


3. Prove directly that 


d 
— F (Ue Ui, Vay... Un) = DF (Uo, Uy Ua, «+. Un). 


This follows readily from the equations 


aU, ‘d 
DU, = rUy-; = Sa DS Up.U, ° ; = rE { Uy. Ue . } 


4. Expand F(Uo, Ui, U2, ... Un) by Maclaurin’s theorem; and hence prove 
2 
Wa Ue... Uk ae Bet ed + “5 D?Fy + &e., 


where Fo = F(a, a, aa, ... an). 


‘tai 


ee 
< 
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148. Theorem.—We conclude this chapter with an im- 
portant theorem connecting the leading coefficients of Sturm’s 
functions and the sums of the powers of the roots of an equa- 
tion f(x) = 0, viz., The leading coefficients of Sturm’s auxiliary 
functions (i. e. f(x), and the n — 1 remainders) differ by positive 
factors only from the following series of determinants :— 


& 8 8 83 


8o ‘) | 8) 8» Ss 8. 83 N4 85 


| 


8: 82 |, 8 83 & |, Sy Bi Me Bees, 


Soy 


Using the bracket notation, we may write these determinants 
in the form 8,, (8 82), (8 $25), &e., the last in the series being 
(8) 82 8 .. - Sana) 

Representing Sturm’s remainders by 22, R;,... Rj, ... Rn, 
and the successive quotients by Q,, Q., Q;, &c., we have (see 
Art. 89) 


Ry = Qi f(z) -S(2); 
R; — Q. R, - f(x) pe (Q:Q: - 1) f’ (x) a Q. f(z), 
Ry zon Q; hs al he, a (Q, Q. Q; i Q, — Q;) ST (2) = (Q.Qs 2g 1) f(z), &e. 


Proceeding in this manner, we observe that any remainder 
R; can be expressed in the form 


Rj = Aj f(x) - Bf (2). (1) 
The degree of R;isn—J; and since Q:, Q, &e., are all of 
the first degree in x, it appears that the degrees of A; and B; 
are 7 — 1 andj — 2, respectively. 
Assuming, therefore, for #; and A; the forms 
R= rot niet mne+...t yg 7, 
A;=)h, +A w+ Aw? +...¢+ Aah; 
and substituting in (1) any root a of the equation /(x) = 0, 
we have 


° i +rjatnmat+...¢+7 ja" 


f(a) 
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Multiplying by a, a’, ... a, a, in succession; making 
similar substitutions of the other roots; and adding the equa- 
tions thus derived, we obtain by aid of the relations of Ex. 4, 
p- 319, the following system of equations :— 


Aca + Ai Se ar eS eae A;-2 Sj_2 “UE Aj Spit = 0, 


Ao81 + Ai So + ee Aj-2 Sj1 +. Aja 8; = 0, 


Ni, Sj_2 + pe ys Oe as Nj-2 Soj_4 + Aj-1 827-3 = 0, 

AG 85-1 + x 8; + 6:0" 6 + Aj-2 S273 + Aj Soj-2 = Vn-je 
From these equations we have, without difficulty, 
| So Bi Migs Sj_2 871 


8 8} oo. 6 87-1 
8} S2 ee ae Sj-1 8; 


8} Se . . . 8; 


Sj_2 Sj-1 ee S274 S2i_3 


| Se &s . . § ,. 
ApS es oh OZ | = = 
| | bt cae a 


the value of y; being so far arbitrary. It appears therefore that 
the coefficient of the highest power of x in &; differs by this 
multiplier only from the determinant (s,5.5,.... Sy.2). We 


proceed to show that the sign of y; is positive. For this purpose 
we make use of the following relation connecting the successive 


values of the functions R and A :— 
Ay R, <O Rr A;, = f(z). (2) 


To prove this; substituting for Ry. kz, Ry.» their values in 
terms of A and B in the relation R;z,, = Q, Ry -— Res, we 


derive 
Ay = QA; x Axa, Bin = Q. Bi = 6) aes 


by aid of which we readily obtain the following relations con- 
necting the successive functions :— 

Ars By a Ax Br ge A; By arg Ax, By athe Ue Scan A, By BS A,B, oe I, 

A ks Ri- Ay Rigs = Ax Ris = Ax-1 Ry, SS Ss: te A,R, a Ak, = f(a), 


in which R, =/"(x), BR, =/ (2). 
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Now, comparing the coefficients of the highest powers of z 
in (2); observing that 2” occurs only in A;,, 2;, and making 
use of the determinant forms above obtained, we have 


Vk (8 8284» - 82x-2) Yk (8 828 .-- Sex-2) = I, 
or Yk Vkw = (8 82 8». » 82-2). 
Also, calculating the value of 2, in the ordinary manner, we 
easily find 


1 So Ss l 


whence it is seen that the value of y, 8 


It follows, from the relation sae octablished between any 


two successive values of y, that ys, ys... y;, &e., are all positive 


squares ; and therefore, finally, that r,_;, the pesto of the 
highest power of 2 in R;, has the same sign as the determinant 
(88284 » . . 8ay_2). 

It should be noticed that there is only one way of expressing 
a function of x, of the degree n — J, in the form A/’(x) — Bf(z), 
where A and B are of the degrees 7 —- 1 and / — 2, respectively, 
and /(x) of the degree n; for this function being in general of 
the degree n +7 — 2, in order that it may reduce to the degree 
n —J, the 27 — 2 highest terms must vanish, and this is exactly 
the number of undetermined quantities in A and B at our 
disposal, since it is the ratios only of the coefficients we are 
concerned with. Sturm’s remainders may therefore be obtained 
in this way with an undetermined multiplier. 

The functions R;, A;, and B; are semicovariants of f(x), as 
may be easily inferred by supposing /(x) transformed by the 
substitution s = a,x + a, before these functions are calculated. 
The expression for A; in terms of the differences of x and the 
roots will be found among the following examples; and the 
corresponding expressions for R; and B; will be given in a sub- 
sequent chapter, where we shall discuss Sylvester’s theorem 
relating to Sturm’s functions, in which the theorem of the 
present Article is included. 
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EXAMPLES. 


1. Prove, by squaring the determinant of Example 10, Art. 122, the following 
relation between the roots a, B, y, 5, of the biquadratic :— 


So 8] $2 83 
8] S82 83 Sy 
= (B— 7)’ (a— 8)? (y — a)? (8 — 8)? (a— B)? (y— 8)?. 
$2 S83 84 85 
83 $4 85 AY 


The student will have no difficulty in writing down for an equation of any de- 
gree the corresponding determinant in terms of the sums of the powers of the roots 
which is equal to the product of the squares of the differences. 

2. Prove, for the general equation, 


This appears by squaring the array 


Pete ee 
(See Art. 133.) 


ep y 8 € . 
3. Prove similarly, for the general equation, 


So 8) . 82 
6 = s—“ié‘iKS:CédT = SH (B— y)? (y — 2)? (a. — B)?.. 
82 83 84 


By the process of Art. 133, a series of relations of this kind can be established ; 
and when the number of rows in the array becomes equal to the degree of the 
equation, the value of the determinant is the product of the squares of the differences, 
asin Ex. 1. When the number of rows exceeds the degree of the equation the 
value of the corresponding determinant vanishes. For example, the value of the 
determinant of Ex. 1 is zero for equations of the second and third degrees. 

4. Prove, by means of the equations of Art. 140, that the sums of the powers 
can be expressed in terms of the coefficients, or vice versa, in the form of determi- 


nants, as follows :— 


Pi 1 0 0 
ete bee 0 206 9 0 
| » &e. 
gt 29s gr 1 i =| Om pe oe 
$2 = + 6 — 
2p2 pl 3p3 p2 pl 4mg ps po Pi 
aol 
8) I 0 82 8} 2 0 
, &e. 
8] 1 on 8} 2 |, 24% =| #3 & & 8 
2pe = ’ 6p3 co 
2 8} 83 82 8] 84 83 82 8) 


Examples. 


5. Resolve into factors the determinant 
Nea pee Tees “eee 


a: Ae ae 


83 82 8) 8 l 


fi yy 2. .4 


where 8, 81, 82, &c., are the sums of the powers of three quantities, a, B, y. 
* This determinant is the product of the two determinants 


& pg x 2 0 ao pf 7 0 ¥3 
oo ps gO a Bp 7 0 y? 
ee pe ten | fas a B Y Fee, anes 0 
1 1 1 1 0 1 1 1 0 1 
0320 08. Boies, | Teancd | Eanes Seecaa | 


and each of the latter can be resolved into simple factors. 


* 6. Prove, for the general equation, 


80 8] 82 83 
8) §2 83 84 
= 3 (B —y)? (y — @)? (a - 8)? (e¥—a)(x—B) (x 
82 83 84 85 
1 x x x 


Multiplying the two arrays 
Pee t-a z-B z-y 
a B 7 - +>, «e-e) Be-8) 72-7) - 
Ce ee eee a(e—-a) B(z-8) y(z-y) . 
we show that = is equal to 
8SX— 8; 81% — 82 2% —83 
82 — 82 S82—83 s3x—% |, 
S22 — 83 83 — Be 84 — 85 


which is easily transformed into the proposed determinant. 


537 


aa De 


> 


It appears in like manner in general that the determinant of similar form of 
order p + 1 is equal to the corresponding symmetric function, each of whose terms 
contains p factors of the original equation multiplied by the product of the squared 


differences of the p roots involved therein. 
Z 
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7. Prove that the value of the quotient of .4; by y; (see Art. 148) may be written 
as a symmetric function involving x and the roots; e.g., 


As P ; 
ris =(B -)? (y— a)? (a — B)? (% — a) (v7 - B) (x— 7). 4 
8. Determine $1, $2,...- $j, -- + Gp from the equations | 
gi + 2 + .2- + dp = Tp, 
$1 91 + 262 + oss + Gp 0, = Th, 


$1612 + 20227 + «6. + pd, = Tr, 


1 OP! + 2 O2P 1 + 26. + Pp Oph! = Tp. 
Ans. $; is given as a function of the (p — 1) degree in 0; by the equation 
aS atin gO al 
ae ene, We aera | To 


81 82 83 e e Sp T; =O, 


Se Re ae ee Stn ot 


where sz = 0: + 02% + O34 +... + Op*. 
9. If a, B, 7, 5 be the roots of the equation 


Ayx* + 4a, 23 + 6agu? + 4a34 + a4 = 0, 
calculate in terms of a, H, I, J the value of the symmetric function 
a® &(3a — B — y — 8)? (8B — y — 8 — a)? (8y — 5 —a — B)*. 


Here ao® == 46 32? 22” zg”, 


where 1, 2, 23, 24 are the roots of the equation 
a+ 6He? + 4Gz + ao°I — 8H? = 0. (See Art. 37.) 


Hence, by Ex. 2, Art. 146, 
Ans. 47{- 7H? + a? HI - 4a3J}. 
10. Prove that 


TI = af (B — 7)? (y— @)? (a — B)? (a — 8)? (B — 8)? (y — 8)? = U9 + md’, 
where m = — 271. 


‘The weight of this function of the roots is 12, and the order 6. 

We now make use of a proposition which will be proved subsequently, namely, 
that any even, rational, and integral symmetric function of the roots, of the order @ 
and weight «, and involving the differences only of the roots, is, when multiplied — 
by a, a rational and integral function of ao, H, J, J. (Compare Ex. 17, p. 126.) 


= 
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Hence, expressing the function whose order is 6, and weight 12, in terms of 
ao, H, I, J, it is easy to see from the table— 


Order. | Weight. 
H 2 2 
To 
J 3 6 


that H cannot enter, for the terms of the sixth order containing H, viz. 
H*, H*I, HI*, have not the proper weight. Therefore TM must be of the form 
lI? + mJ*, where / and m are numerical coefficients. 

Now put a3 and a, equal to zero, and 11 will vanish, since in that case the 
quartic will have equal roots ; hence, employing the reduced values of J and J, 


0 = 1(3az*)? + m (— ae)*, and therefore m=— 271. 


In applying this method to obtain the values of symmetric functions, the rule 
to be followed in every case is—Retain those terms of weight « whose order is not 
greater than @, and make the whole homogeneous by multiplying terms whose 
order is less than @ by suitable powers of ay. 


li. Calculate the symmetric function of the roots of a biquadratic 
2 (8 -)? (y— a)? (a - B)?. 


Since the order of this symmetric function is four and its weight six, we may 


assume 
aot &(B — y)* (y —a)? (a— 8)? = 7HI + mapJ. (1) 


The values of 7 and m may be found by putting a3 = 0, ag = 0, as in the pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
y = 0, 5 = 0) in terms of the coefficients of the quadratic equation 


Qo x? + 4a, 2 + 6a = 0. 


Identifying then this value with the reduced value of LHI + maoJ, we obtain two 
simple equations to determine / and m. Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym- 
metric function by actually substituting the roots, and then comparing both sides 
of the equation when H, J, J are replaced by their values calculated from the 
numerical coefficients. 

First we take the biquadratic equation 62 — 6z? = 0, whose roots are 0, 0, 1,—1, 
whence 

2=8 H=-6, I=3, J=1. 
Z2 
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Substituting in equation (1), we have 
1728 =— 31+ m. 
Proceeding in the same way with the biquadratic equation 


a4—6274+5=0, whose roots are + / 5, +1, 


we find 
aei6s, 2-1) Jes, Jae: 
whence 
-—192=2/4+m, 
and 
g=—-2x192, m=3x 192; 
and finally, 


aot S = 192 (- 2HT + 3/7). 


12. If F(ay, a, a, ..- an) is a seminvariant of the equation (a, a1, a2, ... an) 
(xz, 1)"=0, prove that the same function of the sums of the powers of the roots, 
viz. F(so, 81, 82, ..+ 8), is also a seminvariant. 

This follows by operating on the first function by D, and on the second by — 8, 
and observing that Da, = rar-; and — 8s, =rsy_;. We thus obtain results identical 
in form ; and if one vanishes identically so must the other. 


13. Calculate the determinant 


So 8] S82 
a 81 82 83 
82 83 84 


in terms of the coefficients of a quartic. 
By the preceding example this determinant is a function of the differences of 
the roots; we may therefore remove the second term of the quartic before calcu- 


lating it; and if the equation so transformed be 
yi + Poy? + Psy + Ps = 0, 
4 0° 2h, 
A= 0 —2P, —3P3 = 4{8P,Py—2P,3- 9P3*}; 
—2P, —3P3;  2P2*2-4P, 
but ao? P2=6H, a? P3=4G, aot Ps = ao*l — 3H?. 
Substituting for Pe, Ps Py, these values, we have 
aot = 192(— 2HI + 8a/): 

the same result as in the preceding example (cf. Ex. 3, p. 336). 

14. If a, B, y, 8 be the roots of the equation 


aout + 4a, 2° + 6agu? + 4a3v7 + ag = 0,7 
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express H,, I, Js, Gs of the equation 
8x4 + 48,23 + Csex? + 4537 + 949 = S(v + a)*= 0 


in terms of H, J, J, G. 
H, HH Is 48H?—a?I Gs e 
aa ee eo ae 
and by the aid of the relations 
G24 4M=a?(HI-aJ), GP +4HS = 5? (HsIs — 80s), 


J,= == (8aoJ — 2HI). 


15. When p is even, prove that 


S (a1 — a2)? = 89 8) — p81 Spit yp (p—1) s28p2- Ke. 
Since 


.p-1 
= (x —a)P =nzP — ps, ae) + =i ; 82 eP-* — Ke... . — p8p 1X t+ 8p, 


changing x into aj, a2, a3,.-- an, in succession, and adding the results on both 
sides of the equations thus obtained, we find 


22 (a1 = a2)P = 80 8p — P81 8p-1 + cl 


1 2 82 8p.2—. + + — P81 Sp-1 + 80 Sp, 


where all the terms on the right side of this equation are repeated except the middle 
term. Thus 
= (ai — az)* = 8 84 — 481 83 + 382”, 


& (a1 — az)® = 8 85 — 68; 85 + 1582 84 — 1083”, Ke. 


16. Form the equation whose roots are (a), $'(B), ¢’(y), $'(5), where 
a, B, y, 5 are the roots of the equation 


(x) = ao xt + 4a, 23 + Gazz? + 4agxn+a,=0. 


32G ,. 96(2HI-—3 256 (13 — 27.J? 
Ans. ots Tie alas at scl p+ : ao® : . 
0 


17. If % (a — B)*(B — y)*(y—a)? (8), 
when expanded, becomes 
Kox' + 4Kkyx + 6 Koz? + 4 Koa + Ky; 


prove that 
KcaBy + Ki (By + ya + a8) + Ka(a+B+y)+ Ks _ +16Va 
(8 — y) (y— a) (a — 8B) ae” 
where 
A= I' — 27J?, 


18. Prove that 
a $3 (B+ y—a— 3)? (B— +)? (a — 8)?=192 (3aoJ — 2H/). 
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19. Prove that 
ao & (B+ -y—a—8)*(B —y)? (a — 8)? = 512 (ap2I? — 36a HI + 12H2Z:). 


20. The quotient of a simple alternant (one, namely, in which each element 
is a single power) by the difference-p roduct (see Ex. 31, p. 303) can be expressed 
as a determinant whose elements are the sums of the homogeneous products of the 
quantities involved. 


We take a determinant of the third order, and propose to prove 


ar at at. IIp IIq Il, 1 a a? 
Be Bo A let Ty en TS | Ss ae 
7? v2 Ae | TIp-2 TIg-2 TI,-2 1 4 f y 


where Ip, Tg, &c., are the sums of the homogeneous products of a, B, y, as defined | 
in Ex.6, Art. 143. The method employed is perfectly general. Take the following 
identity, which is easily proved :— 


2 y a EAE alae 2 leer ie 
Mca Nas” Gree * Yaa Ser * x y? 2 bes B B? 
Pea’, z pee, 


#-B y-B 2-B | (e—a)(z-8)(z—y)(y—a)(y—8)(y-7)(2—a)(2—)(2—7) 


Jy Aa ee et ae 
write (x—a)(x—8)(x-v) as a divisor under each of the elements of the first 
column on the right-hand side, (y—a)(y-8)(y—vy) under those of the second, 


and (z—a)(z— 8) (s—-y) under those of the third, and substitute from the follow- 
ing and similar equations (see Ex. 6, Art. 143) :— 


zx 
———=l+4+arvta?x?+...+arpxPt+..., 
t—a 

xe 


(% — a) (w— B) (e— 7) 


= 14 Mia’ + Mow? +...+ Mpv'? + &e. 
where x Bis = ar 
pe bean 


The identity written above becomes then 


l+azv’'+...+aPvP+.,. 14Mya2’ +e? +...4+Mprrt+., . lias 
1+P2'+...4+PPz'P+.,. |= e+e? +...4+MpizPt.,. 1B B |, 
L+ya'+...+y?a'Pt.,. U7 +...4+MpovPt+.,. lyy | 


where the second and third columns of the determinants here written can be sup- — 
plied by replacing x’ by y’ and z’, respectively. Comparing coefficients of ’Py’9z7 
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on both sides, we have the required result. It should be noticed that when the 
difference-product determinant is written in the form used above (viz. with ascend- 
ing powers in the order of the columns) the sign to be attached to the product is 
always positive, since the product of the two determinants, containing the term 
11M g-111,-28y*, must contain the term a’B?y". Note also, in applying this calcula- 
tion to particular examples, that M.=1, and MN; =0 when J is negative. 

21. Prove, by the preceding example, 


lca. TIlo Me 5 Oe eae 
Le ee 0a ed ee 
ly sy Gio (ly ly ¥ 


The quotient, therefore, of the given determinant by the difference-product is 
11,13 — My, which may be shown to be equal to 3a°8 + 3a°B? + 23a°By. 


22. Prove, by the method of Ex. 20, 


1 a ai.. a"? a” La a ay") 
1 ag ae®.. ac”? ao™ 1 ae as?... ar! 
= TI m-ns1 , 
| 1 an An? .: & a,%-? a,™ 1 an a,? Ie Se a,"} 


where m = or > n. 
This result may be derived directly from Ex. 6, Art. 143. 
23. Determine a seminvariant of a quintic whose order is three and weight five. 


ANS. Gy? a5 — 5a9a, 04 + 2a9a243 - 6a, a2” + 8a,? a3. 


24. Determine a seminvariant of a sextic whose order is three and weight 
eight. 
ANS. 90246 — 349.4345 + 2ao ag? — a1? ag + 8a) A245 — 41 4304 — 3027 a4 + 2a2a3°. 


25. Prove that any seminvariant of the equation (a), a, ... ar) (z, 1)" =0 is 
also a seminvariant of the equation (a, a1, ... Gr, ..+ @n)(z, 1)" = 0, n being 
greater than r. 


CHAPTER XIV. 


ELIMINATION, 


149. Definitions.—Being given a system of » equations, 
homogeneous between 7 variables, or non-homogeneous between 
n—1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation R = 0, 
containing only the coefficients of the equations; the quantity 
R is, when expressed in a rational and integral fue called the 
Resultant or Eliminant. 

In what follows we shall be concerned chiefly with two 
equations involving one unknown quantity 2 only. In this 
case the equation J = 0 asserts that the two equations are con- 
sistent; that is, they are both satisfied by a common value 
of z. We now proceed to show how the elimination may 
be performed so as to obtain the quantity £&, illustrating the 
different methods by simple examples. It is proper to observe 
that the value of F arrived at by some processes of elimination 
may contain a redundant factor. The method of elimination 
by symmetric functions leads to a value of & free from any — 
such factor; and we refer, therefore, to the conclusion of the — 
discussion in the next Article for the precise definition of the — 
Resultant. 

Let it be required to eliminate w between the equations 


ax’+2br+ce=0, a2? 4+2b’~+c =0. 


Solving these equations, and equating the value of x so 
obtained, the result of elimination appears in the irrational form 


Re pe. / eee Pe 
b vb ac bY vb ata 
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Multiplying by aa’ we obtain 
Ab = headed = as oe 


Squaring both sides, and dividing by the redundant factor 

ad, and then squaring again, we find 
R = 4 (ae — B*) (a’e’ — b”) - (ac + ae — 2bb’)?. 

This method of forming the resultant is very limited in 
application, as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

150. Elimination by Symmetric Functions.— Let two 
algebraic equations of the m‘* and n"* degrees be 


d (2) = age™ + aya" + ar” +... + dm = 0, 

W (x) = boa” + ba"! + boa"? +...4+6, = 0; 
and let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 


the equation ¢ (v) = 0 be a, a,... an. If the given equations 
have a common root it is necessary and sufjicient that one of the 


quantities 
Wa), Pla),---, W (am) 
should be zero, or, in other words, that the product 


W (ar) b (a2) b (as) «- - Y (am) 
should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it isa symmetric function of the roots of the equation ¢ (x) = 0, 
we shall have the resultant required. Further, if /3,, (32, ..- Bn 
be the roots of the equation y (~) = 0, we have 


W (ai) = by (a. — B:) (ar - Br) - - - (a — Bn), 
ue = se (a2 — ‘B)) (as es ae - Bn), 


eae 5 las <i) fon 8) an ~ Bn) 
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If we change the signs of the mn factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 


ay" b (ar) P (a2) - - » (am) = (- 1) bo (31) $ (Bz) « - - # (Bn). 
We may therefore take 


R= (-1)"" 61 $ (Bs) (Bs) « --  (Bu)= as" (as) # (as) + --P(am)s (1) 


for both these values of R are integral functions of the coef- — 
ficients of ¢(7) and ¥ (x), which vanish only when ¢ () and — 
W (v) have a common factor, and which become identical when — 
they are expressed in terms of the coefficients. 

151. Properties of the Resultant.—(1). Zhe order of — 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering Rin the degree of the second, and the coefficients of the — 
second entering in the degree of the first. 

This appears by reviewing the two forms of £# in (1), 
Art. 150; for in the first form a, a, ... dm enter in the n™ 
degree, and in the second form &, 0,,... 6, enter in the m™* — 
degree. Also it may be seen that two terms, one selected from 
each form, are (—1)""d."a,," and a,” b,™. : 

(2). If the roots of both STUAUERS be multiplied by the same — 
quantity p, the resultant ts multiplied by p™. . 

This is evident, since any one of the mn factors of the form — 

— (3, becomes p (a, — 3,7), and therefore p”” divides the result- 
ant. From this we may conclude that the weight of the resultant 
is mn, in which form this proposition is often stated. 

(3). If the roots of both equations be increased by the same 
quantity, the resultant of the equations so transformed ts equal to 
the resultant of the original equations. 


For we have 
+ R= af bo" (1 (ay — Be), 


where I signifies the continued a of the mn terms of, the 
form ap — (3,; and this is unaltered when a, and (3, receive the 
same increment. 
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(4). If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 
Making this transformation in 
R = a" bo” 1 (ap — Ba); 
we have 


Ae Ye fe AY I (ay — Bq) : 
RK = Am bn ( 1) (aa, = am)” (31/32 - -+ Bn)” ’ 


a. by 
Q;Qg.«- tae re B82... Ba=(- I)"3 


0 


but 


substituting, we obtain 
RE = as'bgn(— 1)" Th (ap - By) = (~ 1) ™B. 


From this it follows that in the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
@.2- Moy Im} Gy Imai, &e., may be all interchanged without alter- 
ing the value of the resultant. 

(5). If both equations be transformed by homographic transfor- 
mation, that is, by substituting for x 

Ax + oe 

Na+ p” 
and each simple factor multiplied by Nx + p’, to render the new 
equations integral; then the new resultant R’ = (Ap’-X'u)""R. 

To prove this, we have 


p (x) = ay(w@ — a1) (@— ar)... (© - am), 
y (x) = bo (@ — B,) (@ — Br)... (© — Bn) 5 


also 


x — ay becomes (A - X’a;) (2 - raed 


u By - 
x — 2, ” a vr) (2 - Ee reek 
Multiplying together all the factors of each equation, 
ad becomes ao(A — Na) (A — Nar)... (A — Nan); 
be 5 bo (A -X‘Bi) (A -X’B2) « - - (A = X’Bn)- 
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warm By — 
AX -Na’ A-NB, 


(Au aa bt) (ar — By) | q. 
(A — Nar) (A- X’B,)’ | 


Also, since a,, 3, are transformed into 


-— Br becomes 


whence 


ao"bo” TI (ay — By) becomes ao"bo™ (Au’ — Xn)" 0 (ay - B,), fy 


that is, the resultant calculated from the new forms of  (v) and : | 


W (x) is 
(Ap’— oe i)" Re: 


This proposition includes the three foregoing; and they are 1 
collectively equivalent to the present proposition. 


152. Euler’s Method of Elimination.— When two 
. equations ¢ (vw) = 0, and W(x) =0, of the m* and n™ degrees 
respectively, have any common root 0, we may assume 


#(e ) = (x om 0) 1 (2), 
w (2) = (x - 8) dale), 


where 2 
gi (x) = pie” + pa +... + Ding 


i ial cto 


Wi, (2) = gi? + GF on + Upp 


the coefficients being undetermined quantities depending on 0.8 
Whence we have 


¢ (x) ti (@) = b (@) or (2); 


an identical equation of the (+n-—1)"degree. Now, equating 
the coefficients of the different powers of x on both sides of the — 
equation, we have m+n homogeneous equations of the first 
degree in the m+n quantities p,, Po... + Pmy Qiy Yop + + Gn3 and — 
eliminating these quantities by the method of Art. 135, we 

obtain the resultant of the two given equations in the form of 
a determinant. 
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EXAMPLE. 
Suppose the two equations 


avt+br+e=0, agxr?+hr+e,=0 
to have acommon root. We have identically 
(qx + 92) (ax? + bx + c) = (pix + pa) (ai 2? + dix + a1), 
or (gia — prim) & + (gid + goa — pi bi — p2ay) x* 
+ (gie¢ + gob — pier — pods) + g2e— poe, =0. 
Equating to zero all the coefficients of this equation, we have the four homo- 


geneous equations 
gia — pid = 0, 


gid + goa — pi by — poa = 0, 
gic + g2b — pici — poh, = 0, 
g2e — pre, =0; 
and eliminating 71, ~2, 91, g2, we obtain the condition for a common root in the 
form 
| a 0 ay 0 


b a by a) 


0. c 0 Cl 
The student can easily verify that this result is the same as that of Art. 149. 


153. Sylvester’s Dialytic Method of Elimination.— 
This method leads to the same determinants for resultants as 
the method of Euler just explained; but it has an advantage 
over Euler’s method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 

¢ (z) = aye” + aa" + ae +... + dn = 0,7 
W(x) = bya" + ba! + boa" +...4+0, = 0, 
we multiply the first by the successive powers of z, 
LT 1s FR: 
and the second by 2,2", ... 2°, a, 2°, 
thus obtaining m + n equations, the highest power of x being 
m+n-—1. We have, consequently, equations enough from 
which to eliminate 
gmen-l gine gt, 
considered as distinct variables. 
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EXAMPLEs. 


1. Find the resultant 2 of two quadratic equations 
ax?+ba4+e=0, ma?+hxe+e,=0. 

We have a+ betce =O, 

ax? + bu+e=0, 


ae+b2+e2% £=0, 
axe? +bae+e=0; : = 


from which, eliminating 2%, z?, 2, we get the same determinant as in the preceding 
Article, columns now replacing rows: , 


by 
Ill 


2. Form the resultant of the two equations 


= : 3 =a 
U=ao + ar + agx? + azz? + agx' = 0, 


V = do + dix + dex? + dgx? = 0. 
Proceeding as before, we easily find 


a © a2'a3 1m 0 0 
Os do @ (dq Gs as O 
0 0 a Mm az ay mM 
Rul & b, Bis 6 0/0 
0° by bi | bg b3%0 0 
O70 by ity ey NO 


0 0 0 bo Oy bz bs 
It will be observed that 2 contains the coefficients of U in the 3rd degree, and | 
those of V in the 4th degree ; also ao°03* is a term in R (see (1), Art. 151). 
154. Bezout’s Method of Elimination.—The general | 
method will be most easily understood by applying it in the | 
first instance to particular cases. We proceed to this applica- 
tion—(1) when the equations are of the same degree, and — 
(2) when they are of different degrees. } 
(1). Let us take the two cubic equations 


ax’ + be +cat d=0, aat+ de? + e474 d,=0. 
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Multiplying these two equations successively by 
Gand a. 
ae +0; 35, “an +8; 
axv+beat+e , axt+berte, 


and subtracting each time the products so formed, we find the 
three following equations :— 


(ab,) x” +(ac,)e + (ad,) =0, 
(ac,) 2 + {(ad,) + (be,)} w + (bd,) = 0 
(ad,) a° + (bd\) x + (ed,) = 0. 


By eliminating from these equations 2’, #, as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows :— 


(ab,) (ac;) (ad,) | 
(ac:)  (ad,) + (be:) —(bd,) | 
(ad,) (bd,) (cd,) | 


To render the law of formation of the resultant more ap- 
parent, the following mode of procedure is given. 
Let the two equations be biquadratics, as follows :— 


ac’ + be +cx2+de+e=0, aat+ ba? + e+ d2r+e,=0; 


whence, following Cauchy’s mode of presenting Bezout’s method, 
we have the system of equations 


a bz®? + cx? + dx +e 
a, bw +ea+daer+e, 


ax +b cz? + dx +e 
aet+b, cw¢vtdate,’ 


ave+ be+e dzw+e 
aet+bete dete, 


ae+ber+ecri+d ae, 
a2" + b,a* + ca+d, e, 
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which, when rendered integral, lead, on the elimination of 
x, x, 2, to the following form for the resultant :— 


(ab,) -(ac,) (ad,) (ae,) 
(ac) (ady) + (be) (ae:) + (bai) = (be) 
(ad,) (ae,) + (bd) (be) + (edi) — (ee) 
(ae,) (be;) (ce,) (de,) 


If, now, we consider the two symmetrical determinants 


(ab,) (ae,) (ad,) (ae,) 
(ac) (ad,) (ae) (be) (bce,) (bay) 
(ad,) (ae) (be) (ce) (bd:) (ed) 
(ae,) (be:) (ce) (des) 


the formation of which is at once apparent, we observe that 2 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 


ax’ + bet +e + de’ +ex +f =), 

ae + bat +¢04+ dat+ec+f, = 90, 
the resultant is obtained from the three following determ1- 
nants :— 
(abs) (ae:) (ad) (ae) (af) 
(acy) (adi) (ae) (aft) (BA) | | (ber) (bdr) (es) 
(ad,) (aes) (aft) (Bf) (oh) |, | (ds) (Ber) (cer) |, (eds), 
(ae) (afi) (A) (A) (HA) | | (ex) (cer) (der) 
(afi) (1) (A) (HA) (A) 


by adding the constituents of the second to the nine central — 
constituents of the first, and then adding the third to the central _ 
constituent of the determinant so formed. The student will | 
have no difficulty in applying a similar process of superposition — 
to the formation of the determinant in general. : 
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(2). We take now the case of two equations of different 
dimensions, for example, 


act + ba? +ca*+dxr+e=0, aa+berte =0. 
Multiplying these equations successively by 
a, and az’, 
ae+b, ,, (axv+d)2', 


and subtracting each time the products so formed, we find the 
two following equations :— 


(ab,) x* + (ac) a — daz — ea, = 0, 
(ac,)x* + {(be,) — da,}a* — {db, + ea,} x — eb, = 0. 
If, now, we join to these the two equations 
aye + ba’ + ea = 0, 
a+ be +e. = 0, 


we shall have four equations by means of which 2°, z*, z can be 
eliminated; whence we obtain the resultant in the form of a 
determinant as follows :— 


(ab,) (ae;) da, ea, 
(ac,) (be:)-da, dbj+ea, eb 
ay b, -C 0 
0 ay —b, —¢C 


This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m and n™ degrees. 

Let the equations be 


od (@) = age™ + aya™! + age” +... + dn = 0, 


WP (x) = box” + bar + bw? +... +b, =0, 
2A Or 
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where m >; and let the second equation be multiplied by 7”. 
We have then 


bo™ + 6,0" + be? +... +b," = 0, 


an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of p(w) =0, m—n zero roots; — 
so that we must be on our guard lest the factor a," (i.e. the 
result of substituting these roots in ¢ (x) ) enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above case—(1), the following » equations :— 


Qo Ax + aa +. + Om 
bo ba" + EC wait + a ea + b,am— 


Apt + Ay Gt ee ot Oe 


= i > 
box ae b; ite + ba + Sn ee + te 


Wie a he + a ae Pea Fe 
beat + b,a"* +... + ba b,0" : 


which, when rendered integral, are all of the (m-—1) degree; 
whence, eliminating v1, 7”, ...w as independent quantities 
between these » and the m—n equations 


boa” + ba? + bo + 2. = (), 


bat + 0a" +... = (), 


bya” + ba" +... +5, = 0, 


we obtain the resultant in the form of a determinant of the m” — 
order, the coefficients of the first equation entering in the degree 
n, and the coefficients of the second equation entering in the 
degree m; whence it appears that no extraneous factor can enter 
and that the resultant as obtained by this method has not been 

affected by the introduction of the zero roots. a 
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If F be the resultant of two equations, ¢ (7) = 0, W (r) = 0 
whose degrees are both equal to m, the resultant R’ of the system 


Ap (x) + ph (2) = 0, A(z) + wy (x) = 0 
is (Ap —A’n)"R ; 
for each of the minors (a,0;), which in Bezout’s method con- 
stitute the determinant form of FR, becomes in this case 


Ady a by, We oF ub, 
= (Awl — Nu) (ar bs) 5 
Ads + pbs, Nas + pds 
whence Jt’= (Ay — Nu)" R, since RK is a determinant of 
order 2. 

155. Other Methods of Elimination.—\We conclude 
the subject of Elimination with an account of a method which 
is often employed, but which has the disadvantage, when 
applied to equations of higher degree than the second, of giving 
the resultant multiplied by extraneous factors. The process 
about to be explained is virtually equivalent to that usually 
described as the method of the greatest common measure. 

In forming by this method the resultant of the two quadratic 
equations 

ax’+be+c=0, a,2°+6,2+¢, = 0, 
we multiply tase? equations successively by 
a, anda, o ale: 6, 


and subtract the products so formed. We thus find the two 
linear equations 
(ab) @ + vos = 
(ac,) # + (be) = : 
from which, eliminating z, we have 
(ac,)° — (ab,) (be,) = 0. 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of the cubic 


equations 
ax>+ bz? +cxa+d=0, a,a?+ 6,27 +¢,2+d,=0, 
SAS 


356 Elimination. 


we multiply these equations successively by a and a, d, and d, 
and subtract each time the products so formed. We have then 
(ab,) x + (ac) x + (ad,) = 0, 

(1) 


(ad,) x + (bd,) x + (cd,) = 0. 
Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant , 


(ab,) (ad,) (ab,) (ac) (ac,) (ad,) 
(ad;) (ct) (ads) (bd,) (bd) (ed,) 


an expression whose degree is 8 and weight 12, in place of © 
degree 6 and weight 9; whence it appears that it ought to be — 
divisible by a factor whose degree is 2 and weight 3. This 
factor must therefore be of the form /(dc,) + m(ad,). We pro- 
ceed now to show that it is (ad,); and to find the quotient when 
this factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (ad;), we have 


(ab,) (eds) {(ab1) (ed) + (car) (b41)}, 
which is divisible by (ad,), since 
(be) (ad) + (ca) (bd) + (ab,) (ed,) = 0. 
Expanding the determinants, and dividing off by (ad,), we 
find ultimately the quotient 
(ad,)*-— 2 (ab,) (ed,) (ad,) + (bd;) (ea,) (ad) 
+ (ea,)* (ed,) + (ab,) (bd,)? — (ab,) (be,) (der), 


which, being of the proper degree and weight, is the resultant. 

If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous factor of the fourth degree, which is the condition 
that these cubics should have a common factor when the bi- 
quadratics from which they are derived have not necessarily a 
common factor; and in general, if we seek by this method the 
resultant of two equations of the n™ degree, eliminating between 
two equations of the (n - 1)” degree, we shall have to remove 
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an extraneous factor of the order 2n - 4. This method there- 
fore is inferior to all the preceding methods; and it cannot be 
conveniently used except when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

156. Diseriminants.—The discriminant of an equation 
involving a single unknown is the simplest function of the 
coefficients, in a rational and integral form, whose vanishing 
expresses the condition for equal roots. We have had examples 
of such functions in Arts. 43 and 68. We proceed to show 
that they come under eliminants as particular cases. If an 
equation f(x) = 0 has a double root, this root must occur once 
in the equation f(x) = 0; and subtracting 2/’(x) from nf(x), the 
same root must occur in the equation nf(x) - xf’(x) = 0. 

This is an equation of the (n - 1)” degree in x; and by 
eliminating 2 between it and the equation f(x) = 0, which is 
also of the (n — 1) degree, we obtain a function of the coeffi- 
cients whose vanishing expresses the condition for equal roots. 
The degree of this eliminant in the coefficients of f(x) is 2(n —1); 
and its weight is n(n — 1), as may be seen by examining the 
specimen terms given in section (1), Art. 151. Expressed as a 
symmetric function of the roots of the given equation, the 
discriminant will be the product of all the differences in the 
lowest power which can be expressed in a rational form in 
terms of the coefficients. Now the product of the squares of 
the differences [I (a, — a2)? can be so expressed; and since it is 
of the 2 (n — 1) degree in any one root, and of the n(n — 1) 
degree in all the roots, it follows that the discriminant multi- 
plied by a numerical factor is equal to a,?("") TI (a,;- a)’. 

If the function /(v) be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant of f(x) are the differential coefficients of /(«) 
with regard to and y respectively. In the same way, in 
general, the discriminant of a function homogeneous in any 
number » of variables is the result of eliminating the variables 
from the n equations obtained by differentiating with regard to 
each variable in turn. 
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EXAMPLES. 
1. Find the discriminant of 
aox® + 3a,x? + 8aer + a3 = 0. 
We have here to find the eliminant of the two equations 


aox? + 2014 + ag = 0, 


a,x? + aor + a3 = 0. 
The condition for a common root is, by Art. 149, 
4 (aa2 — a") (a1a3 _ a2") = (aoa3 = a a2)? == 0, 


The function of the coefficients here obtained is therefore the discriminant, g 
which may also be written in the form of a determinant, as follows, by Art. 153: 


ao 2a a2 0 


0 ay 2a2 a3 


It can be easily verified that this value of the discriminant is the same as that : 


already obtained in Art. 42. 
2. Express as a determinant the discriminant of the biquadratic 


aou* + 4a\23 + Gaga? + 4a3x + a4 = 0. 

We have here to eliminate x from the equations 

aox® + 3a,2? + Bax + a3=0, 

ax° + 3agu? + 3a3v + ag = 0. 
By the method of Art. 153 the resultant is 
% 3M 3a2 a3 0 0 
0 a 3a, 3a ag 0 
0 0 a 3a, 3s8a2 a 
a 3a2  =3a3 a4 0 0 


0 ekg ee CG CO 


0 0 ay 8a, = 8az a4 


This must be the same as J*—27J? of Art. 68. q 
3. Express the discriminant of the quartic as a determinant by Bezout’s method 4 | 
of elimination. = 
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4. Prove that the discriminant, Am, of the equation 
U = az™ + by™ + cz™ = 0,7 
where z+y+2=0, 
may be obtained by rendering rational, in the form Am = 0, the equation 
biclé fia sii 
(bc)™-! + (ca)™1 + (ab)m = 0; 


and calculate in particular the values of A3, Ag, As. 
When =z is replaced by its value from x + y+ z= 0 the given function U contains 
two variables, and the discriminant is obtained by eliminating z and y from 


dU dU 
om ese 


5. Prove by elimination that J = 0 is one condition for the equality of three 
roots of the biquadratic of Ex. 2. 
Since the triple root must be a double root of 


U3 = aox® + 3a,27 + 8aex + ag = 0, 


and therefore a single root of a2? + 2a,.%+a3;=0; and since it must also be a 


single root of 
U2 = aox? + Zax + a2 = 0, 


it follows from the identity 
Ug = 2? U2 + 2x (ax? + 2aox + a3) + age? + 2agx + a 
that the triple root must be a root common to the three equations 
ox" + 2a,x + a2 = 0, 
ax? + ager + a3 = 0, 


aoz® + 2a3x + ag= 0. 
Hence the condition 


ao ay a2 
ay a2 @3 |=J=0. 
a2 a3 a4 


That the other condition for a triple root is J = 0 may be inferred from Ex. 10, 


““p. 338 ; for when three roots are equal the discriminant must vanish, and it is of 


the form /J* + mJ*. 

6. Prove that the discriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 150 and the present Article; for 
the product of the squares of the differences of all the roots is made up of the 
product of the squares of the differences of the roots of each equation separately 
and the square of the product of the differences formed by taking each root of one 
equation with all the roots of the other. 
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157. Determination of a Root common to two : 


Equations.—If F be the resultant of two equations 
U = Amv™ + dmit™+...+%=0, 
V = be" + 0,27". +...+6,= 0, 

and a any common root, then 


Oh ean On 
da _da, da _ 
Secu dk 


ddy day day 


To prove this we first show that functions ¢ (7) and wy (2) 
can be obtained such that R = Ug (wv) + Vi(x), namely, when 
U and V are multiplied by ¢(v) and (x), respectively, and 
added, all terms involving # vanish identically. Take, for 
example, the form of & given for two functions of the 4™ and 
3'4 degrees, respectively, in Ex. 2, Art. 153. Multiply the 
second column by 2, the third by 2’, &., and add to the first 
column, thus obtaining U, 2U, «U,V, «V, x’ V, x V for the con- 
stituents of the first column. The determinant when expanded 
takes then the form U(x) + Vi(x), where @ is a quadratic 
function, and ~ a cubic function of « This mode of proof can 
be applied to any two functions ; and it will be observed in the 
general case that ¢ and y are of the degrees x — 1 and m - 1, 
respectively, the degrees of U and V being m and n. We have 
therefore 


kR=Uo+ Vd; 
whence 
p ap 
— = 7P pane Ess 
dy es ge 
dR ye 
= 7Pt! 
1 oe oF ve 47 ieee 


and when a is a common root of the equations U = 0, and V = 0, 
we have, substituting this value for w in the preceding equations, 
ah 28k 
ee ee 
dap day 


which proves the proposition. 
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A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

When the equations U = 0 and V = V have two roots com- 
mon, the first differential coefficients of R with regard to a,, 
Apu, &c., vanish identically, and it is necessary to proceed to a 
second differentiation. In this case the common roots are given 
as the roots of the quadratic equation 

CR CR a 


2 c 
: 2+ —— 
day days days” 


. b 
dap 


as is easily seen by differentiating the value of R above given, 
when the first member of the equation last written is found to 
be equal to 
(Ge pee ical ae ae U+ (The-2 ge ai)? 
da,” igdagi day)" da,” AayAay,, Aay,,"} ’ 

and must therefore vanish when either of the common roots is 
substituted for x. 

A similar process will apply Sif there are three or more 
common roots. 

158. Symmetric Functions of the Roots of two 
Equations.—If it be required to calculate a symmetric func- 
tion involving the roots ai, a2, a3,...am of the equation 


o(z) = ae” + aye") + aw"? +... + dm = 0, (1) 
along with the roots 3, (32, 33,..- Bn, of the equation 
W(y) = by" + diy"? + by"? + ...4+0,= 0, (2) 


we proceed as follows :— 

Assume a new variable ¢ connected with 2 and y by the 
equation 

t= Ax + my; 

and let y be eliminated by means of this equation from (2). The 
result is an equation of the n‘ degree in x whose coefficients 
involve X, «, and ¢ in the n™ power. Now let « be eliminated 
by any of the preceding methods from this equation and (1). 
We obtain an equation of the mn™ degree in ¢, whose roots are 
the mn values of the expression Aa + u/3. 
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If, now, it be required to calculate in terms of the coefficients 
of g(x) and (y) any symmetric function such as Sa? 32, we 
form the sum of the (p + ¢)” powers of the roots of the equation 
in ¢. We thus find the value of = (Aa + u/3)?*2 expressed in 
terms of the original coefficients and the several powers of X 
and jx. The coefficient of A? x? in this expression will furnish — 
the required value of Sa? (3? in terms of the coefficients of — 
$ (2) and ¥(y). 

If it were required to calculate symmetric functions of the 
roots of three equations, we should assume 


ee eae ee 


t=Ar+ py + vz, 


eliminate «, y, s, and proceed as before. This method therefore © 
applies whatever the number of equations ; and by making the © 
coefficients a, = b, = ¢,, &e., we fall back on the symmetric — 
functions of the roots of a single equation already calculated. 

The examples which follow are given to illustrate the 
principles contained in the foregoing chapter. 


for or ee 


EXAMPLES. 


1. Eliminate z from the equations 
ax? + be +¢=0, 


e=1. 


Multiplying the first equation by x, we have, since 2° = 1, 
ba? + cx +a=0; 
and multiplying again by x, we have 
ce? +ax+b=0. 


Eliminating «* and z linearly from these three equations, the result is expressed 
as a determinant 


If the method of symmetric functions (Art. 150) be employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 


(a + b + €) (aw? + bw + ¢) (aw + bw* + ¢). 
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2. Eliminate similarly z from the equations 
ax’ + bx + cx? + dr+e=0, 
2 = 1, 


The result is a circulant of the fifth order obtained by a process similar to that 
of the last example. By aid of the method of symmetric functions the five factors 
can be written down (cf. Ex. 33, p. 304). An analogous process may be applied in 
general to two equations of this kind. 


3. Apply the method of Art. 152 to find the conditions that the two cubics 
p (4) = ax + ba? + ex + d=0, 
¥ (2) =@B+U2?+e'x%+d'=0 
should have two common roots. 

When this is the case, identical results must be obtained by multiplying ¢ (x) by 
the third factor of y(x), and y(x) by the third factor of g(z). We have, therefore, 
(A’z + w’) p(x) = (Ax + w) (2), 
where A, yw, A’, uw’ are indeterminate quantities. This identity leads to the equations 
ra — ra’ = 0, 

A’b + wa— Al’ — pa’ =0, 
re + pb — Ac’ — pb’ = 0, 
A’d+ pie —Ad’— ue’ = 0, 

pia —pa’=0. 

Eliminating A’, uw’, A, « from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 


follows :— 
a b c d 0 


0 a b c ad 
a b’ ¥ 2 
0 a ’ i wee 


the determinants being formed by omitting each column in turn. 
4. Prove the identity 


aa’ aB’+ a’B BB’ | =(aB’ — aB)*. 
a’ 2a'p’ 8" 
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This appears by eliminating x and y from the equations 
ax + By = 0, az+ Bpy=0; 


for from these equations we derive 


(av + By)?=0, (az + By) (ave+ py) =0, (a’x+ p’y)?=0. 


The determinant above written is the result of eliminating x”, xy, and y? from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating x, y from the linear equations. 


5. Prove similarly / 
a? 3a°B 308? BS 
oa" a?B’ + 2aa’B 2088’ + a8? = B°B’ 


= (aB’ — a’B)®. 
aa’? a’?B+ 2aa’B 2a’BB’ + ap’ BB’? 


a3 3a "B’ 3a’ Bp’? Bp” 


6. Prove the result of Ex. 13, p. 297, by eliminating A, uw, A’, w’, from four 
equations 

Pee tea 

2 => 

Na + be 


AB +p 
NB+ pe” 


’ B = &e., 


connecting the variables in homographic transformation. 


7. Given 
U= Aw’ + 2Buw 4+ Cr’, 


V = A'w? + QB’ + C'r’, 
u = ax? + Waxy + cy’, 
0 =a x? + Wey 4+ cy’, 

determine the resultant of U and V considered as functions of 2, y. 

Since 

U= A (u — av) (wu — Br), 
V = A'(u—a'v)(u — B’r), 

if Uand V vanish for common values of 2, y, some pair of factors, as w — av and 


u—av, must vanish; whence forming the resultant of w — av and u—a’v, and 
representing the resultant of uw and v by R(u, v), we have 


R(u-av, u-—av)=(a— a’)? R (u, v) ; 
and multiplying all these resultants together, we find 
R (Uz, Ve) = A*A' (a — a’)? (8 - 8’)? (a— B'? (B— a)? {R(w, 0) } 4, 


= R (Uz, Ve) = {R(U, V)}? {R(u, v)}4. 
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8. Prove that the equation whose roots are the differences of the roots of a given 


equation f(x) = 0 may be obtained by eliminating x from the equations 


J (2) = 9, fe) + F'@) +P") — + he. =0; 


and determine the degree of the equation in y (cf. Art. 44). 
9. Eliminate z, y, z from the equations 
Z+y+z2=0, 
ayz + bex + cry = 0, 
aps + $23 + cry) = 0. 
Taking the first two equations along with an assumed linear equation with 
arbitrary coefficients, viz., 
i. At + py + vz =0; 
and eliminating 2, y, 2, we easily obtain 
ar? + but + ev? + (a—b—c) py + (UV -—e-a) vA+ (c—a—b) Au =0, (1) 
which must be equivalent to the equation 
(Avi + my + v21) (A%2 + mye + vz2) = 0, (2) 


where 21, ¥/1, 21, 22, ¥2,) 22 are the two systems of values of x, y, z common to the 
first two of the given equations. Substituting these values in the third of the 
_ given equations, we have 


R= (ays) 243 + 52,3 243 + cx 13 yr3) (ayer? 203 + bzo5 x28 + cxg5 yo') ; 


and reducing this value of R by means of the symmetric functions determined by 
the comparison of the equations (1) and (2), we find 


4R = 4p + q? + 27pr, 
where p=a+ 64+ c — 2be — 2ca — 2ad, 
g=abe(a+b+ec), 
r= a be, 


10. If U, V, W are three given functions of z of the degrees m, n, m+n-—1, 
respectively, prove that an identical relation exists of the form 


RW = Uo (x) + Vo (zx), 


where ¢(x) and y(z) are functions to be determined, of the degrees n — 1 and m —1, 
respectively, and 2 is the resultant of U and V. 
. 11. Verify the results of Art. 157 by differentiating the value of 2 given in 
Art. 160. 


CHAPTER XV. 


COVARIANTS AND INVARIANTS. 


159. Definitions.—In this and the following chapters the 
notation 


(Boy ty As, ce a) (EY) 


will be employed to represent the quantic 


a," + naz" ee) 
0 ivy + 


aay oe + Mn YP + OY" 


a homogeneous function of 2 and y, written with binomial co- 
efficients. If we put y=1, this quantic becomes U, of Art. 35. 

Let » be a seminvariant, that is, a rational, integral, and 
homogeneous symmetric function, of the order a, of the roots 
G1, G2, a3, .. . ay Of the equation U,, = (a, a, dz... Gn) (x, 1)" =0, 
this function involving only the differences of the roots (see 
Art. 147); then if 

1 1 1 


: s sae 
C3 ieee Go— an 


be substituted for aj, a2... an, respectively, the result multi- 
plied by U," (to remove fractions) is a covariant of U, if it — 
involves 2, and an invariant if it does not involve a. 


From this definition of an invariant we may infer at once 
that 


ap (a, zy 3, +. « an) 


is an invariant of U, when ¢ is composed of a number of terms 
of the same type, each of which involves all the roots, and each 
root in the same degree a. 
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‘These definitions may be extended to the case where @ (the 
function of differences) involves symmetrically the roots of 
several equations U,= 0, U,=0, U,=0, &c., the roots of these 
equations entering ¢ in the orders a, a’, a”, &e. ... respectively. 


We may substitute for each root a, as before, and remove 


a-2 
fractions by the multiplier U," U,”U,7"....&c. If the result 
involves the variable z, we obtain a covariant of the system of 
quantics U,, U,, U,, &c.; and if it does not, » is an invariant 
of the system. 

160. Formation of Covariants and Invariants.— We 
proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants calcu- 
lated in terms of the coefficients. With this object, let the 
seminvariant be expressed in terms of the coefficients as 
follows :— 

Ao" (a1, day. . + Gn) = £' (do, Gi, Ga, . . « Ay). 


Now, changing the roots into their reciprocals, and conse- 
quently a) into a,, &c., a, into a,,, &e. (that is, giving the 
suffixes their complementary values), we have 


ah (a, Ga, --- an) = F (an, An-1y +++ Ao); 


where y is an integral symmetric function of the roots, and 
F the corresponding value in terms of the coefficients. This 
function is called the sowrce* of the covariant derived therefrom. 
Again, substituting a,- 2, a,-2#,...a,—2% for a, ax, ... any 
and consequently U,, &c., for a,, &e. (see Art. 35), we find 


ary (a, — 2, GQz2-2,.. - An - 2) = F'(U,, J pe hee U,,, U,). 


Thus, by two steps we derive a covariant from a function 
of the differences, and find at the same time its equivalent 
calculated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 


ay (a — p) = 18 (a)? — aoaz) ; 


* This term was introduced by Mr. Roberts. 
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whence, changing the roots into their reciprocals, and a, @1, dz, a3 
into ds, d2, G4, A, we have 

"ao (3 ce y)? = 18 (a.” — A(t) . 


Again, changing a, 3, y into a—2, B-a#, y-a#, and a, da, a; _ 
into U,, U2, Us, respectively, we find 


a? (B—y)? (w@- a)? = 18 (U7 - U0). 


The second member of this equation becomes when expanded . 


UU 3 — Uy? = (apd2 — a)") X? + (Aodg — Gd) & + (A)43— a2”). 


This covariant is called the Hessian of U;. We refer to it 
as H,, since H is its leading coefficient. j 

As a second example we take the following function of the — 
quartic :— 

Ay” 2 (3 — y)*(a — 6)? = 24 (dots — 4aya5 + 8a,”) 5 (1) 
whence, changing the roots into their reciprocals, and a, @), d2, As, ; 
intO (4, 3, G2, diy oy We have ; 

ay XS (y — B)?(O- a)? = 24 (aya — 4a, + 8a,*). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case ~ (a, (3, y, 6) is a function of the diffe- — 
rences of the roots, y is unchanged when a-a, 3-2, &...., 
are substituted for a, 3, y, 6. We infer that aa, — 4a,a; + 3a, 4 
is an invariant of the quartic U;. f 


We observe also, in accordance with what was stated in — 
Art. 159, since : 


= (B- y)*(a—6)’+ (y— a)*(B- 8)? + (a- B)*(y - 8)’, 
that any one of the three terms of which ¢ is made up involves 


each of the roots in the degree a, which is here equal to 2. 
In a similar manner it may be shown that 


a((y— 0)(B -8)-(a- 8) (y -9)} {(@-B)(y -8)- (8-7) (a- 3 
x{(B—y) (a-6) - (y-a) (B-8)} © 
= — 432 (dodeds + 2A, A2M3 — Apts’ — ay, — A,') 


is an invariant of the quartic. 
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There is no difficulty in determining in any particular case 
whether ¢ leads to an invariant or covariant, for if ¢ leads to an 
invariant, ¢ = +y, that is ¢ is unchanged (except in sign, when 
its type-term is the product of an odd number of differences of 
the roots, 7.e. when its weight is odd) when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (a,a.a;...a,)*._ An invariant whose weight is odd is 
called a skew invariant. 

161. Properties of Covariants and Invariants.— 
Since ¢ is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 


U? 2 x x 
Pe A aoe Gar 4s ‘ 


where a is the order, and « the weight of ¢. 
Also, as ¢ is a function of the differences, we may add 1 to 


each constituent such as — ? thus obtaining Again, 
a ake ar — 
multiplying each constituent by x, the covariant becomes 
Us ( aye Aok Ant 
Pe Va +e oe. Fee 


Employing now the notation 2’, a,’, a:’, &c., for the recipro- 
—eals of 2, ai, a2, &c.; and denoting by UV’ the function whose 
| woots are ai, d3,..-@n, Vif. 


0” = ant” + napa" + &e., ... + nae’ +a, =0; 


; 1 — apt 
since r S58 ’ 
ar —@ ar et” 


and = = aaa (a —a;) (2 —ay).... (of — ag’) = 2°U', 


the covariant above written is easily reduced to the form 


i 1 1 
oe nyna-2« T]/s ; 
Ca a 50 (5 3 Lees )s 


4 ‘9 , 
| Wate 3 Qa. -Z% Gag © 


whence it is proved that the covariant is unaltered when for 
@, ai, a2, .... a, their reciprocals are substituted, and the result 
2B 
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multiplied by (-1)*«***. This transformation changes a, into 
nr, that is, each coefficient into the coefficient with comple- 


mentary suffix. 
Now if any covariant whose degree is m be written in the 


form 
(By, Di gs oe a) (Ob) (1) 


GHANGINE Gp, Ay, ..» Any ZL MEO Ay, Anay - «+ My 7 we have 


another form for this covariant, namely, 


FS Dyerr (Cy. Cn Cac. s Ca) ( 1)" 


and as this form is an integral function of'z of the same type | 


as (1), we have, by comparing the two nm 


M = NB — 2k, By = (- 1B Cas oa = (-1)*¢ m-r 3 


thus determining the degree of the covariant in terms of the order — 


and weight of the function ¢, and showing that the conjugate 
coefficients (i.e. those equally removed from the extremes) are 
related in the following way :— 

Tf F(a, diy zy». + Un) be any coefficient of the covariant, 
(-1)* F (Any Qnty An-zy + + + Mo) t8 tts conjugate. 


This property is characteristic of covariants, and is not 


possessed by semicovariants, although the two classes of func- — 
tions agree in the mode of formation by the operator D as will — 


appear in the Article which follows (cf. Art. 147). 


From the expression for the degree of a covariant in terms — 
of w and «x, namely now — 2x, we may draw the following ~ 


important inferences :— 


(1). Lf a® > is an invariant, na = 2k. 


For, in this case ¢ and w are the same function, and conse- — 


quently their weights x and na — « also the same. 
(2). All the invariants of quantics of odd degrees are of even 
order. 


For if n be odd, it is plain from the equation na = 2« that y 


a must be even, and x a multiple of n. 
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(3). All covariants of quantics of even degrees are of even 
degrees. 
For in this case na — 2« is even. 


(4). Covariants of quantics of odd degrees are of odd or even 
degree according as the order of their coefficients is odd or even. 

(5). The resultant of two covariants is always of an even degree 
in the coefficients of the original quantic. 

For, the degree of the resultant expressed in terms of the 
orders and weights of the covariants is 


w (na — 2x’) + w& (na — 2x) =2 (naa — aK - ak). 


162. Formation of Covariants by the Operator D.— 
From Art. 147 we infer that the expansion of F'(U,, Una,... Uo) 


may be expressed by means of the Differential Calculus in the 
form 


Co a” 
F, + «DF, + Lop ot:--+Po 9, Pt: 


9 


where F, is the result of making x =0 in F'(U,, Unui,... Up), 
viz. 
Ee PGS tan 3 as), 


and ee ee ee 

In forming a covariant by this process, the source / with 
which we set out is altered by the successive operations D, each 
operation reducing the weight by one, till we arrive at the 
original function F(a, a, ...d,) from which the source was 
formed. Since this is a function of the differences, the ex- 
pression resulting from the next operation D vanishes, and the 
covariant is completely formed. The corresponding operations 
8 on the symmetric function y have the effect of reducing the 
degree in the roots by one each step, the final symmetric function 
containing the differences only. Thus by successive operations 
we obtain two expressions for a covariant—one in terms of the 
roots, and the other in terms of the coefficients. 

2B2 
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The degree m of the covariant is plainly equal to the number — 
of times 6 operates in reducing y to ¢, t.e. equal to the difference © 
of the weights of the extreme coefficients. And since | 


Yo = (aia... on)" (= i cae ~"\, 


? 
ay; a2 An 


the weight of yo is na - x, where x is the weight of ¢ (a1, a2... an)3_ 
hence the degree of the covariant whose leading coefficient is 
asp is nw — 2x, the same value as before obtained. We add 
some simple examples in illustration of this method. 


EXAMPLES. 


1. Form the Hessian of the cubic 
aox® + 8a,x? + 3agu + a3 = 0. 
Taking the function H = aaz-— a”, we find, as in Art. 160, 
ay? Sa? (B — y)® = 18 (a2? — a as). 4 
Operating on the left-hand side by 5, and on the right-hand side by D, we obtain . 
— ao? S2a (B — y)? = 18 (aiag — aoas) ; 
and operating in the same way again, 
ao" 32 (B — y)* = 36 (a? — agar). 
The next operation causes both sides of the equation to vanish. Hence the ; 
required covariant is, as in Art. 160, : 
(a,a@3 — ag") + (doa3 — ayaz) & + (aoa2 — ay”) x. . 
We find at the same time the corresponding expression in terms of x and the 4 
roots. q 


2. Form the Hessian of the biquadratic 


ao’ + 4a,x° + 6aew? + 4a3a7 + ag = 0. 


The covariant whose leading coefficient is H = aoa2 — a,” is called the Hessian — 
of the biquadratic. Its degree is 4, since ® = 2, and« =2; and .*. no — 2n=4. 5 
Changing the coefficients into their complementaries, the source of the covariant is. 
4442 — a3", and we easily find , 


Hz = (aoa — ay") x4 + 2 (aoag — aya2)% > + (aoas + 2a,a3 — 842?) x? 


+ 2 (aja4 — aga3)% + (a2a4 — as”). . 
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3. Form for a cubic a covariant whose leading coefficient is the semi- 
invariant G. 

Changing the coefficients in G into their complementaries, we get the source 
3a — 343424, + 2a2°, and operating with D we easily obtain the covariant in the 
following form :— 

(3249 — 3asazq, + 2a2*) + 3 {a3a2q0 + a2*a, — 2a3a,*) x 
— 3 (aoaia3 + a)7a2 — 2aoag") x? — (ao?ag3 — 3agaia2 + 2a;°) 2%. 
In this the conjugate coefficients (see Art. 161) differ in sign as well as in the 
interchange of complementaries, the weight of G being odd. The student will 
have no difficulty in expressing this covariant in terms of x and the roots by the 
aid of the value of G given in Ex. 15, Art. 27. 


163. Theorem.— Any function of the differences of the roots 
of a covariant or semicovariant is a function of the differences of 
the roots of the original equation. 

Let the covariant or semicovariant be 

(2) = (% — pr) (@ - pa) « . + (% — pp). 

Since ¢ is a function of the differences of z, ai, a2, .- - an; 
we have 
dp 
5 op = 0; 


and substituting in this identical equation each root pi, p2, &e. 
in succession, we easily prove op; + 1=0, ep. + 1 =0,... dpy+1=0, 


&c.; whence 
é (p; os pk) = 0, 


which proves the theorem. 

In the preceding pages many instances have been given in 
which the roots of covariants or semicovariants are expressed 
in terms of the roots of the original equation ; and the student 
will easily verify that the result of the operation of 6 on any 
such expression is—1. The roots of the covariants in Exs. 1 
and 3 of the preceding Article are given in Ex. 25, p. 57, and 
Ex. 13, p. 88, respectively ; and roots of semicovariants will be 
found in Exs. 10, 11, p. 87, and Exs. 12, 14, p. 88. 

The theorem here proved is clearly true also for any 
function of the differences of the roots of two or more cova- 
riants or semicovariants. 
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164. Homographiec Transformation applied to the 
TWheory of Covariants.—Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
which this theory may be extended to quantics homogeneous 
in more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come 
within the scope of the present work, we think it desirable to 
show the connexion between the method of treatment we have 
adopted and the more general method referred to. With this 
object we give in the present Article two important propo- 
sitions. | 


Prop. I.—Let any quantic U;, be transformed by the homo- 
graphic transformation 
r , 
e= So: 
Na’ + iu 
if I and I’ be corresponding invariants of the two forms, we have 


Die (Ap - GT hee & 
To prove this, let 


v& = >) (ay oa a2)" (ae oe a3)? eee (a, mae Au); 


each root entering in the degree a. 

. . . © ‘e a 

Now, transforming the similar value of J’, since a’ = cate ay 
f AX - Ne 


we have 


, , (Au Xn) (ay oe aq) : 


~ (A= Nay) (A = Nay) 


Again, transforming U,, and rendering the result integral, 
UV,’ takes the form 


Ay. (a - a; ) (a on a, ) o 66 (a = ans 


dy = Ay(A — N’ay) (A — Naz). - (A — Nan) 5 


where 
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making these substitutions for all the differences, and for a’, 
the denominators of the fractions which enter by the transfor- 
mation disappear; and we have, finally, 


DT’ = (Aw - Np). 

Prop. I.—ZJ/ ¢ (x) be a covariant of the quantie U,, the new 
value of » (x), after homographic transformation, is (when rendered 
integral) 

(Au — X’u)* > (2). 

The proof is similar to that of the preceding proposition. 

We have 
p (a) = Ao” & (a1 — az)“ (a2 — as)? aes (@ — ai)? (a - a2)? , ey 
this expression being obtained by substituting 


v— Ais T— A2,---U—-An for Qj, G2,+++ An 


in the source of the covariant ¢ (x) expressed in terms of the 
roots. Now, transforming, as in the previous proposition, the 
value of ¢ (x) thus derived ; since the factors AN-A’a,, A-N’aa,. . . 
all enter in the same degree a in the denominator (for each root 
enters the source in the degree a), they will all be removed by 
the multiplier a", and the transformed value of 9 (2) is 


(Au! — N'u)* @ (2). 


165. Reduction of Homographic Transformation to 
a Double Linear Transformation.— With a view to this 
reduction let the quantic be written under the homogeneous 
form 


Uy, = age" + nae" y + ae 2 aye ty? +... + ny”; 
and, in place of putting as before 2 = eli of and removing 
Na+ pw 3 


fractions to make U,, integral, let now oe nd ad + ey where — 
y Neswy y 
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, 


and are the variables in the ordinary sense. The transfor- 


mation may therefore be reduced to a linear transformation of 
both the variables and y, and can be effected by substituting 
in the original quantic for z and y, respectively, 


Aa’ - ny’, Nav’ ve wy, 


the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous functions of two variables. 

The determinant Au’ - A’u, whose constituents are the coef- 
ficients which enter into the transformation, is called the modulus 
of transformation. 

We are now enabled to restate Propositions I. and II. of 
Art. 164, in the following way :— 


Prop. I.—An invariant is a function of the coefficients of a 
quantic, such that when the quantic ts transformed by linear trans- 
Formation of the variables, the same function of the new coefficients ts 
equal to the original function multiplied by a power of the modulus 
of transformation. 


Prop. II.—A covariant is a function of the coefficients of a 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function of the new — 
variables and coefficients is equal to the original function multiplied 
by a power of the modulus of transformation. 


The definitions contained in the preceding propositions are 
plainly applicable to quantics homogeneous in any number of 
variables, and form the basis of the more extended theory of 
covariants and invariants referred to in the preceding Article. 
We give among the following examples an application in the 
case of a quantic involving three variables. 
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EXAaMPLEs. 
1. Performing the linear transformation 


w@=rAX+pY, y=ruxt+m, 


if 
ax? + 2bxy + cy? = AX? + 2BXY+ CY’, 
prove that 
AC — B* = (Ami — Ain)? (ae — 8). 
2. Performing the same transformation, if 
(a, b, c, d, e)(x, y) =(A, B, C, D, EF) (X, Y)4, 
prove that 
AE —4BD + 30? = (Ami — Aiu)* (ae — 4bd + 307). 
3. Performing the same transformation, if 
ax? + bry + cy? = AX? + 2BXY + CY’, 
and 
az? + Qyxy + cy? = A,X? + 2B XY + CY’, 
prove that 


AC, + A,\C — 2BB; = (Au _ Ai)? (acy + aye— 206). 
This follows from Ex. 1, applied to the quadratic forms 
(a+Ka;)x?4+2(b+Kd1) ry + (¢+Ke1)y?=(A +A) X*4+2(B+nB) X¥+ (C+) Y?* 


by comparing the coefficients of « on both sides. 

Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form an harmonic system. 
For their roots being a, 8 and a), Bi, we have 


aa { (a— a1)(B— Bi) +(a— Bi) (8 — a1) } = 2 (ae1 + aye — 251). 
4. If the homogeneous quadratic function of three variables 


ax? + by* + ez? + Afyz + ger + Bhry 
be transformed into 


AX? + BY? + CZ? + 2FYZ+ 2GZX + 2HXY 
by the linear substitution 


@=MX+mY+nZ, y=AXt+ue.¥t+mZ, 2=AsX+ us¥ + 32; 


prove the relation 
ee | es eee 
pee F |=(Ammays)?} A 8 f |; 
G F C e.cy 8 


where the determinant (Aiu2v3) is the modulus of transformation. 
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This is easily verified by multiplying the proposed determinant of the original 


coefficients twice in succession by the modulus of transformation written in the - 


form 
Al A2 A3 


V1 v2 V3 


and comparing the constituents of the resulting determinant with the expanded 
values of the coefficients of X*, Y*, &c., in the new form. 

It appears therefore that the determinant here treated is an invariant of the 
given function of three variables. 


166. Properties of Covariants derived from Linear 
Transformation.—We proceed now to show, taking the 
second proposition of Art. 165 as the definition of a covariant, 
that the law of derivation of the coefficients given in Art. 162 
immediately follows: that is, given any one coefficient, all the rest 
may be determined. 

For this purpose, performing the linear transformation 

eo X+hY, y=0X + Y, 


whose modulus is unity, the quantic 
(@, Gi, Gs, . . . Gn) (&, y)" becomes (Ay, Ai, As, .. . An) (X, Y)*, 
where | 

Ay =, Ay=a,+ ah. Az=2.+2ah+ah*, &e. (See Art. 35.) 


Now, if (do, di, dx)... Qny , y) be any covariant of this 
quantic, we have by the definition 

Wy) (do, My, Ary io iee Any Ly y) — p (Ao, A, As. 0.0.6 Pe ».¢ 1), 
or 

f (doy Gi, Ary +2» Any, Y) = & (Ay, Ai, A,.. An, v—hy, y). 


Expanding the second member of this equation, and con- 
fining our attention to the terms which multiply 4; observing 


also that ae = 7d,, when terms are omitted which would be 


multiplied in the result by h’, h*, &c., we have 


pn( yh + Dp) +1 )+&o.... 


> 
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which must hold whatever value / may have; hence 


and, substituting for g the value 


(Bo, A, B:, ee Bm) (z, y)"; 


we have 
mB y + m(m—-1) Bay? +...4+ mBaay” 


=DBw” +mDB xz" y toot Ube: 
whence, comparing coefficients, we have the following equations: 
DB,=0, DB,=B, DB,=2B,,...DBy=mBa-, 


which determine the law of derivation of the coefficients from 
the source B,,; the leading coefficient B, being a function of 
the differences, since DB, = 0. 

The calculation of the coefficients is facilitated by the fol- 
lowing theorem which has been proved already on different 
principles :— 

Two coefficients of a covariant equally removed from the extremes 
become equal (plus or minus) when in either of them do, dy... Gn 
are replaced by dn Qnty... + Go, respectively. 


To prove this, let the quantic be transformed by the linear 
substitution 


2a=O0X+ YY, y=X+0Y, whose modulus = - 1. 
Thus 
(Ge, Bry By . . - Bq) (2, ¥)* = (ny By-1y An-ty - - - Me) (AX, Y)”, 
and, by definition, any covariant 
(Gn, Gn-iy Bn)». » Boy X, VY) = (—1)* p (Go, Giy Gy. - « Any 2, Y) 


= (-1)*¢ (a, By Om «>» Oy Ly %); 
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whence it follows that the coefficients of the covariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when « is odd) when for the suffixes 
their complementary values are substituted. 

It is easily inferred in a similar manner that a covariant 
satisfies the differential equation 


+...+ na, ,, (2) 
n—-3 


as well as the equation (1) already given. 

Again, if $ (a, %, a, ... ») be an invariant of the quantic, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 165, 


p (a; Ay A2y 2110. An) ae p (A. a. A,, ¥ foie As) 


and proceeding as before, in the case of a covariant, we prove 
that an invariant must satisfy both the differential equations 


d d d do 
A, ae + 2a, 4 + 3a, +. tee tNAna 7 ie 0, 
dp dp dp dp 
An dan. + Diy Se dn» 8 Sans dans ont at SO da, Be 0, 


either of which may be regarded as contained in the other, since 
if we make the linear transformation « = Y, y = X (whose 
modulus = — 1), we have from the definition of an invariant 


P (Any An-ry Un-ay + + + M) =(— 1) p (Gy iy Gay + + + An) 5 


proving that an invariant is a function of the coefficients of a : 
quantic which does not alter (except in sign if the weight be 
odd) when the coefficients are written in direct or reverse order. 

The relation between invariants and seminvariants, cova- — 
riants and semicovariants, is now clear. Invariants of the ~ 
quantic (a, m,.. + Gn) (a, y)” satisfy both the differential equa- — 
tions last written, whereas seminvariants of (a), di, . - » Gn)(#, 1)" 2 
satisfy only the first of these equations. In like manner . 
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semicovariants of (a), a, ... n)(a, 1)" satisfy only the first of 
the differential equations (1) and (2) above written, whereas 
both are satisfied by covariants, 

Having now explained the nature of Covariants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 
ject for the first time may pass at once to the next chapter, where 
the principles already explained are applied to the cases of the 
quadratic, cubic, and quartic. 


167. Prov. I.—Let any homogeneous quantic of the n‘* degree 
J (a, y) become F(X, Y) by the linear transformation 


2=arAX+nl, y=NX+uUY; 


also let any function u of x, y become U by the same transformation ; 


then we have 
(au du dU aU 
w4( -%)-¥ (ay - ax) (1) 


where M is the modulus of transformation. 


To prove this proposition, solving the equations 


w=\X+uY, y=NvX+ wy, 


we have 
MX =pxe-py, MY =-Ne+dy; 
whence 
a. dX dY : dy 
Se £2 
Again, - 


du _dUdX dUdY_1 yd _ydT 
de dX de dYde M\" ax ay) 
du _adUdX  dUdY¥ a a rth) 
dy aX dy a¥ dy M\ "ax dY¥/ 
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which equations may be put under the form 
Wy lav fs ote 
dy ic oe as haa 
du _ (La fee Lae 
Die Mave) 2. ea) 
TINA ply NA ee eA, Y), 


Lav 
Bi es 


and since 


changing X and Y into and 


1 dU ; 
— Wax’ respectively, 
the proposition is proved. 
In an exactly similar manner, changing X and Y into 


a kg Aga 
MdY’ MdxX’ 
it may be proved that 


ae a er eG 
wy(=, -5\u-F( -az) 0: (2) 


The results (1) and (2) may be applied to generate cova- 
riants and invariants, as we proceed to show. 

Suppose f(z, y) and u to be covariants of any third quantic 2, 
where » may become identical with either as a particular case ; 
also, denoting by #,(X, Y) and U, the same covariants ex- 
pressed in terms of the X, Y variables and the new coefficients 
of v after linear transformation, we have, by Prop. II., Art. 165, 
the identical equations 


MeF(X, Y) = F,(X, Y), and MU = O,; 


whence, substituting from these equations in (1), 


, du du aU, dU, 
wi G ~ ze)" Play zx) 


: du du. : 
proving that / (F ,- z) is a covariant of v. 


Linear Transformation. 383 


And in a similar manner it is proved from (2) that 


d d = 
dy = dz 


leads to an invariant or covariant of v, according as wu is of the 
n‘* or any higher order. 

We add some applications of this method of forming inva- 
riants and covariants. 


EXAMPLeEs. 
to £ - < be substituted for z and y in the quartic (a, d, ¢, d, e)(z, y)*= UD, 
y 


and the resulting operation performed on the quartic itself, show that the invariant 
I is obtained. 


We find 
(a, b, ¢, 4, ¢) (= -<) "U = 48 (ae - 40d + 32. 
: dy dz 
2. Prove, by performing the same operation on H,, the Hessian of the quartic 
(see Ex. 2, Art. 162), that the invariant J is obtained. 
Here we find 


d d\4 
(a, 5, ¢, a, @) (— -<) Hy, = 72 (ace + 2bed — ad? — eb? — ¢), 


3. Prove that 


3 
(a, 4, ¢, d) (= “ =) Gz=— 12 (a%d? — Gabed + 4ac3+43d — 35222), 


where G, is the cubic covariant of the cubic (a, b, c, d) (x, y)3 (see Ex. 3, Art. 162). 
4. Find the value of 


du\ 2 du du du\? 
= pasa Ee re se) Cates 
(ae — 0?) ( a) (ad — be) pa + (bd — c?) ( =) ? 


where u = (a, b, ¢ z, y)%. 
(a, 8, ¢, d)(e, 9) ae 


168. Prop II.—Jf (a, a, da, .. . dn) be an invariant of the 
SoOrM (do, dy, Ary. « Qn) (a, y)", and u any quantic of the n™ or any 
higher degree, 


ad" d”u du d"u 
(Te de \dy? da*dy? "°°? a 
as an invariant or covariant of u. To prove this, let 
3 pe ee 
y=NX4+NY, Y =NX +’; 
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and, transforming as in the last proposition, 
,a a Gee 
do Y Gy” * ax Fay’ 


also transforming wu, we have U = u; whence 


(X'ay Ys) U-(v neve) u (1) 
and writing this equation when expanded under the form 
(7 Da, Ds Dae, = (6 hs de ae Y)', 
we have, from the definition of an invariant, 
@ (D,, D1, Da... Dp) = M29 (hy diy dey... dn), 


showing that ¢(d,, di, d2, ... d,) 18 an invariant or covariant. 
When 2, y, and 2’, 7’ are transformed similarly, as in the 
present proposition, they are said to be cogredient variables. 
The functions which occur in (1) are called emanants ; the 
expression on the right-hand side of the equation being the 
n* emanant of w. 
EXAMPLeEs. 
1. Let the quadratic 
Gx? +2a,ry+azy? become 4)X?+ 24; XV + 42Y". 
We have then, as in Ex. 1, Art. 165, 
Ay.A2 — Ai? = M? (ay az — a3"). 
Now since 


OU aw PU _ du aU 
sear < LD eG ah a ty Ee ph 


it follows from the last result, considering X’, Y’ and 2’, y’ as variables, that 


2U @U ( @2U Y= ae eres du du \? : 
GC Gis aay). da* dy? (z =) \ 
This gives an invariant of a quadratic, and a covariant (called the Hessian) of — 


any higher quantic. 
2. When w has the values 


(a, b,c, d)(z, y)® and (a, 4, ¢, d, e) (a, y)f, 
what covariants are derived by the process of the last example ? 
(Cf. Exs. 1, 2, Art. 162.) 


Ans. (1). (ae — &*) a + (ad — be) ry + (bd — c*) y?. 
(2). (ac — 0?) at + 2 (ad — be) ay + (ae + 2bd — 3c*) x? y? 
+ 2 (be — cd) xy® + (ce — d*)y'. 


~ Whence 


proving that 


~ 
~~, Z 
en 
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169. Prop. III.—J/ any invariant of the quantic in a, y, 
U0 + k (ay - a’y)" 


: be formed, the coefficients of the different powers of k, regarded as 
homogeneous functions of the variables 2’, x, are covariants of U. 


For transforming U by linear transformation, let 
(Guo Bip Gp, - . » Gy) (@, ¥)" = (A,, As, As, ... Ay) (X, Y)% 


also, if 2, y and 2’, y’ be cogredient variables, 


gy — aly = M(XY’- XY). 


(oy Gy Aoy - +» An) (x, y)" + k (ay’ — ay)” 
becomes when transformed 
(A, Ai, dy, ..- Aa) (3, Y)*+ kM" (2-2 YY: 


and forming any invariant ¢ of both these forms, we have 


(p, oir hoy --- Dy) (1, P= M*(@, D,, D,, ... By) (1, Mk, 


dy — M2 ®,, 


: or that ¢, is a covariant. 


When (x7 - zy)" is replaced by (0,, 01, b2, .. » bn) (x, y)", we 
have the following proposition which is established in a similar 


- manner :— 


Tf (doy G1, day». . An) be an invariant Of (Ay) Ai Gay.» + An) (2, y)", 
all the coefficients of k in 
h(a,+kb, at+hkby, ... dnt kbn) 


| are tnvariants of the system of two quanties 


(4, Mh, Ary». an) (z, y)"; (dy, bi, bey. -« bn) (2; y); 


or, which is the same thing, 


d d £4 
(0.35 Ta, +b + = 11+ bez] d, &e., &e., 


are invariants of the system. 
If, further, ¢ be replaced by a covariant, we may in like 
Manner generate new covariants; and these results hold for 


‘eigiaa 
eae 


; ad number of quantics in any number of variables. 


2c 
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170. Prov. IV.—Jf ¢(a, y) and wW (2, y) are homogeneous 
quantics, the determinant 


a a 

dx dy 

iy a 

dx dy 

és a covariant of these quantics. : 

For, transforming ¢ and y by the linear substitution 
2=AX + nu, y=NX +, 


we have 
et ® (X, VY) = 9 (2, y), Y (X, Y) = (2,9), 
giving 
dp 3 dv ldt \,dt q 
Te Ge Fe eae ag ; 
qe dp, is ay dy dy 3 
FS aaa Hw dy’ dy ae" ay’ : 
Whence 7 
dd d® LD Ne ae : 
adX adY Ae ae aa a - 
ay dv, | | db .db db dp : 
dX aY Napanee a 
which reduces to 
a (1b a _ tb ay. 
da dy dy da)’ 


and the proposition is proved. 

This covariant is called the Jacobian of ¢ and yf, and is often 
written under the form J(¢, ~). The Jacobian of » functions 
in ” variables is a determinant of similar form, and can be shown | 
to be a covariant by an exactly similar proof. 3 

171. Derivation of Invariants and Covariants by 
Differential Symbols.—If 2, 713 22, 23 %s, Ys} «++ Lny Yn be a 
series of cogredient variables (such as, for example, the cO= | 
ordinates of » points), the functions (x, y2 — w241),...(&p Ya —LXq Un) | 


are unaltered by linear transformation; and since Fy & a 
i : 


Derivation by Differential Symbols. 387 


are transformed by the same linear transformation as 2; y; (see 
Art. 167), we derive a series of symbols of differentiation, which 


- combined as above give the following :— 


dd min) (4 d dd & 
dar, dy, da, dy,)’ ~~  \day dyq dg dy)” . 


These symbols may be denoted simply by (1, 2), ... (p, 9), 
&c.; and by their aid a complete calculus can be constructed 
for deriving and comparing invariants and covariants. For 
example, the Jacobian of ¢, ~ may be written in the form 


(1, 2) fi Ye, 


where dp: = p(x, Yi)s pe Ba W (a2, Y2)s 
the suffixes being omitted after the. differentiation has been 
performed. Similarly, expanding the symbolic form (1, 2)*¢.¥., 
we obtain the covariant 

TEPL fb CY ay 

da dy? dady dady dy dz*’ 


the distinction between the variables being removed after the 
differentiation has been performed. 

In the investigation by this method of the invariants and 
covariants of a single quantic, the result is obtained under the 
symbolic form 


(1, 2)* (2, 8)8 (8, 4)... (p, 9 U.UiUs-..UpUp 


_ where U;, for example, is used to denote the quantic obtained 


by substituting z; and y; for z and y in U. If after this opera- 
tion is performed x and y disappear, we have obtained an in- 
variant ; and it is easy to see in this case that the figures 
1, 2, 3,...p, g must all occur exactly m times in terms such as 
(i,7)*. For example, the formula 


(1, 2)" U,U, 


gives a series of binary invariants for all even quantics, the order 
of the invariant in general being equal to the number of factors 
U,, U,, &e. 


2C2 


388 Covariants and Invariants. 


It should be noticed that this interchange of variables may : 
be accomplished formally by means of a differential operator ; 
for instance 


ad d 
re © U;=1.2.3...nU, &. &eo. 
( le 


The method here explained of forming invariants and co -— 
variants is due to Prof. Cayley. | 

We now conclude this chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for — 
further information on this subject to Salmon’s Lessons Intro- — 
ductory to the Modern Higher Algebra; and to Clebsch’s Theorie — 
Der Biniren Algebraischen Formen, where a symbolic method is 
adopted throughout. 


EXAMPLES. 


1. The discriminant of any quantic is an invariant. 
2. The resultant of two quantics is an invariant of the system. 


8. From the definitions, Art. 159, prove that all the invariants of the quan tic 
U (ay’ — xy) are covariants of U, the variable being 2’: y’. 


‘Hence derive the covariants of a cubic from the invariants of a quarticexpressed 


in terms of the roots. 


4. If Ji, Iz, Iz, ... In be the same invariant for each of the quantics 
o(Z) 9(%) (2) fp (2) 
Z-ar x — a2’ ‘om: 8 a 
roots of ¢(~) = 0, prove that 


of the order @, where a1, az, . . . a are the 


ron 


ZiT — ay)? 


is a covariant of ¢ (~). 

For example, using Ji to denote the J invariant composed of the four roots 
a2, a3, a4, a5 (see Art. 160), with similar values for J2, Js, Ji, Js, we have the 
following covariant of a quintic :— 


Ji (a — a1)? + Jo (@ — a2)? + Ja (aw — 43)? + Ja (7 — 14)3 + Js (@ — 5)?. 
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5. If a:, a2, az, ...an be the roots of the equation 


= (49, a1, @2z, ». - Gn) (2, 1)"=0,; 

and if 

% G7 $1 $2 --- Om = F(ay, ai, a2, ... Ga), 

__-where $1, $2... @m are all the values of a rational and integral function of some 
« all the roots obtained by substitution, find the equation whose roots are the 
. m values of — , given 39 = 0. 
4 Ans. F(Uy, Ui, Uy... Tahal. 


a 6. Express the identical relation connecting three quadratics in terms of their 
Let U =a 27+ MWzy+ay’, 


V=emrthryi+ ary, 
W = a32* + 2s zy + esy’; 


_ multiplying together the two determinants 

a} ee, ee a -% ja 0 
ee 8 @ —-2%, am 0 
— 6 ae th wo 8 

yf we 8 eae ee 

we have 


Hil 
ad 


where 21 pq = apg + Gqtp— ybg. 


0 \ W 0 
Expanding this determinant we have 

 Undss— Is?) U?+ (Zs Tia — Isr?) V? + (Dir T22 — Lia*) W* + 2 (Tai tiz—Ti ts) VW 

; + 2 (Tes Tie — Ie2 Is1) WU + 2 (Tes Is: — Iss iz) VV = 0. ‘ (1) 

There are two particular cases worth noticing :— 

(1). When the three quadratics are mutually harmonic.—In this case Iz3 = 0, 


i, = 6, Jiz = 0; and the identical equation assumes the following simple 
form :— | 


om erry fey 

— }+{ —)} +/ — } =°9. 

i (E) (ey) 
(2). When one of the quadratics W = determines the foci of the involution of 


_ the points gicen by the other two, U=0, and V = 0.—In this case tis = 0, and 
Zz3= 0; and making this reduction in the general equation (1), we have 


(ha? — unIns) W? = Iss (In U? - 20:2 UV + In V9); 


ek: 
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but from the equations is=0, and J23 = 0, we find 


a3 = (ai b2),_ —2b3=K(c1a2), c3=K(d102) ; 
whence 
4 (a3 ¢3 — b3”) = 2 { 4 (a1 b2)(b1 cz) — (€1 a2)?}, 


Ig3 = «? {Iii Ine — Tig}, 


or 


and reducing, when « = 1, or W=J(U, V), 
—{J(U, V)}* = IU? -— 22%20UV + TiV?. 
7. Determine the invariants of the quartic 
Ai (a —a1)*+Az (a —a2)4 +... + An (a —an)*. 


Ans. T= %dr1A2(a1—a2)*, F=3ALA2A3 V (a1, a2, a3), 


where V (ai, az, . . . ar) represents the product of the squared differences of — 
G1, A2y «+ + Ape : 

8. Prove that the condition that four roots of an equation of the n** degree 4 
should determine on a right line a harmonic system of points may be expressed 
by equating to zero an invariant of the degree 4 (m—1) (m — 2) (m— 8). Es 


9. If p(a, a1, ... an) be any seminvariant of the quantic (a, a1,. . . dn)(a, 1)"; | 


dp . a 
prove that ae is also a seminvariant. 


10. Prove that the seminvariants 
Ayd2— 417, ayy — 40103 + 342”, Ay?a3 — 8agaia2 + 2a13, 
of the quantic (a, a1, a2, ... an) (x, y)" give rise to covariants of the degrees 
2n — 4, 2n—8, 3-6. | 


11. Prove that the coefficient of the penultimate term in the equation of th 
squares of the differences of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 


12. Prove that the product of two covariants of the same quantic whose sources 
are @ and y may be written under the form 


oy + cD (py) + fai D* (py) + &e.... 


Mr. M. Roberts. 
13. Prove in particular that the mt power of the quantic 


(@, @1, @2, . .~ Gn) (x, 1)" 
may be represented by 
a? x 
an™ + @D (an™) + ics D? (an™) + Ry Re D3 (an™) + &e. 


Mr. M. Roberts. 4 
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‘14. Prove from both definitions of a covariant that any covariant of a covariant 
is a covariant of the original quantic or quantics. 


15. If ai, a2,...am, and £1, B2,... Bn be the roots of the equations 
U = (ao, a1, a2, ..- Am) (4, 1)™=0, and V=(bdo, bi, ba, ... dn) (4, 1)" =0 


_ from the simplest function of the differences of their roots, viz., % (ap — Bg), it is 
required to derive a covariant of the system U and V. 
This question will be solved if we express 


WeDo psearee By) 


in terms of the coefficients of U and V. 
For this purpose we have 


- £8 a 1 B 1 
Se ee > Seer yap ae t-a 


and if Uand V be written as homogeneous functions of x and y, 


1 dlog U a d log U 
pe de ’ Ppt at dy ee 


Whence, substituting these values in the last equation, we have 


—apy)(t—Byy) dx dy dy dx’ 


jo~Me - 4UaY «AAV 
uw = 


which is the Jacobian of U and V. It should be noticed also that the leading 
coefficient of J(U, V) is ao b1 — ay do. 

16. Prove that the common factors of two quantics are double factors of their 
Jacobian J(U,V), when the quantics are of the same degree n. 

Let U= Po, V= Py, where P=/ce+my. Forming J(U,V), we find part of 
it divisible by P*, and the part which apparently has only Pas a factor may be 
written as follows (using Euler’s theorem of homogeneous functions, and omitting a 


numerical factor) :— 


(+95) (aa) + (+a +95) ("ae 5) 


and this is identical with (/z + my) J(9, W). 
17. Prove that the 2(m—1) double factors of AU+ nV, obtained by varying 


; - Aand yp, are the factors of J(U, V), where Uand VJ are both of the n* degree. 


18. Find the resultant of two cubics UV and V by eliminating dialytically between 


aJ(U, V) aJ(U, V) 


U=0, V=0, ——‘=0, a =O. 


CHAPTER XVI. 


COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC, 
AND QUARTIC. 


172. The Quadratie.— The quadratic has only one inva- 4 
riant, and no covariant other than the quadratic itself. 
For, if a and £3 be the roots of the quadratic equation 


U = ax? +2be+c=0, 


the only functions of their difference which can lead to an inva- 


riant or covariant are powers of a — (3 of the type (a— (3); the B 


odd powers of a — (3 not being expressible by the coefficients in 
a rational form. Whence, expressing 


aa 1 \* 
eo 


by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac — 6*, and no covariant distinct from U 
itself. 

173. The Cubie and its Covariants.—In the present 
Article the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- — 
mined. 

In the case of the cubic a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

By + av, ya + Ba, a[3 gett A for -a, - 3, aoe 
and thus avoiding fractions; for, transforming a — (3, we have 


Lx yd. — (Ry + oe) +e + fe), 
a-e% B-«# (e-a)(e¢-£)(e-y)’ 
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and when fractions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the differences H or G). This mode of trans- 
forming functions of the differences will now Oo applied to the 
covariants of the cubic. 
(1). The Quadratic Covariant, or Hessian, H,. 
Transforming both sides of the equation 
a, (a + wf} + wy) (at w+ wy) =9 (a)? — agar), 
we have 
a,’ {(at+ w+ wy) t+ By + wya + w'af3} 
x {(a+ vB + wy) e+ Py + w’ya t was} =9 (U0, - U30,); 
thus showing that 
Ie+JI, and Mxv+ , (See Art. 59.) 
are the factors of 
| Hy = (Aya —- 4;") @? + (ays — Adz) + (a,a3-a;"), 
where 
DL, = By + wya+w'aB, WM, =By +’ ya + wafs. 
From the form of the Hessian in terms of the roots in Art. 160, 
or from the relations of Art. 48, we conclude that when a cubic 
is a perfect cube, each of the coefficients of the Hessian vanishes 
identically. 
(2). The Cubic Covariant, G. 
We have, as in Art. 59, 
a,°{ (a+ wh + wy)? + (a+ w'B + wy)?} =—- 27 (a,7a3 + 2a, — 3a,a,a2). 
Transforming both sides of this equation as before, we find 
a,?{(Le+ L,)° + (Mx+ i,)*} =- 27 (0°?U,+2U,-3U,0,U) 
ate, 
where G, denotes the covariant formed from the function of dif- 
ferences G ; and operating as in Art. 162 on the source derived 
from G (the sign being changed in order that G may be the 
leading coefficient), we easily obtain (see Ex. 3, Art. 162) 


G,= (a,2ds — 8a,4,d2 + 2a;') x + 38 (ayaids + aya, — 2a,a,*) x 
—(as’a, — Saya, + 2a,°) —3 (dsded, + A2°d, — 2asa,*) @. 
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Resolving (La +Z,)° + (Mx+M,)*, we may obtain the factors” 
of G,; or, more simply, since the factors of G are 3 + y - ag 
y +a- 23, a+ 8 - 2y, the factors of G, are : 

1 1 2 1 1 2 1 1 2 
+ ay ’ + baie + a2 on > a 
B-2 y-@ a-@ y-@ a-@ B-wa-w B-«e y-aae 


when fractions are removed. : 

We have obviously the following geometrical interpretation 
of the equation G, = 0 :—If three points A, B, C determined by — 
the equation U = 0 be taken on a right line; and three ponte 2 
A’, B’, CO’, such that A’ is the harmonic conjugate of A with 
regard to B and C; B’ of B with regard to C and A; and ce 
of C with regard to A and B; the points 4’, B’, C’ are de- 
termined by the equation G, =0. (Compare Ex. 18, p. 88.) 


(3). Expression of the Cubic as the difference of two cubes. 


This can be effected, by means of the factors of the Hessian, 
as follows :— 


(Le + L,)? - (Mx + Mh)? =270 8 
For, as in Ex. 6, p. 116, we have 

- I= ,J- 27 (B - y) (y-«) (@-8). 
Transforming this equation as before, the first side becomes 

(Le + L,)* - (Me+ Ih), 
and the second side 
w= 27 (8 -y) (y-4) (a-B) (ea) (@-B) (#-y). 

Substituting from previous equations, we have 


(Lex + L,)' — (Me + Ih)* = 27 oe AED = a7 Th 


(4). Relation between the Cubic and its Covariants. 
The following relation exists :— 
G; + 4H sae A 7, 
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For, from Ex. 6, p. 116, 
a,’ (B- y)* (y - a)’ (a— B)? =- 27 (G? + 4H") = —- 27a,7A, 

and transforming this equation as before, 
a,'(B-7)*(y- 4)? (a B)* (wa) (w-B)* (e-y)*=-27 (G2 + 4H); 
whence AU’=G/+44H;. 

(5). Solution of the Cubic. 

The expression 

(U.Ja + G,)'+(U JA - G,)* 


is a linear factor of U. 
For, from the relations in (2) and (3), we have 


2a? (Le + L,)*=27 (U JA - G,), 
—2a,? (Mx + M,)} =27(U JA + G@,) ; 


and since 


(La + L,) -(Mxe+ M) 


is a factor of U, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

174. Number of Covariants and Invariants of the 
Cubie.—The following method of determining the number 
of covariants and invariants of the cubic is similar to that 
employed by Professor Cayley for the same purpose :— 

The cubic has only two covariants, their leading terms being 
H and G ; and only one invariant, vis. the discriminant A, where 


@A=G°+4H°, or A =ad’ + 4ac’ — 6abed + 4d b° — 38? ce’. 


To prove this, let ¢ (a, 8, y) be any integral symmetric 
function of the differences of the roots (of order a), expressible 


by the coefficients in a rational form. 
We have then (Art. 36), 


a’ o (a, B, y) = F(a, H, G@) (1) 


(where + remains to be determined) ; and, in the first place, if @ 


_be an even function of the roots, @ can enter this equation in 


even powers only, since H is an even function of the roots. 


896 Covariants and Invariants of Quadratic, &c. 


Eliminating the even powers of G by means of the relation ; 
G? + 4H? = a’, . 


we show therefore that in the case of an even function of th 
roots equation (1) takes the form 


a’ o (a, B, y) = F(a, H, A), 


which may be written 
F, (H, A 
(a, B,7)= F(a H,a)+ 32), ay 

where a is the order of ¢ (a, 8, y), and F, an integral function, — 

It is now necessary to prove the following Lemma :— 

No function of H and A exists which is divisible by a. 
For, suppose F, (7, A) to be divisible by a; then making 
vanish, we have 

F, (f’, A’) =90, 

where H’=-— 0’, A’= 4d 6° - 30’c’, the values of H and A whe 
a vanishes. ‘This equation is plainly impossible; for, eliminat 
ing 6 by means of the equation H’ = — , c and d remain in th 
equation connecting H’ and A’. 

From this it follows that equation (2) must assume the form — 


a (a, B, Y) = F, (a, H, A), 
for the first side of this equation is expressible as an integr 
function of the coefficients; therefore so must the second side — 
also, and consequently the fractional part must disappear. 
Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation by - 


a (2a— B - y) 28 -y- a) (2y-a-f), 
and the second side by 27G, for G must be a factor of every od 
function, since H is even. ‘ 
We are now in a position to prove the original proposition 
as to the number of invariants and covariants. For since a*@- 
is of the form 
3 GF (a, H, A), or F(a, H, A), 


according as # is an odd or even function of the roots, it follows 
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in the first place that there cannot be an invariant of an odd 
degree in the roots, since GF'(a, H, A) does not remain the 
same function when a, 0, c, d are changed into d, ec, b, a, 
respectively ; and the only invariant of an even degree must be 
a power of A, since if F(a, H, A) contained a or H besides A, it 
could not remain the same function when the coefficients are 
similarly interchanged. 

Again, the cubic has only two distinct covariants; for it has 
been proved that every seminvariant a*¢ is of one of the forms 


ia, H, A), or GIF(a, 0; A); 


and therefore the corresponding covariant, formed from the 
seminvariant as leading term, must be expressible as 


FU, Be An Ot Gar ae 


that is, every covariant is expressible in a rational and integral 
form in terms of H, and G,, along with U and A; or in other 
words, there are only two distinct covariants. 


175. The Quartic. Its Covariants and Invariants.— 
We have shown already that the quartic has two invariants, I 
and J (see Art. 160). From the functions H and G@ of the dif- 
ferences of the roots we can derive two covariants H, and G,, 
whose leading coefficients are H and G; for from the relation 


a,’ 3 (a — 3)? = 48 (a, a2 — a,’) 
we derive, by the process of Art. 160, 
a,’ (a — B)* (a - y)’ (« - 8 = 48( UU, - U3’); 
and, expanding UU,-U;°, we have 
Hz = (dgz — 4;") at + 2 (gas — yA) @ + (yay + 2a,s — 3az*) x? 
+ 2 (ayy — G23) & + (2M, — as"). 
In a similar manner, since 


G = a2d3 + 2a; — 3a, 42, 
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we obtain the covariant 
-~ G,= U*U, + 2U3- 3UU302, : 
which reduces to the sixth degree; and if it be written as 
follows :— ‘ 
Gr = A> + Aa + Ane + As + Ayw’+ Awt As, | 
we find, by expanding the above, or more simply, by forming — 
the source A,, and performing the successive operations of 
Art. 162, the following values of the coefficients :— 


Ag = — APA, + 844030, — 2a, As = — aga, — 2asasd, — 6as7d, + Vaya,’, ] 
Ag = — D403) —10a,?a, + L5ayazq,, As =—-10a,a;? + 10a,?a,, 
A, = 94,004 + 10a%a3-15 dy te03, Ay = Ay7d + 2aydids + 6a,?a,—9aya,”, 


— Ay, = A,7a3 — Badia, + 2455. 


Here it will be observed that, when A; is determined, 
A;, Ai, and A, may be obtained from A, A;, and A, by 7 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 


proved in Art. 161. @ 
We proceed in the following Articles to discuss the leading 3 . 
properties of these two covariants of the quartic. q ] 
176. Quadratie Factors of the Sextiec Covariant,*— ’ : 


As the quadratic factors of G, enter prominently into the fol- 7 a 
lowing discussion, we proceed in the first place to find expressions __ 


for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. - q : 1 
Since the factors of G, expressed in terms of a, (3, y, 5, are 


Bt+y-a-0, yt+ta-B-6, at+B-y-6, 


the factors of G, are obtained from these by substituting = 
1 1 1 1 4 


w-a 2-2 w-y «#-8 


for a, [3, y, 6, respectively, and mul- 


tiplying each factor by = to remove fractions. 


* See a Paper by Prof. Ball, Quarterly Journal of Mathematics, vol. vii., p. 368, q 


containing a full and valuable discussion of the various solutions of the biquadratic. q ; 
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Whence, denoting these factors by u, v, w, we have 


1 1 1 1 

m= 0(—, rr), 
1 1 1 1 

av = U( tee -=5), (1) 
1 1 1 1 

aw = (= += ~~ 5) 


which values of t, v, w, arranged in powers of «, are 


u=(B+y—-a—6)a -2 (By—ad) «+ By (a+6)-ad (B+ ), 
v=(y+a-f -8) 2-2 (ya- Bd) e+ ya (B+8)-Pd(y+a), (2) 
w=(at+B-y -8) #-2(aB — 78) 7+ aB (y+ 0) - 76 (a+ B); 


and, consequently, 82G, = auvw. 
From equations (1) we easily find 


v = (a-8)(%- B)(e- y) - (B- y)(e-4) (@- 8), 
to = (a 6)(x - B)(x- y) + (B - y)(2 - a)(w—- 8) ; 
and from these and similar equations we have 


u? — vy? U 
on eee a (3) 


e-w wr? 


where A, u, v have the usual meaning (Ex. 17, Art. 27); and 
consequently, 


(u—v)u?+(v—-A) + (A-p) w=0; 
whence 


~(u-v)u?=(wJ- m+ v|X - v) (w JX — - vA — v). 


Since, as this identical equation shows, the factors on the 
second side are both perfect squares, we may assume 


w, IN —yw+, Av =2u,2, 


wJrA-p - 0 JA—v=2u,?; 
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we have, therefore, 
w, |r eee u,? + Ue", 


o |X—v =u? — U2, 


u,v — pe = Wyte ; 


from which values we conclude that u,v, w, the quadratic factors — 
of Gz, are mutually harmonie. 
For the geometrical interpretation of the equation G, = 
see Art. 65. ) 
177. Expression of the Hessian by the Quadratic 
Factors of G,.—Since | 


4g a = (a- B)(a@- y)? (a - 8)’; 


combining the terms in pairs, and noticing that 
=(B—-y)(a-6) U=0, 
= (a — B)(e@- yw - 8) 
= 3{(B - y)(e- a)(w- 8) + (a-8)(@- B)(e-)}?, 


the quantities between brackets being uw, v, w, we have 


H, 
— 48 a7? +074+ wv, 
a 


which is the required expression for H,. — 

178. Expression of the Quartic itself by the Qua- _ 
dratic Factors of G,.—From equations (3) a symmetrical — 
value may be obtained for U; for, substituting in those equa- 
tions in place of A, mw, v their values in terms of the roots — 
P1y Pr ps Of the equation 4p°-Ip + J = 0, we find ; 

a@ (v- w*) = 16 (p:- ps) U, a? (w*- u*) = 16 (p3 - pi) U, 
a’ (u’ — 0) = 16 (p: — px) U, 
from which equations, by means of the value of H, in the pre- 
ceding Article, we obtain 
(au)*=16(p,U-Hz), (av)'=16(p.0-H.), (4) 
(aw) =16(p;U - H,). 


Expression of the Quartie, &e. 4()1 
We now make the substitutions 
u* = Asa: v > A, bor uw == A;Z’*, 


where A,, A:, A; are the discriminants of u, v, 0; thus replacing 
u, v, w by three quadratics X, Y, Z whose discriminants are 
each equal to unity. By means of this transformation the 
forms of the quadratics are further fixed, and the identical 
relation connecting their squares (see (1), Ex. 6, p. 389) is 
expressed in its simplest form. Calculating the discriminants, 
we find 


Ai= (8+ y-a—8) {By (a+ 0) - a8(3+y)} - (By - a8)’, 


with similar values of A, and A;; whence we have 


Ai=—(A-p)(A-v), Ar=-(u - v)(u-A), As=-(v—A)(v-4y). 


_ Making these substitutions, the preceding equations become 


(1 — p2)(pi — ps) X* = H, — piU, 

(p2 — ps)(p2 — pr) Y* = H, - pV, (5) 

(ps - p1)(ps — px) 2° = H, - psU; 
from which are easily deduced the following values of U and 
H,, and the identical equation connecting X, Y, Z:— 

ate = pi X? + p? Y? + ps Z’, 
- U= p,X’ + piY’ + psZ’, (6) 
0= X?+ Y*+ 2’; 

where, as has been proved, X, Y, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each 
case. ‘T'he value of G, may be expressed in terms of X, Y, Z 


as follows. Since 32G,=a*urw, and 


uve? = (u — v)*(v—A)*(A—p)?X?V72Z? = a (I? - 27) X? YZ", 


we find 
G,=3 /T* -27J*. XYZ. 
2D 
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179. Resolution of the Quartic.—From the equations 
-U= pir” + p2Y’ + p32", 
Oe Ate F* +2", 
we find 
U= (p1 — p2) ¥* + (pi1—s) 2°, U=(p2— ps) Z° + (p2—pr) X’, 
U = (ps —p1) X? + (p3— pe) Y”, 


where X’*, Y’*, Z? have the values determined by equations (5) ; : 


by 


and breaking up these values of U into their factors, we have — 
three ways of resolving U depending on the solution of the 


equation 
49° -Ip + J=0. 


The resolution of the quartic has been presented by Pro- 
fessor Cayley in a symmetrical form which may be easily ~ 


derived from the expressions already given for U and H,. 
For, since in general 


U(ayu* + Qbyy + cyy*) + m (ax? + Wey + cy’) + n (asa? + Wavy + cgy’) 
is a perfect square when 
=P? (ae, - b) + SMM (A2C3 + AzC2 — 2b2b3) = 0, 
1X+mY+nZ is a perfect square when 7’? + m+n? = 0, 


X, Y, Z being mutually harmonic, and the discriminants each 
reduced to unity. 


The resolution of U is therefore reduced to finding values of | 


l, m, n such that /X +mY+nZ, or 


1 |p. — ps J Hz — pi0 +m, |ps~ pr [Hz — p.0 


+ Jp. -p: JHz— psU, 
being a perfect square, may vanish when U vanishes ; or in fact 
to satisfy the two equations 


1 {oz —ps+m Jos—pitn,|pi—pr.=0, 2+m?+n? = 0. 
These equations are plainly satisfied if 


l ee eee n 
lps — ps lps =p: alps pr 
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whence, finally, the squares of the four linear factors of U are 


(p2- ps), |Hz — pi + (ps ps), | Hz - pV + (p:- p:), | He - ps0, 


_ which expression when rationalised becomes AU’. 
| If it be required to resolve the quartic x U - \H,, it appears 
— in a similar manner that 


Jos - p,|Hz— piU +m, Jps— piJHz - p07 
+n,Jp: - p2J Hz - psU, 


being a perfect square, must vanish when «U- AH, vanishes; 
or, values of /, m, n must be determined so as to satisfy the 
- equations 


Pimin?=0, 


1 Ip: — ps)(k — pA) + m,|(fos — p:)(« — p2A) + n|(p1 — p2)(k — psA) = 0. 
These equations are plainly satisfied if 


l m n 


i. p) apa) Jin peo ml lee eae 


whence 
— ps) Je — pA,|Hz — pi U + (ps— pi) Je - p2A,J Hz — p20 


+ (01 — p2), Jk — pA J He - 


is the square of a linear factor of kU - Hz. 


180. The Invariants and Covariants of «U-)H,. 
_ —Enmploying the equations (6) of Art. 178, and denoting 


X’+ Y?+ Z by V, we may, by adding - “7 7to AH. ~ «U, 


reduce it to the form R,X? + R,Y*+ RZ’, where R, + R.+ R;=0. 
When this is done we have the following reduced values of 
R,, R., R; — 


3B, = « (2p: — p2— ps) +A (2p2ps — pspi — pipr)s 
3k, =K (2p, a p1) + tS (2psp. sal oy WS P2Ps); 


3B; = « (2ps— pi— pz) +A (2pip2 — paps — psp)- 
2D2 
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On account of the similarity of the forms 
pir’ + p2.Y*+p;Z7’ and R,X’+ RY’ + B32, 
which are of the same type, we calculate the invariants and cova- 
riants of «0 -AH, by simply changing pu, p2, p; into R,, R., Rs 
in the expressions for the invariants and covariants of U. 
Therefore, since 


T= 3{(p2-s)* + (ps— pi)? + (p1-p2)"}, J =—4pipops, 
and 
R, — Rs=(p2-ps)(«-Api), Bs — Ri = (ps — pi)(« — Apr), 


RB, — Ry = (pi - pz) (« — Aps), 

we find the following values for the invariants of xU- XH, :— 5 
[? 

MSS ot Zor a Xs 

Le.) = Ik STkA + TA 9 


| eee feng, Sneek 
ey = IO -F CAG RAS 5g Ae, 


If we form the covariants FX x,r)) 800 Gie,,), of Q, where 


40, = 4%? — Ick? + JH 


(the reducing cubic rendered homogeneous in x, A), we find, 
as M. Hermite has remarked, 


ye Ay 12H «, A)> J («,r) = 4 Gie,r)s 
Again, to calculate the Hessian of kU- XAH;, we reduce 
RX? + RPV? + RPL 


ge 


by the substitutions 
prX* + p2Y’ + psZ= — 11U, 
piiX?+ pA Y’ + p3'Z’ = 1(7H,+JU), 


the first of which follows from the equations 


pr =ppst ql, pr =ppitgl, ps =pip.t tl, 
multiplying by p:X’, p,Y’, p;Z*, respectively, and the second 
by p:’°X’, p2 Y’, p;*Z’; and adding. 
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In this way we find the following form for the Hessian 
of kU - \H,:— 


5 [Hel 4 . 3*) : U(;5 jae mn) 


which may be expressed in the form 


1/40 
5( H rma x} 
which is the Jacobian of kU - XH, and Q, the variables being 
« and X. 

Again, since I°—27J*= 16 (p2 — ps)’ (ps - ps)? (pi - 92)"; 


and G, = 4, |I*-277°. XYZ; 
transforming pi, Pry Ps into R,, R., Rk; we find 
Ii, a 27d (x, a) = a? (T° ee 275"), Gi A)z = OG, 


We have therefore expressed the invariants and covariants 
of «U — XH, in terms of the invariants and covariants of U. 

181. Number of Covariants and Invariants of the 
- Quartie.— We proceed to prove the following proposition, 
which determines the number of these functions :— 

The quartic has only the two distinct invariants I and J, and 
two distinct covariants whose leading coefficients are H and G. 

This proposition asserts that every invariant is a rational and 
integral function of J and J, and every covariant a rational and 
integral function of U, Hz, Gz, I, J. The following discussion 
is founded on principles similar to those already employed in 
the case of the cubic. 

Attending to the observations in Arts. 36, 37, it is plain 
that if ¢ (a, 3, y, 8) be any integral function of the differences 
of the roots expressible by the coefficients in a rational form, 
_ we have, in general, considering the equation with the second 
term removed, 

a (a, B, Y 8) =F (a, H, I, G), 


_where F is a rational and integral function, and r remains to 
_ be determined. 
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And if, in the first place, ¢ be an odd function of the roots; 


changing their signs, and subtracting the two values of ¢, we 


find 
2a"> (a, B, y, 8) = F (4, H, I, G) - F(a, H, I, -@). 


This value of ¢ plainly vanishes with G; whence, eliminat- 
ing the powers of G@ beyond the first by the identical equation © 


of Art. 37, we have 
a’ (a, B, y, 8) = GF, (a, H, J, J). 


It follows that every odd function ¢ of the differences of : 


the roots is divisible by 
(Oty 850) (yt alps) lar B= yo), 


and removing this factor on the first side of the equation, and 


32 2 on the second side, we have 
a*d,(a, B, Y 6) =f, (a, if, af J), 


where ¢, is an even function of the roots, and /, a rational and 
integral function. 

We proceed to prove, in the second place, if ¢ (a, B, y, 8) 
be any even integral function of the differences of the roots, of 
the order «, expressible by the coefficients in a rational form, 
that a7 (a, 8, y, 6) can be expressed as a rational and integral 
function of a, H, J, J. 

To prove this, the following lemma is necessary :— 

There exists no function of H, I, J which is divisible by a. For, 


suppose I’ (H, I, J) to be divisible by a4. Making a vanish, we — 


have F(H’, J’, J’) = 0, where H’=- 0, I’ =- 4bd + 8c’, 
Jd’ = 2bed — eb? — c* (the values of H, J, J, when a = 0); and as 
it is impossible to eliminate 4, c, d, e, so as to obtain a relation 
between H’, I’, J’, we conclude that no relation such as 
F (H’, I’, J’) = 0 exists; and therefore there is no function of 
the form F' (H, I, J) which is divisible by a. 


We now proceed with the proof of the proposition; and — 


since, as has been already proved in the case of an even function 


of the roots, 
ao (a, B, y, 6) =F (a, H, I, J), 
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we have, dividing by a”, 
a*o (a, B, y, 6) = Fila, H, I, J)+ > 


F,(H, I, J) 
a? : 


Again, since the first side of this equation is expressible as a 
rational and integral function of the coefficients not divisible by 
a, the second side must be a similar function of the coefficients ; 


and this, by the lemma just established, is impossible unless such 
> F, (H, Ay J) 


aP 


terms as disappear. 


Wherefore 
a°p (a, B, Y 8) 98 Fi (4, H, i; J); 


and, finally, we have proved that a*¢ (a, 8, y, 6) may be 
expressed by the forms 


GF ia, Ho i, J}, 1 ia Fe, J, dd), 


according as ¢ is odd or even. 

We are now in a position to prove the original proposi- 
tion as to the number of invariants and covariants. For, if 
F (a, H, I, J) be an invariant, a and H must disappear, since 
if they were present this function could not remain the same 
when the coefficients are written in direct or reverse order. 
Similarly, no odd function such as GF'(a, H, J, J) can give 
an invariant. It follows that every invariant is a function of 
Land J. 

Again, the quartic has only two distinct covariants ; for we 
have proved that every function of the differences a* @ is of one 
of the forms 


F(a,H, I,J) or GF (a, H, J, J). 
Now, considering these forms as the leading terms of cova- 
riants, it has been proved that every covariant is expressible as 
F(U,H.1,J) or G,F(U, H,, I, J); 


that is, every covariant is expressible in terms of H, and G,, 
along with U, J, and J; and this is the proposition which was 
required to be proved. 
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EXAMPLES, 


1. If U be any cubic, and G,; its cubic covariant, prove that the Hessian of 
AU + wG@z has the same roots as the Hessian of U, A and u being constants. a 


2. Prove that any covariant of a quantic, whose roots are a1, az, ... any 
satisfies the equation 


ad ad 
x00 - BDsip =¢ = 


sa Fatima tian che igs virsbvsnhen 


where 7 is the degree of ¢ in the coefficients of the quantic, and s; = 3a. 


3. Ifa quantic have a square factor, prove that the same square factor enters 
its Hessian. 


4. If a quartic have a square factor, the covariant G» has that factor as a ; 
quintuple factor. 7 
5. Prove that the sextic covariant Gz of the quartic ¢ (x) may be written under 4 
the form q 


' ad 
foe, 


6. Applying the principles of Art. 180, determine the form of the sextic covariant 2 
of the quartic AU + uHz. 4 


7. Calculate the values of H, I, G, J for the Hessian of a quartic. 


ie 2 Sad 
ees gilt) Tee te 


ae i?’ o? 216 


8. Find the two conditions (Ex. 3, p.125) that the Hessian in the preceding 4 
question should be a perfect square, and show that both contain J as a factor. 3 


Ans. JG=0, aJ(2HI— 3aJ) = 0. 
9. A function ¢ of the differences of the roots of the equation 
(a0, QM, Ay 2 2 an) (z, 1)” = 0 


arranged in powers of a, being 


-p-l 
p = Ap + pAp-idn oe a A p24? + re + Aan? ; 


prove that DA; = — nan+jAj1, and hence show that if (ao, a1, a2,...@r) is a 
function of the differences so also is y (Ao, Ai, A2,... Ar). 


10. Hence show how the final coefficient of the equation of squared differences 
can be found for any equation when it is known for the equation of next lower : 
order. 
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11. If the discriminant of a biquadratic be written under the form 
(Ao, 41, A2, As) (a4, 1), 

| prove that the discriminant of this cubic is 

277G7A3°, 


where As is the discriminant of (a, a1, a2, a3) (#, 1); and knowing <3, find 
A», Aj, and Apo. 


12. Form the equation whose roots are 


(ai), p(ar), p(as),...¢ (an); 


where ai, a2, a3,... an are the roots of f(x) = 0, the resultant R of f(x) and $(z) 
being given. 
Change the last coefficient dm of > (7) into bm — p, and substitute this value for 
bm in the equation 2 = 0. 
13. Prove that the quartic 
J (2, y) = (a, 8, ¢, d, e) (x, y)* 


may be reduced by a linear transformation *=aAX+uY, y=aA'X+u'Y tothe 


form 
S (Ay A) X46 4+ f (um; w’) ¥4+ 6p M? X? ¥?, 
where 
4p°-Ip+J=0, M=dAp'-dD'p. 


14. Retaining the notation of the last example, prove that ~ and # are the 
roots of one of the factors u, v, w of the sextic covariant of the quartic. 
15. Prove that 
OG. _ 
azs 
the reducing cubic of Art. 65 (cf. Ex. 5, p. 132). 
16. Prove that 
pi? X? + po Y? + px? Z* = Mp-2 Hz = Tp-1U, 


60 (Ui2Uy — UUs"), 


where [p_1, Mp-2 are sums of homogeneous products (Ex. 6, p. 320). 


CHAPTER XVII. 


COVARIANTS AND INVARIANTS OF COMBINED FORMS. 


182. Combined Forms.—In the present chapter we pro- 
pose to illustrate the theory of the covariants and invariants of 
systems of two or more quantics (see Art. 159) by the simplest 
cases, viz.—(1) two quadratics, (2) quadratic and cubic, and 
(3) two cubics. We give in each case an enumeration of the 
forms which have been shown to be fundamental by the inves- 
tigations of Clebsch, Gordan, and Sylvester ; showing how these 
forms may be obtained, but without attempting the reduction 
of all other forms dependent on them. In estimating the 
number of covariants and invariants of a combined system, the 
independent forms which belong to each quantic by itself are 
counted among the total number belonging to the system. It 
will be found convenient to use the term special to designate 
those forms which belong to the two quantics regarded as a 
system (and which therefore contain the coefficients of both), 
as distinguished from those which belong to the quantics taken 
separately. 

Invariants and covariants are both included under the name 
concomitant, which is applied to any function whose relations to 
the quantics are independent of linear transformation. 


183. Two Quadratics.—Let the two quadratics be 
Usage’? + 2baeyt+ay, V = au’ + 2hery + ey’. 


This system has one special invariant, and one special covariant. 
The invariant may be obtained by forming the discriminant of 
AU + nV, which is found to be : 


’ (a,c, ae b,”) + Au (ay¢2 + AC, — 25,52) + iT (doC2 “ b,*), 
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all the coefficients of A: « being invariants (Art. 169) ; whence 


we have the special invariant 
A\Co + A2C; — 2b,b, = ehis. (cf. Ex. 3, Art. 165.) 


The vanishing of this function of the coefficients is the 


| condition that the pencil of lines UV = 0 should be harmonic, 


the rays represented by one equation being conjugate to those 
represented by the other. 


The special covariant is the Jacobian of the system, viz. 
avt+by baet+ey 

mu (U,V), 

aet+ boy dee + ey 


which may be written in the form 


y° ae ry x 
ay b, C(, |, 
A» b, C2 


obtained by eliminating dialytically the variables from the 
quantics U, V, (az — zy)’, the form ay/ — w’y being a universal 
concomitant of all binary quantics (cf. Art. 169). 

The square of J is connected with U and V by the following 
important relation (cf. Ex. 6, p. 3889) :— 


-J(U, V) = I,U0* - 20,,U0V + InV’, (1) 


which may be derived immediately from the equation 


y-ray 2x ew zy »° i gataee Ogee ay og 
ay db, C; Ci. = 2d, ay = U 21 2th: 
a2 b, C2 Cs — 2b, Ag fi whis Cle 


It is easy to see that J(UV) gives the double lines of the 
system AU + uV, for when AU + uJ is a perfect square 


ACLs + 2rpta + Tee Ee = 0, 
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and eliminating A: » by means of the equation AU + nV = 0, 7 
the double lines are determined by the equation ‘ 


pA Obs ey 21,,0V + av? =(), 
or J*(U, V) =0. 


Every concomitant of a system of two quadratics may be ex- _ 


pressed in terms of the six forms U, V, J(U, V), Tu, Liz, Ln, all 4 | 


of which are constituents of the formula (1) written above. The q : 
resultant of U, V, for example, is ; 


4 (Ii, In — T;,”) (See Art. 149.) 


whieh is also the discriminant of J(U, V), and the dialytic : 
eliminant of U, V, J(U, V). 7 


184. Quadratie and Cubie.—Let the two quantics be 


U=(a,b,¢, d)(«,y)*, V= (a, 0, c) (a, y)’, 


the covariants of U being denoted as usual by H,, and G,. The 
system has one special cubic covariant, the Jacobian of Uand V, 
or J(U, V); and one special quadratic covariant, viz., J (Hz, V). 

In writing down the remaining covariants it will be found 
convenient to adopt the following notation. We use U with 
suffix D to denote the result of substituting in U the differential 
symbols D,, —- Dz for x, y, respectively, where D,= £ Dy= = : 
hence | 

Op = (4, b, ¢, d)(Dy,- Dz)*, Vo =(a’, 0, ¢’) (Dy, - Dz)’, 


with a corresponding notation in other cases. 
There are four linear covariants, which may now be written 
as follows :— 


VOU), VolGz), Ur(V*), Go(V’). 
The first of these written at length is 


(ac’ — 2b0’ + ca’) w+ (be — 2cb’ + da’)y. 
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There are three special invariants. The first is the inter- 
mediate invariant of the system of two quadratics H, and 
V, viz., 

(ac — b*) ce’ — (ad — be) U + (bd-c*) d = In, 

where the notation J,, is used to signify that the invariant is 
of the p degree in the coefficients of U and the g” in the 
coefficients of V. The second invariant is the resultant R of 
Uand V. It is of the second degree in the coefficients of U, 
and third in the coefficients of V, and may be expressed in many 
ways by the methods of elimination of Chap. XIV. The general 
form of any invariant J,; of this type is 


I, =1R +m (a’e’ — 6”) In, 


Zand m being numbers. 

The third invariant is of the type J, and may be obtained 
by operating with V three times in succession on the product 
of U and G,; it can be written in the form 


Y. (U4, ); 


There are, therefore, nine special forms belonging to this 
system ; and if to these be added U and JV, and the independent 
covariants and invariants of each, we obtain the complete list 
of fifteen forms, viz., three cubic, three quadratic, and four 
linear covariants, and five invariants. 

185. Two Cubics.—Let the cubics be 


U= (a,b,c, d)(a,y)*, Ve= (a’, 0c’, d’) (a, y)*, 


the covariants of U being represented as before by H, and G;, 
and those of V by H,’ and G,’. 
Of this system there is one quartic covariant, the Jacobian 
of U and J, viz., 
J (U, V) = (ab’)a* + 2 (ac’) wy + {(ad’) +38 (be) }2°*y’ 
+2 (bd’) xy? + (cd’) y' ; 
and two special cubic covariants, viz. :— 
J (U, H’z), and J(V, H,). 
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There are four special quadratic coyariants. If we form the 
Hessian of AU + pV, i.e. substitute Ae + wa’, AD + wb’, Ke., for 
a, 6, &c. in H,, we find 

NH, + Auk, + wl’ :. 


The intermediate Hessian A, here obtained is the first special 
quadratic covariant ; and the remaining three are obtained by 
taking the Jacobians in pairs of H,, K,, and H,’. 

There are six linear covariants which may be written as 
follows :— 


Hy(V), Hy (G'z), Hp(U), Hp (Gz), Un ( H's’), Vo (H's). 


It is easily seen that Hp (UV) and H,(G,) vanish identically, 
for U and G, may be brought by linear transformation to the 
forms aa + dy*, and ad (ax* — dy’), respectively, and H, to the 
form adxy (cf. Art. 173). 

There are in all seven invariants, five of which may be 
obtained by forming the discriminant of \U + wV, the coeffi- 


cients of the different powers of X: u being invariants. Ifthe 


discriminant is | 

NA + 400 + OA?w?@ + 40 n50" + tA’, 
we obtain in this way three special invariants 0, ®, ©’, the 
extreme coefficients being the discriminants of Uand V. The 
two remaining invariants are of odd orders in the coefficients of 
each cubic. They are denoted by P and Q, and may be defined 
as follows :— 


P=40,(V) =(ad’) -3 (be), (1) 
27Q0=P°-R, (2) 
where #& is the resultant of U and V as obtained by Bezout’s 
method (Art. 154), viz. 

R= (ad’)* — 18 (ab’) (cd’) (ad’) + 9 (bd’) (ca’) (ad’) 
+ 27 (ca’)? (cd’) + 27 (ab’)(bd’)? — 81 (ab’)(be’) (cd’). 
Substituting this value of & in (2), we find 
— Qs(be’)* + (ca’)* (ed’) + (ab’) (bd’)? — (bc’)* (ad’) 
— 8 (ab’) (bc’)(ed’) — (ad’) (ab’) (cd’). 


7 


Combinants. 415 


Any invariant comprised in the formula /P* + mR, where / 
and m are numbers, being of the type J;,, might have been 
selected instead of Q as the fundamental invariant of this type ; 
reasons will appear subsequently for the selection which has 
been made (see Ex. 4, p. 416). 
If to the special forms enumerated be added those which 
‘belong to each cubic, we have in all twenty-six fundamental 
forms, viz. one quartic, six cubic, six quadratic, and six linear, 
covariants; and seven invariants. 
_ Several of the covariants and invariants enumerated in the 
preceding Articles will be found expressed in terms of the roots 
of the two equations of the combined system among the examples 
which follow on the next page. 


186. Combinants.—Combined forms give rise to a series 
of invariants and covariants whose coefficients are expressible by 
determinants of the form (a,0;), such as occur in the resultant 
ootained by Bezout’s method (Art. 154). These concomitants 
- are unaltered (save by a factor of the form (Aw’ — X’u)") when 
the quantics U, V are changed into AU + wV, NU + wD. 
Such invariants have been called combinants, and the corre- 
sponding covariants may be termed in like manner combining 
_covariants. Of the former we have examples in P and Q of the 
preceding Article; and Jacobians in general are examples of 
the latter class of concomitants. 

It may be noticed that the J and J invariants of the bi- 
quadratic in A: of the preceding Article, viz. the discrimi- 
nant of \U+4V, are combinants of the system of two cubics; 
for in fact a linear transformation of X and y is equivalent to a 
transformation of U and V of the kind considered in the 
present Article, and therefore any function of the invariants 
A, 8, ®, &c., unaltered by such transformation must be a com- 
binant. It can be verified that these invariants may be ex- 
pressed in terms of P and Q as follows (see Salmon’s Higher 
Algebra, Art. 218) :— 


I[=3P (P*-24Q), J=-P*+36P°Q-216Q’. 
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EXAMPLES. 


1. Ifa, B, y, and a’, B’ are the roots of the equations 
UV = ax + 3be* + 8er+d=0, Vas=a'e?+2b'e4+c' =0; 
express in terms of the coefficients the function 
(8 — y)? (a — a’) (a — B’) + (y — a)? (B - a’) (8 B’) + (a— B)* (y— a’) (y- B). 
Denoting this function by ¢, we easily find 
— @a p=9{a' (bd — c*) — (ad — be) +c (ac — B?)}. 


The given function of the roots is an invariant of the system, for it involves all th 
roots of the cubic in the second degree, and all the roots of the quadratic in the first 
degree. If, in fact, we make the substitutions of Art. 159, and multiply by U?7 
to make the function integral, the result will not contain x, and is therefore an inva- 
riant (cf. Art. 184). 

The geometrical interpretation of the equation ¢ = 0 is that the quadratic 
should form with the Hessian of U a harmonic system. 


2. Using the same notation as in the preceding question, find the condition that , 
one pair of roots of U=0 should form a harmonic range with the roots of V = 0. 4 


Ans. R+9 (a’e’ — b") In, =0. 
3. If a, B, y, and a’, B’, y’ be the roots of the cubics 
U = ax + 362? + 8ee+-d=0, V=a'x + 30'x? + 38e’'e% +d’ =0, 


express the following function (when multiplied by aa’) in terms of the cootliciaaaay 
and prove that it is an invariant of the system :— 


(a— a’) (B—B’) (y— 7’) + (a—B’) (B— 7’) (y— a’) + (a—7') (B-@’) (y-B) 

or, differently arranged, 
(a— a’) (B — 7’) (y— B’) + (a—B’) (B—a') (y- : + (a— 7’) (B—B’) (y—a’). , 
Ans. 3P, where P= (ad’ — a'd)—3 (be'— b'c). (cf. Art. 186.) 4 


ae 
ad 


4 ~ 


4. Retaining the notation of the preceding ir prove that if « can be deter- 
mined so as to make U+ «V a perfect cube, the following relation exists among the : 
roots of the two cubics :— 


(B — y) V9(a) + (y — a) V9(8) + (a—- 8) V9) = 


where (x) = V, and a, B, vy are the roots of U= 0; and prove that in this case the 
invariant Q (see Art. 185) vanishes. 

The relation among the roots is obtained immediately by substituting a, B, 
for x in the identity U + «V = (lu + m)', and eliminating «, 7, m from the resultin 
equations. 
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Rationalising, we have 


o aes pe | 3 
{e ¥)3 o( te eee z . B) om ~27 $a) $(A) $y) = 0. 


Substituting for ¢(a), ${8), (vy); introducing the relations obtained by comparing 


the different powers of A in the following identity :— 


Z(a + A)3(B — 7)? = 3(a +A) (B+A)(y¥ +A) (B— 7) (7 — 2) (a— 8B); 
and expressing the result in terms of the coefficients, we find 
{3P}'-27R=0, or Q=0 (see Art. 185). 
We now give several different forms under which the invariant Q presents 
itself. Since U+«V is a perfect cube, we have (Art. 43)— 
atna b+nb c+xe’ 


b+nub) c+ne dtd’ (1) 
‘Equating these fractions separately to — x’, we find 
at+xKa’t+ b+ x'b’ =0, 
b+ 4b + n'c+xx'c’ = 0, (2) 


e+xne’'t+n'd+n'd’=0; 


and solving for x, x’, xx’, we may eliminate them, and find the condition in the 
form 


e326 | ey Sead % a0 oe oe. 6 
Quia Bw oe’ eb 8 t= te Be 4:0 Cita, 
be a ee ee ee od oe sf. 


Again, eliminating « and x? from the equations (1) without introducing x’, we 
obtain another form for Q, viz. 


ac—& ‘ac’ +a’e — 20 ac’ — hb” 
Q=| ad-be ad’+a'd—be'-b'e ad'-—be’ |=0. 
bd — c? bd’ + b'd — ce’ bd’ — 2 


This form of Q can be readily obtained also by expressing the condition that 
the Hessian of AU +uV (see Art. 185) should vanish identically—a condition which 
is fulfilled when AU + pV is a perfect cube. 

Finally, writing the equations (2) in the form 

a+b = b+nce c+Kd 
atKh’ B+e'e’ c'+x'd” 
and eliminating x’ and «’*, we have a third form for Q, viz. 
(ad’) (ac’) (de) 
Q=| (ac’) (ad’)+(be’) (dd’) | =0. 
(be’) (dd’) (ed’) 
2£E 
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The constituents in this form are the same minor determinants that occurin Bezout’s — 
form of the resultant, and it may be easily verified that this value of Q agrees with 
the expanded form written in Art. 185. . 
5. Find the condition that the roots of two cubics should determine a system — 
in involution. 
The condition in terms of the roots is expressed by equating to zero the product 
of six determinants of the type 


i a ii 


1 ata aa’ 
1 B+ B’ BB’ 


yey oy 
6. Express the condition of the preceding example in terms of the coefficients 


of the cubics. 
The roots of one cubic being conjugates to the roots of the other, the two are 


reducible to the following forms :— 


U = ax + 3bx? + 3cx 4+ d, 


V = dx? + 8xcxu? + 8x2bx + Ka; ; 
and writing the discriminant of pU + V in general in the form (see Art. 185)— 3 
piA + 4p°@ + 6p*b + 4p0’ + A’, 


we find in this case 
e’=°0@, A’ =A; 


whence the required condition - 
Ao” — Ae = 0. 


covariant of the system :— 
aa’ {3(8 — B’) (y-7') + 318-7) (y—B’) + (8-7) (8 —7)} (ea) (2 -@’). 
Ans. 18 { (ae’ + ac —2bb')a? + (ad’ + a’d — be’ —D'c) x + (bd’ + b'd — 2c’) } 
8. To reduce the two cubics 
U = (a, 6, ¢, d) (2, y)®, V=(a’, 0’, c’, a’) (a, y)8 


to the forms 
dF 1 dF 


by means of a linear transformation 


w=rAX+pY, y=nX+u'Y, 


a. 
ae 


Bait. 


the coefficients in which are to be determined in terms of the coefficients of the — 


given cubics. 
Let F= (A, B, C, D, £) (X, ? Gt 


then U= (a, b, ¢, d) (2, y)® = (A, B, C, D) (X, Y)’, 
V=e(a’, 0,0, d’)(x, y) =(B, C, D, £) (X, Y)%. 
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1 1 
Now, substituting the differential symbols Dy, —Dz for x, and a? a Tas 
for X and Y in the Hessian of both forms of U, we find the operational equation 


Di De De Dy? Diy Dyas 
l 
a b - wi A B C i 
b c d B C D 


whence, operating on both forms of V, we have 


ee aS ee fe 
JY 
y(z,y)=| a 6 er 8a 8 8 Y= 
b ¢ a hee d 
Similarly, 
a b e b e d 


G4, 9 16 2 oe ete 8 eee 


where ¢ and y are covariants of U and JV, and J is the ternary invariant of F. 
Again, since 


cd J 
(Dy — Dz) = 5, Dy; and — ¥ (Dy, — De) = 5, Da; 
performing the operation 


? (Dy, ary Dz) y (2, Y); or y (Dy, ee Dz) Y (2; Y); 


on equivalent forms, we have 


oe eee | oer ees x x8 -e os 
pees Pray a J? 
Q=l\a’ BW ec Wee er a i be omy ec a a a a 
Lied Coen 6 a 6 a ee ow 


We are now in a position to determine the coefficients of F in terms of the 
coefficients of U and V. 


For we have from former equations 


' er oe eo e@ 
Gals 8s leche ee le 
6 ¢@ ga oe f 
oe oe a-6b ¢ 
Q=-| @ be [ot] a B oe Iy; 
ee ee ££ 


2E2 
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whence, substituting these values of # and y in U and J, we find 


GUs= (Ao, Bo, Co, Do) (9, yp), 


QV = (Bo, Co, Do, Eo) (?, Y)%, 
and, therefore, 


1 dF, 1 dF 
QU=7 7 Q@V=- ree where Fy = (Ao, Bo, O, Do, Eo) ($, )4 ; 


9. Determine the invariants of Fin the preceding example, and hence infer 
the form of the resultant of two cubics. 
We have, from the equations of Ex. 8, 


JW=M5J,, and Jél= MQ; 


and, substituting differential symbols for x, y and X, Y in both forms of V, and 
operating on U, we find 


P=ad' — ad — 3(be — be) = re 


J? : 
which equation, along with the equation Q= re enables us by previous results to 


express Jp and Jo in terms of Pand Q in the following way :— 
Ih= P@, and Jo= QO. 
From these results we derive the relations 


Ij? _ 18 Ps 
Jot J*  -Q” | 
from which it follows that when Z* = 27J?, we have P? = 27Q; but the first rela- 
tion holds when F has a square factor, slink necessitates U and V having a common | 


factor; whence we infer that P* — 27Q, being of the proper degree and weight, is 
the resultant of the cubics Uand V (cf. Art. 185). 


10. If a, B, y, 5; a’, B’, 7’, & be the roots of the biquadratics 


(a, 5, ¢, d, e) (2, 1)4= 0, (a’, b', ce, a’, e’ (x, 1)#=0, 
prove 
aa’ X(a- a’) (8 —B’) (y — 7’) (8-38') = 24 {ae + a@e—4 (bd + b'd) + 6ec’}, 


and show that this function is an invariant of the system. 
11. Prove that the following function of the roots of a biquadratic and quadratig « 
gives an invariant of the system, and determine its geometrical interpretation :— 


1 Bt+y By lyta ya ie ee ee ee 
1 at8 oS |x| 1 B+83 Bs |x| 1 748 7 | 
1 al + Bp’ a’p’ 1 a’ ‘“ B’ a’p’ 1 a’ if B’ a’B’ 
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The geometrical interpretation of the equation ¢ = 0 is, that the two conjugate 


_ foci of some one of the three involutions determined by the biquadratic form along 
_ with the quadratic an harmonic system. 


12. Prove that the following functions of the roots of a biquadratic and qua- 
dratic give invariants of the system, and determine their values in terms of the 
coefficients :— 

abo? (a’ — a) (a’ — B) (8° — y) (B’— 8), 
abo? (a — B)® (y — a’) (5 — B’) (y — B) (8 - @’). 


13. If f(x) and ¢ (x) be two quartics with unequal roots, the roots of f(z) being 
a, B, 7, 5, prove that the condition that a quartic of the system Af (x) + uo (z) can 
have two square factors may be expressed as follows :— 


1 a a? /¢@ (a) 
1 B B® W/9(B) 
ly ¥ Vey) a 
1 3 8 /9(8) 


14. Determine the condition in terms of the coefficients that the quartic 
Af (x) + up (x) may have two square factors. 

In this case the Hessian of Af (x) + up(x) = « {Af (x) + wp (z)}, from which 
identity we have five equations to eliminate A”, Au, w®, KA, ku; thus obtaining an 
invariant J44, of the 4 degree in the coefficients of each equation. 

15. Prove that the resultant of two quartics becomes a perfect square when the 
invariant Jy, vanishes. 

Rendering rational the determinant in Ex. 13, and dividing by the product of 
the squares of the differences of the roots, we find, when the coefficients are 
introduced, 

Is4 = 1°22 — 64R; whence, &c. &e. 

16. The discriminant of AU + uV, where U and V are cubies (a, 3, ¢, d,) (xy)%, 
(a’, o', e, d’,) (xy)*, being written as in Art. 185, resolve into its factors the 
covariant 

(4, 0, ¢, 0’, 4’) (V,; oo v/s. 


The leading coefficient of this covariant is easily obtained by forming the discrimi- 
nant of aV — a’U directly ; it is 


(ab")? {4 (ab’) (ad’) — 3 (ac’)*}, 
which” may be written in the form 2.4? {PA + 6(AC— B*)}, where 4, B, Care 


_ the first three coefficients of the Jacobian ; and, consequently, the given covariant 


is expressed as follows :— 
2J2(U, V) {PJ (U, V) + 6 Hessian of J(U, V)}. 


17. Express the invariants of the Jacobian of two cubics in terms of Pand Q. 
Ans. 120’ = P*, 2167’ = 64Q— P*. 


ChAT’ vail. 
TRANSFORMATIONS. 
Section I.—TscuH1rNHAUSEN’S TRANSFORMATION. 


187. Under the general heading of this chapter we purpose 
collecting several propositions which could not have been con- 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational 
transformations. 

Theorem.—The most general rational algebraic transforma- 
tion of a root of an equation of the n** degree can be reduced to an 
integral transformation of the degree n—1 at most. 

For every rational function of a root a, of the equation 
J(v) = 0 is of the form 

x (ar) 


Ww (ar)’ 


where x and y are integral functions; also, 


(6) (gy Pen) = += ¥ (tra) # ra) «+ = 9 (e) 

w (a,) fC URC pee ae Wana) W (an)’ 
and the denominator W(a:) W(a:) . . . wlan), being a symmetric 
function of the roots of f(x) =0, can be expressed as a rational 
x (ar) 
# (ar) 


function of the coefficients. "Whence is reduced to an 


integral form. 
Moreover, the numerator of the former fraction is a sym- 


metric function of the roots of the equation * J el : = 0, and 


may consequently be expressed as a rational eee of the 
coefficients of that equation ; that is, in terms of a, and the 
coeflicients of f(z). 
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x(a,) 
P(ar) 


Now, denoting by F(a,) this integral form of , we have 


by division 

F (ar) = Qf (ar) + $ (ar) =o (ar), 
where ¢ (a,) does not exceed the degree n-1; which proves the 
proposition. 

In the particular cases of the quadratic and cubic it follows 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the case of the cubic this quadratic function 
may be reduced to another form which is often useful, as fol- 
lows :—Denoting the quadratic function by y(@), and dividing 
the cubic /(8) by ¥(0), we have 

F(9) = (Yo + 119) Wr (8) +10 + 718 = 0; 
proving that 


(Ayr 7,0 : 
qo+ V0 : 


¥(0) =- 


whence it appears that the most general transformation of a roo 
of a cubic may be reduced to a homographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts. 59, 66, relative to the solu- 
tions of the cubic and the biquadratic equations. With this 
object in view, let ¢ and y be two rational functions of n quan- 
tities a,, a2, ... a,» (which may be considered as the roots of an 
equation), each having only p values when the roots are inter- 
changed in every way. Denoting these values of both functions 
obtained by the same substitution by 


fr, po, ps; te Pp; 
Ya, bo, Ys, orsine Lp, 


we have, for every integer J, 


bib + pabd t Gab +... + Sob = Ts 
a symmetric function of the roots, since it is the sum of all the 
possible values which ¢Y can take. 
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In this way we obtain the system of equations 


oth th +. tS =T, 
Pir +r. t+hsbs +... + dry =T, 


bP? + bah? + hae +... + dpb = Ty, 

where 7), 7), ... Zp. are all symmetric functions of a, a2,a3,...an- 
Solving these equations, we find at once ¢, expressed as a — 
symmetric function of x2, ys, ...%p.; and therefore by the | 
present proposition reducible to a rational and integral function — 
of ¥, of the degree » — 1, since y has only p values considered as 
a function of a, a2, ...a,. Now considering the special cases 
referred to—(1), when p= 2, and n= 8, it is proved that a © 
linear relation connects ¢ and y in terms of symmetric functions | 
of a, a2, as; and (2), when p = 3, and x = 4, 6 and W are in a 
similar manner shown to be connected by a rational homo- 
graphic relation. | 
188. Formation of the Transformed Equation.—The ; 
transformation explained in the preceding Article was first em- 
ployed by Tschirnhausen for the reduction of the cubic and — 
biquadratic. We proceed to explain the method of forming — 
in general the equation whose roots are : 


¢ (a1), $ (az), ¢ (as); -++2 (an), 


where ¢ (2) is a rational and integral function of x of the degree 
n—-1. . 
Let p(x) = ao + yet age? t+... + Ayn 2. 


Raising (x) to the different powers 2, 3, ...in succession, and — 
reducing the exponents of x in each case below n (by dividing | 
by /(z) and retaining the remainder), we have 


f* = b,+ bat bye? t+. 6. + baa, 


P* = Co t+ Oe + Ce +... + Opis 


P= hte her her+....+hiw. 
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Substituting for z in these equations each of the roots of the 
equation f# (x) = 0, and adding, we find, if S,, S., S;, &c., denote 
the sums of the powers of the roots of the required equation 


S; = nao + 4,8; + Ae8q +. 0 so + An Say 


S, = nb, + Dis, + D8 TPeceet Bas 8n-15 


S, = nly +- 18; + 18. Teese Tt les Sn-1- 


Now, expressing 8, 8, .. . 8». in terms of the coefficients of 
J(«), we have S,, S,,... S, determined in terms of the coeffi- 
cients of @(v) and f(x); we are also enabled by Art. 143 to 
express the coefficients of the equation whose roots are ¢(a), 
p(a2),.-.- (an) in terms of S,, S,,... S,, and therefore finally 
in terms of the coefficients of ¢ (~) and f(x) ; thus theoretically 
the transformation is completed. 

189. Second Method of forming the Transformed 
Equation.—There is another way of finding the final equation 
in @ by elimination, which we now give. Since 


Ay-— P+ att ag +... + A121 =), 


if this equation be multiplied by z, z*,...«"", and the expo- 
nents of x reduced below x by means of the equation /() = 0, we 
have in all » equations to eliminate dialytically the n - 1 quan- 
tities v, 2*,...2"". We thus obtain the transformed equation 
in the form of a determinant of the n order, ¢ entering into 
the diagonal constituents only. For example, if f(x) =" -1, 
we obtain the transformed equation in the following form :— 


Aa-p Ga. + Ani 


An-1 ay-— aq. + Up-2 


ay Ay ay. . &-h 


Although these methods of performing Tschirnhausen’s 
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transformation appear simple, yet if they be applied to par- 
ticular cases the result usually appears in a complicated form. 
Professor Cayley, by choosing a form of the transformation — 
suggested by M. Hermite, was enabled to take advantage of | 
the theory of covariants, and thus to complete the transforma- — 
tion for the cubic, quartic, and quintic. We shall content 
ourselves with showing in an elementary way how Professor 
Cayley’s results for the cubic and quartic may be obtained. 

190. Tschirnhausen’s Transformation applied to the 
Cubie.—Let the cubic equation 


aw’ + 3ba* + 8exr + d=0 
be written under the form 
3° + 3s + oe 
and let it be transformed by the substitution | 
| y=A+K3+ 8°. 


If s:, s2, 33 be the roots of the cubic, and /, v2, ys the correspond- 
ing values of y, we have 


Yo — Ys = (82 — 83) (K - & ’ 


Ys — Yr = (8 — £1) (« — 2), (1) 


and consequently, 
QY1 — Y2 — Ys = (281 — Sz — 83) K+ (B83 — B38, — 8182), 
QY2— Ys — Yr = (282 — 83 — $1) K+ (8581 — S12 — S283), (2) 
QYs — Yi-— Yo = (283 — 81 — Be) K + (2818p — S283 — 8381). 
Wherefore, if the equation in y with the second term removed be 
Y*+ 3H’°Y + G=0, 
we have from equations (1) and (2) 


Tn. CaG: 
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where and G, are the Hessian and cubic covariant of 
e+dHk + G; 


and the transformation is therefore completed, since y, + y2 + Ys 
can be easily determined. 

191. Wsehirnhausen’s Transformation applied to 
the Quartic.—In this case we do not attempt to form directly 
the transformed quartic, but prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Theorem.— 7schirnhausen’s transformation changes a quartic 
U into one having the same invariants as 1U + mH, and therefore 
in general reducible to the latter form by linear transformation. 
To prove this, let the quartic 


+ pa + pw? + pa t+ my =0 
be transformed by the substitution 
Y =A, + Aye + Ag’ + ag”. 


If “,, 2, x, a, be the roots of the quartic, and 7, 2, Ys, Ys 
the corresponding values of y, we have 


Vis 
way =, +g (@, +s) + dy (a2? + @,.2,42;7), 
L@2—- 23 
Fi = 76 
a y+ (a, +4) +0 (wi + ayer 2). 
a, -&% 


From these equations we proceed to show that 


(Y2— Ys) (Yi - Ys) a7, 


(a2 — L;) (a, a 2) : @, (tat : mm) 


where P, and Q, involve the roots of the quartic symmetrically. 
In the first place, we find 
(ay? + aef's + ay?) (ay? + 244+ 22) =p? —pipst+p,—prd, 
where A has its usual value, viz. xa, + «,2,; and secondly, since 
Wa? + of's + 2,’ = (4, +43)" — ets, &e., 
we find again, 
(2 + 5) (a? + wag t+ ee) + (a, + a4)(@y? + ayts + 23") = Ps — Pipa + Pir. 
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Tinally, since the other terms in the product are obviously of 
tle same form as P,+ Q,A, we have proved that 


(7/2 ae Ys) ("1 i Ys) ie 
(v4 =a) (¢, =) 


(Y2— Ys) (Yi - Ys) = (v-p) (Po + QA). 


Now, introducing pi, p2, ps, in place of A, u, v, this and the 


P+ Qo (tos + 1124) 5 


whence 


similar equations preserve their forms; whence, altering P, and — 


(, into similar quantities, we obtain the equations 
(yo— Ys) (Yi — Ys) = 4 (ps — px) (P- Qpr), 


(Ys — 471) (Y2—- Ys) =4 (01 — ps) (P — Qp2), 
(Y1 — Y2) (Ys — Ys) = £(e2 - pi)(P- Qs), 


which lead at once to the invariants of the transformed quartic ; 
and comparing their values with the invariants of kU - AH, 
given in Art. 180, the theorem follows at once. 


192. Reduction of the Cubic to a Binomial form by 
Tschirnhausen’s Transformation.—Let the cubic 


ax + 3be’ + dcx+d 
be reduced to the form ¥* - V by the transformation 
Y=Qt+ puerta’. 


If 2, x, v3 be the roots of the given cubic, and y; a root of 


the transformed cubic, we have the following equations to deter- » 


mine p and g:—. 
ay + PU+G=VNy 
Lo + Plzt+G=wy; 
3 + pest q=w'y; 
from which we find 


ad bs 1 
= > 7=-4(s.+ psi). 


vy + WX%e+ ws 


1S Tm RS Se est, Spee SS UE EE aL ee, Reo ae i me Ted nag ees Sgt TO Ee aan 
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Adding 2, + #,+ 2; to this value of p, we have 


Ho23 + WI; + W222 
, 


i ae ee 2 
T+ W%,+ Ws; 


it follows (see Ex. 25, p. 57) that there are only two ways of 
completing this transformation, as the values of p, ¢ ultimately 
depend on the solution of the Hessian of the cubic. 


193. Reduction of the Quartic to a Trinomial Form 
by Tschirnhausen’s Transformation.—Let the quartic 


at + 4ba° + 6cxr? + 4dzr + 


be reduced to the form 7‘ + Py’ + Q, in which the second and 
fourth terms are absent, by the transformation 


yoqtprr2. 


If 2,, 22, 23, a, be the roots of the quartic; also 7, y. two 
distinct roots of the transformed quartic, we have the follow- 
ing equations to determine p and g :— 


e+ paitqd=nry Xs + pl3+ Y= Yr, 
tet pit qe-yy t+ Put q=-Iy23 
from which we find 


t+ 22-277 -—2¢ 


a 1 
2, + Lz — Wy — U4 ese Cai) 


And, adding z, + 7,+2; + 2, to this value of p, we have 


2 (aya, — Ly) 


PtU+%y+Uyt+UN= ; 
UW4+%e—- My —-X% 


hence, by Ex. 5, p. 132, it follows that there are three ways of 
reducing the quartic to the proposed form, the determination of 


which ultimately depends on the solution of the reducing cubic 
of the quartic. 
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194. Removal of the Second, Third, and Fourth — 
Terms from an Equation of the 1” Degree.—We begin | 
by proving the following proposition, which we shall subse- — 
quently apply :— 7 

A homogeneous function V of the second degree in n quantities q 
Liy Xo, zy. ~~ Xn can be expressed in general as the sum of n squares. — 

To prove this, let V, arranged in powers of 2, take the fol- — 
lowing form :— | 

V = Pye + 2Q.2, + Ri, 


where P, does not contain 2, 7, .... 2,3 also Q, and R, are © 
linear and quadratic functions, respectively, of x2, a3, ... &n. 


We have then 
Sia Q, Q, 
V= (JPin + ml oF dee = P,’ 


also, assuming 


Vi= ee ee 7+ 2Q.0 + Ra, 
P, 


where P, is a constant, and Q, and &, do not contain x, and 2, 
we have, similarly, | 


— Q: : Q?’ | 
V, = (JP + TB) + R,- Fie 


V = (JP + a5) (dP + +B) Hae = 
Qn-1 


Proceeding in this way, we arrive ultimately at R,_, - pee 
n—-1 


so that 


which is;equal to P,,x,”; and the proposition is proved. 
Now, returning to the original problem, let the equation be 


e+ pa + pe + tp, = 0; 
and, putting 7 
| y =a + Bar + ya? + drt s, 


let the transformed equation be 


y” + Qy"™" + Qy"? +...4+Q,=90; 
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where, by Art. 188, Q,,Q.,...Q,,...are homogeneous functions 
of the first, second, . . . »™ degrees in a, [3, y, 8, «. 
Now, if a, 3, y, 6, « can be determined so that 


Q, = 0, Q, = 0, Q; = 0, 


the problem will be solved. For this purpose, eliminating « from 
@, and Q,, by substituting its value derived from Q, = 0, we 
obtain two homogeneous equations 


R, = 0, R,; = 0, 


of the second and third degrees in a, (3, y, 6; and by the pro- 
position proved above we may write J, under the form 


w—-etw—t, 


which is satisfied by putting « =v and w=¢. From these 
simple equations we find y = /a + mB, and d= a+ mp; and 
substituting these values in Q; = 0, we have a cubic equation to 
determine the ratio 9:a. Whence, giving any one of the 
quantities a, 3, y, 6, « a definite value, the rest are determined, 
and the equation is reduced to the form 


y" + Qy"* + Qy"> +...4+Q, = 0. 


In a similar way we may remove the coefficients Q,, Q., Q,, 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms* 


w+ Pr+Q, 2+ P2+Q; 
or again, changing x into = to either of the forms 
o+Pe+Q, 2+ Pat + Q. 


In this investigation we have followed M. Serret (see his 
Cours d’ Algébre Supérieure, Vol. I., Art 192). 


* See Note A. 
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Section I].—HeErmite’s THEOREM. 


195. Homogeneous Function of Second Degree 
expressed as Sum of Squares.—We have already shown, 
in a general way (Art. 194), that a homogeneous function of 
the second degree in the variables may be reduced to a sum of 
squares, no hypothesis being made as to the nature of the 
coefficients of the function considered. We now return to the 
consideration of this problem when the coefficients of the function 
are supposed to be all rea/; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 
transformed function. 

Let F(2, %, ...%,) be a homogeneous function of the second 
degree in » variables with real coefficients ; and let us suppose 
that it is reduced by the method of Art. 194 to the form 


Pi (a, + AnXHe + A3%3 + eee + Leta) 
+ Po (e+ dss t+... + Ontn) 


+ p3(@g+ 2.6 + Cnitn)? 


a Puitn’, 


where all the coefficients of this new form are real. 
Making now the linear substitution 


XX, =U, + AN, + Agts + Ay to. + Antn; 


X;3= Xs + Cig tree t+ Crtny 
eo = Zny 


we have 
F (a1, Lay Way». » Mn) = Pi XY + poX.” + 3X3" +... + Pn Xn’. 


Since the modulus of this transformation is equal to 1, the | 
discriminants of both these forms of F' must be absolutely equal. — 


Homogeneous Function of Second Degree, &c. 433 
enoting, therefore, the discriminant of F by An, we have 


An = Pip2Ps +++ Pn; 


and similarly, when the variables 2, zj.,...%, are made to 
-yanish in both forms of F, we have 


Aj = Pipr2Ps .. « pj. 
Now, giving / the values 1, 2, 3, &c., we find 


=A ) _ a: _As 1, = An . 
Pi ly Per AS Ps 7 Eilat Ae 


d the coefficients are determined in terms of the discriminant 
of the original quadratic form in » variables and the discrimi- 
i nants of the forms in » — 1, n — 2, &., variables derived from 

the given form by causing one, two, &e., of the variables to 
 yanish in succession in the manner just explained. 

Again since the constants in the form F(a, 2, ...%,) are 
in number 43n (n — 1) less than in a form composed of a sum of 
squares of x linear functions of variables, we learn that F can 
reduced to a sum of squares in an infinity of ways. It is 
most important, however, to observe that in whatever way the 
_ transformation is made, provided it is real, the number of coefficients 
affecting these squares) which have a given sign is always the same. 
Yhis theorem, which is due to Jacobi, is easily proved; for 


ppose the contrary possible, and let 
F'= p,X; + pX," Fisewe + pnd, =n Yi + qY; FTece + Galas 


here the number of positive coefficients on both sides of this 
ntity is not the same. Making all the terms positive, by 
nsferring those affected with negative signs to the opposite 
es of the identity, we shall have a sum of / squares identically 
qual to a sum of m squares, where m is greater than 7. Now, 
ubstituting such values for 2, 2, ... 2, that each of the 
squares may vanish (which may be done in an infinity of 
rays), we find a sum of m squares identically equal to zero, 
vhich is impossible. 


2F 
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196. Mermite’s Theorem.—The principles explained in 
the preceding Article have been applied by Hermite to the — 
determination of the number of real roots of an equation f(x) = 0 
comprised within given limits. The special form of the function 
F which he makes use of for this purpose is : 


ran ; 
> (a + Apt, + ays + 6.6 + ay” ap)" : 
ar P s 


r=1 


in which 2, @, . .., are any variables in number equal to the — 
degree of the equation; and» takes all values from 1 to » in- | 
elusive, the roots of the equation being a, a,...an; also p is” 
any arbitrary parameter. 7 aS ; 
This form is plainly a symmetric foenon of iis roots of © 
the equation /(v) =0; and as the coefficients of this equation — 
are supposed to be eal: F will be also real, when expressed in 
terms of these coefficients and p, provided the parameter p be i 
given any real value. If the roots a, az, as... a, are not all { 
real, the assumed form of F will not be obtained by real trans- — 
formation; but it is easy to deduce from it, as follows, another @ 
form which will be so obtained. 
If a; and a, be a pair of conjugate imaginary roots, we may 
write : 


aad S = op 


a,=7,(cosat+7sina), a,=7)(cosSa—ésina). 


Denoting for shortness + ay, + a," +...+a," Wt, by Y, 
and substituting these values in Y, and Y;2, we find 


Y,=U0+41V, Y,=U-‘, 


where U and V are real; also putting 


=r (cos@+isin ¢), =r (cos d-7sin ¢), 


ai—-p az—- p 
the part of the function F depending on a, and a,, viz., 


whence 
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becomes 


r (cos $ +7 sin ;) (T+iP)+ (cos $ - isin S)(7-iry, 


which may be also written as the difference of the squares 


2r (Ueos = V sin - 2r(Tsin§ + Voos a 
proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

We now state Hermite’s theorem as follows :—Let the equa- 
tion f(x) = (@ - ai)(@ - az)... (@ - an) = 0 have real coefficients 
and unequal roots: if then by a REAL substitution we reduce 


Se Y;? I fg 4 
+ + See a ; (1) 
a,—-p a2- Pp a3— p an— p 
where VY, =2 + Gptgt ayy t+... + ar” "Sq, 


to a sum of squares, the number of squares having positive coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f(x) = 0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a posi- 
tive square for every root greater than p, and we have proved 
that every pair of conjugate imaginary roots leads to a positive 
and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots between any two numbers p, and 
p2 may be readily estimated. For, denoting in general by P; 


- the number of positive squares in F when p = p;, by NV; the 


number of roots of the equation /(x) = 0 greater than p;, and by 
27 the number of imaginary roots, we have 


P,=N,+J, P,=N,+T1; 


N,-N.=P:-P,, 
2F2 
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proving that the number of real roots between p, and p. is equal 
to the difference between the number of positive squares when 
p has the values p; and p:, respectively. 

The number here determined may be shown to depend on © 
a very important series of functions connected with the given — 
equation. In order to derive these functions we consider F' ~ 
under the form (Art. 195) 7 


An 


n—1 


A A 
AXi+  Xi+T K+. ..+ X,?. 
The number P expresses the number of coefficients in this : 
form which are positive, or, which is the same thing, the number q 
of the following quantities which are negative :— 4 
4 


ress 
ees 


(2) 


We proceed now to calculate Aj, Az, ... Ay, ... A, In terms P 
of p and the roots of the equation f(7) = 0; and as the method 3 
is the same in every case it will be sufficient to calculate As, — 
i.e. the discriminant of the original form of F’ when all the © 
variables except a, #2, #3; vanish. 


. . 1 . . 
Writing for shortness v, = , we have in this case 
ar is pP 


3 = Lv, (2, + apt, + ays)”. 
The discriminant in this form is 
Sy ey eee 
A;=| av Say Za’yv |, 


Savy wav Za'v 
which may be written as the product of the two arrays 

1 ie eee | VW “os ae ie 

Rm hs Be av; Mite. sks ele : 


2 2 
ay) Os: 56:4 4: es a, Vi A" Ve ewe An Vn 
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nd, consequently, 
| ee See ee 


A; = VViVeVs a) G2 a3 => ( 


aa- a;)* (ay = a,)* (a, a a.)* : 


(ai — p) (a2 —p) (as — p) 


ok a 
In an exactly similar manner we find 


a V (a, Qo, G3 .. . aj) 
Ai > Rea TE) heres (a;—p)’ 


_ where the notation V (a, a2, as, . . . aj) is employed to represent 
the product of the squares of the differences of a,, a2, a3, . . . ay. 
_ Hence the quantities A,, A, A;... A, are all determined. 

: Now, multiplying the numerator and denominator of each 
_ of the fractions in the series (2) by f(p), each value of A is 
_ rendered integral, and the series becomes 


i On ie 
ee PA Poe Oo 


V = (p—a,) (p— ar)... (9 — an), 
Vi = 3 (p- az) (p- as)...» (p— an); 
Vi= SV (ai, a2) (op - as)... - (p— an), 
Vz= SV (ar, ary a3) (o— ay)... . (p— an), 


Va= V (a, Q25 ‘Qs . 6.6 © Gn): 


Since negative terms in the series (3) correspond to varia- 
tions of sign in the series V, Vi, V2, Vs,.... Vn, it is proved 
_ that the number of variations lost in the series last written, 
_ when p passes from the value p. to the value p2, is exactly equal 
4 to the number of real roots of the equation f (p) = 0 comprised 


197. Sylvester’s Forms of Sturm’s Functions.—It 
_ will be observed that the functions V, Vi, V2, &e., arrived at 
in the preceding Article have the same property as Sturm’s 
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functions ; from which in fact they differ by positive multipliers — q 
only, as was observed by Sylvester, who first published these — 
forms in the Philosophical Magazine, December, 1839. The ; 
identity of the two series of functions may be established as — 
follows :— 7 
We make use of the notation already employed in Art. 148, 
and we propose to show that the Sturmian remainder #; differs 
only by the positive factor y; from the function V;. From the 
Article referred to, we have ) 


Ry = A f(z) - BS); (1) 
where R= ryt net re t+... + tnt, 
A; oa ro 7 Ait + 22 a er ies = Ay0F, 
By = py + mr® + ye? +00. + pyr?” ; 
and from the value of 7; there given we have immediately 
Mj = 75 UV (a1, aay as,» ay), : 
showing that the leading coefficients in R; and V; differ only 
by the factor y;, We now proceed to prove that the last co- 
efficients in these functions differ only by the same factor. 
For this purpose, dividing the identity (1) by /(~), substituting 
in it from the equation © : 
J'(@) _ 8 
Fae ep t 
and comparing coefficients, we find 
foo = Aah + Aas + A382 Se eras oes Aj-1 Sj-25 


Mi — A285 + AsS1 lee 2 Ais S39 


Mj-2= Aj-1 8» 
Also, putting w = 0 in (1), we have 
1) = No Pn-1 — MoPny 
and, substituting for u, in terms of Aj, Az, As, &e., 


r 
— sae = Ay 8-1 + AiS8o = Ao8; +ecrc Tt Aj-1 Sj-2 5 


n 
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| whence, giving to A,, Ai,... Aj. the same values as in the 


calculation of 7,_;, we find 


8_} So 8) ee at Sj-2 
* 85 8; 82 os. 6 8j-1 

ro = (- 1) pny; 
Sj_2 8j1 8; “ee 82j_3 


Now, referring to the calculation of A; in Art. 196, and put- 
ting p = 0, or », = = in the value of A; there found, we find 
ar 
for the determinant just written the value 


> V (a1, ary as)... aj) | 


a)\a2e03 “ee aj 
hence, giving p, its value in terms of the roots, we have 
ro (- Ley VY =V (a, 2, 35 be aj) Ay+1 Ajx2 ee ea Any 


which was required to be proved. 

The first and last coefficients of R;, when divided by yj, 
having been thus shown to be the same as in the form Vj, 
it follows that all the intermediate terms must be similarly 
related; for, in the first place, R; is a function of the diffe- 
rences of the quantities 7, a1, a2... an, a8 may be seen by 
transforming f(x) before calculating R; by the substitution 
s=a,¢ +a, asin Ex. 3, Art. 92. When this transformation 
is completed, every coefficient in F;, as well as z, is a function 
of the differences ; consequently R; is a semicovariant, and 
satisfies the differential equation 


7 ee es d dh; 
(3+ Fs PPE + a \Bj=0, or Te 7 R= % 


and therefore, as is proved in Article 147, all the coefficients 
may be obtained from the last by a definite law. The same 
conclusions plainly holding also for the function V;, it is there- 
fore proved, finally, that 


RB; = yj Vj. 
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EXAMPLES. 


1. To reduce two quadrics in three variables to the sums of the same three 
squares with proper coefficients. 


Let 
U=ax® + by? + c2* + 2fye + 2Qger + Whey, 
V = aya? + dyy* + cz" + 2fiyz + 2Wizx + 2ixy, 
dF aF dF 
F(z, y, 2) =au+ PV, X=27 eee Z=} a 
We have then identically 


Aa@+a Ah+h Agtgm X 
1 Ah+h, Abt+h Aft+fi Y |_ #(a) 
Aa) = BQ) 
(a) gto Aftfi Acta Z ) 


x x Z 0 


where A (A) is the discriminant of AU+ V; and #(A) is a function of the 2nd 7 
degree in A, the symbols X, Y, Z being retained in it for the present, and not 4 
replaced by the values involving A. 5 


Resolving into partial fractions, we have 


ee POG) ck @(A2) 1 @(A3) = 1 (1) 
~ AA) A—A1_— A’(Ag) A—Ag—— AAs) A= Az’ 


in which #(A1), (Az), (Az) are all perfect squares, since they are obtained by q 
bordering the vanishing determinants A (Ai), A(Az), A(As). (See Art. 139.) j 
Now, replacing X, Y, Z by their values, AUi+ Vi, &c., @(Ay) is easily re- q 

_ ducible to the form 4 
Aja + a Ajhth aAgtg Ni 
Ajht+hy aAjbt+tb, aAgft+fi U2 
ce = (A — a)? 4%, 
Agtgn ASt+hi Ae +e Us 
Ui U2 U3 0 


where j=1, 2, or 3, and w is independent of A. 
Substituting these values in (1), we find 


2 2 
AU+V=z(a- M1) aA nie + (A — 2) ag t O99) Say 
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Equating the coefficients of A, we have 


\? Uy? U3? 
, + / - , >, 
A’(A1)  A’(A2) (As) 


Uz 


uy? a Uy? ra us? 
EOD AOS) A 
_ which was required to be done. 
It is to be observed that this problem has only one solution. The mode of 


= _ reduction here given is due to Darboux ; and is plainly applicable whatever be the 
- number of variables. 


-—-Veznrxr 


2. Prove that a quadric in m variables may be reduced by a real orthogonal 
transformation to a sum of » squares. 
. An orthogonal transformation is a linear transformation such that, when the 
- modulus written as a determinant is squared the terms in the principal diagonal 
are each equal to 1, and all the other terms vanish. 

In a transformation of this kind it follows that the sum of the squares of the 
new variables is equal to the sum of the squares of the old. 


3. Writing as before one of Sturm’s remainders in the form 


Rj = Aj’ (x) — Bjp(z), 


prove that 
; 80 8} ere 
$1 82 3 ey 
B= 75 ; 
8j-2 8j-1 8j $2j-3 
0 T Weer a 
where Ty = 8orF* 4 8x5? + sax5-3 +... + H-1. 


4. Denoting by Uy 


Ton 
Dd (x — ar) (a1 + ar. + a2a3+... +a" 2z,)?, 


r=1 


2 prove that the discriminant of Uj; may be determined by the equation 


mus 


Ls os We 

. where .4; and 7; have the same signification as before; and show directly that if 
: A; =0 for a certain value of x, -4j1 and 4;,: have opposite signs for the same 
_ value of ~. 

Re Notrr.—Hermite’s theorem holds where ar — p is changed into (ar — p)™ in the 
enunciation on p. 435, m being any odd integer, positive or negative. 
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Srecrion [II.—Misce.itanrtous THEOREMS. 


198. Reduction of the Quintic to the Sum of Three 4 7 


Fifth Powers.—This reduction can be effected by the solu-— | 


tion of an equation of the third degree, as we proceed to show. 
Let i 
(<1gy 1s Any sy Way )(, )° = Br (w+ Bry)® + Be (w+ Pry)’ + Os (w+ Bay), 
where [3,, (32, (33 are the roots of the equation 7 


ps + pw? + pie +p, =0. 

Now, comparing coefficients in the two forms of the quintic, ] . 
oh i ee 00, tbr be 

a, = 6,3," + 0.3.7 + b:3;7, a3 = 8:5 + 5,(3.°+ 0383°, 


a= 6,31" ay b.[3.' * b3(33*, as = b,(3:° + b(32° = b3[(33° ; 
whence 
Polo + Pid + Pele + Psdz3 = 0, 


Poti + Pde + Prds + P3ls = 0, 
Pola + Pids + Pry + pds = 0. | 
When these equations are taken in conjunction with the j 


equation 
Do + prt + pov” + ps? = 0, 


we have the following equation to determine (3;, (33, 33:— 


1 x og a 
Qo a, Az 3 
= tb 
ay Ag 3 ay 
Ag Qs Xs As 


Also, 0,, :, 0; are determined by the equations 
Db, + by + bs = Ao, 


6,3; + b2[3. + 6333 = My 
b,(3,"+ b.{3.” + b[33” = a2 ; 


Quarties Transformable into each other. 443 


whence the question is completely solved when (3,, 32, Bs are 
known. 

This important transformation of the quintic is a particular 
case of the following general theorem due to Sylvester :— 

Any homogeneous function of x, y, of the degree 2n-1, can be 
reduced to the form 


b, (@ + iy)?" + b, (@ + Bry)" +... + On (e+ Bay) 


by the solution of an equation of the n‘* degree. 
The proof of the general theorem is exactly similar to that 
above given for the case of the quintic. 


199. Quarties Transformable into each other.— We 
proceed to determine under what conditions two quartics can be 
transformed, the one into the other, by linear transformation. 


Let the quartics be 


U = (4, 4, ¢, d, e) (2, y)' = a(@ - ay) (x - By) (x - yy) (2 - 8y), 
V=(a, 00,0, €)(e,y)*=a (#-a'y) (2’-By)(2"- yy) (# - 8); 
and if they become identical by the transformation 
w=hatpy, YoNrnart wy, 
we have, by Art. 38, 
(B’-y')(a’'-8) _ (y'-a’)(B'-8) _ (a’-B’)(y'-¥8) 
(S-yia- (yap et) apy a) 


| showing that the six anharmonic ratios determined by the roots 
| must be the same for both equations. 

From these equations we have also the following relations 
| between the invariants of the two forms :— 


ert, J=sZJ; (1) 
| whence 
I’? T3 
Bon CER 


OF Txx= 


asks ) 


OF CALIFORWN, 
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3 
The quantity i being absolutely unaltered by transforma- 


tion when the quartic is linearly transformed, is called the | 
absolute invariant of the quartic. The condition expressed by — 
equation (2) is, therefore, that the absolute invariant should be — 
the same for both quartics. The condition here arrived at — 
agrees with the result of Ex. 16, p. 148, where it is proved that — 
the sextic which determines the anharmonic ratios of the roots — 
involves the absolute invariant, and no other function of the 
coefficients of the quartic. 3 
The conditions expressed by the equations (1), (2), are — 
always necessary ; but not always sufficient, as we proceed to 4 
illustrate by two exceptional cases. 4 
Suppose, in the first place, 


CU=wvw, V=uv?, 


where w, v, w, u’, 0’, are of the linear form /z + my. 


3 73 


Although the condition ae RZ 


common value of these fractions being 27, it is impossible to 3 
transform U into V, since it is impossible to make ew a perfect — 
square by linear transformation. 4 


is satisfied in this case, the 


Secondly, if Ue=u, Vays; 


although the equations I’ = ‘J, J’ = r°J are satisfied, since 
I’=0, [=0, J’=0, J =0, it is nevertheless impossible “= 
transform U into V. 4 
In both these cases it would be impossible to identify the ae 
six anharmonic ratios depending on the roots of the quartics. | 
In general, it may be stated that it is impossible to transform — 
one quantic into another by linear transformation when any — 
relation exists between the invariants of one of them which | 
does not exist between the invariants of the other (see Clebsch’ 34 ; 
Theorie der Bindren Algebraischen Formen, Art. 92). a 
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; 200. Number of Absolute Invariants of any Quan- 

_tie.— Woe proceed now to examine how the number of absolute 

invariants of any binary quantic is connected with the number 

of ordinary invariants, and how far a limit can be determined 

to either of these numbers. Transforming the quantic 

(ao, MQ, Ar, Sree An) (x, y)" 

_ by the substitution 

d w@=\X+uY, y=oNvNX+pyY; 

| if the new form be 

: (Ajj, Ay aa ba. Pe, 

we have by the comparison of coefficients » +1 equations 

expressing A), A,... A, as follows :— 

3 ye (Ay Gis Og. RVING AY os ae Pig. Pre 
(n) 

: An = (Go, G1, Gay . . - Gy) (ut, we)”, 

where 

2 7 ap 

a a aa” Py =12'3...9, Te) = 1. 


Now, eliminating A, p, X’, uw’, we obtain, among the new and 
) old coefficients, n — 3 independent relations; but if (Au’ — Xu) be 
' admitted when X, p, X’,n’ are excluded by elimination, we must 
add the equation An’ — N’u = Ito the n +1 equations already 
| obtained, making n +2 in all; and when the elimination is now 
completed, we have n — 2 independent relations. It may be 
| inferred from our previous investigations that these relations 
| are of the form 

| pr (Ay, Ai, As, .. +» An) = Moy (4), 41, Gs - . . Ge) (S00 Art. 164), 
} and we have therefore » — 2 independent ordinary invariants 
| gi, bo, os +--+ n-2 Eliminating M we obtain, as above stated, 
: n — 3 relations connecting the two sets of coefficients, and this, 
| therefore, is the number of independent absolute invariants. 
| It is not true in general that every invariant can be expressed 
| as a rational function of the invariants ¢,, ¢., ds... dn»; and, 
: consequently, we have not obtained a superior bint to the num- 
| ber of independent ordinary invariants by this investigation. 
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201. Number of Seminvariants of a Quantie.— Every 
seminvariant can be expressed rationally in terms of a, and 
n — 1 functions of the coefficients which are either invariants or — 
seminvariants. For, removing the second term from the equa ' 
tion 


U, = (Go, Gi, Ga)  - » Gy) (2, 1)* = 0, 
the new coefficients are easily obtained by substituting for h 


its value — — (see Art. 35). As these coefficients, when divided 


by a,, are symmetric functions of the differences of the roots 
they must be invariants or seminvariants when multiplied by | 
a power of a,; also every other symmetric function of the 
differences of the roots must be a rational function of the same 
quantities, but not necessarily integral when multiplied by a,” ; 
consequently we have not obtained any superior limit to the 
number of independent seminvariants (or, which is the same 
thing, covariants) by this investigation. | 
As an illustration of the preceding we give the values of 
A,, A3, As, As, Ac in a reduced form— | 
aA, =H, a?A,;=G, a°Ay= a’ I- 3H? (see Art. 37), 
aj{A,=a,F - 2GH, 
aA, = 40H? — 1da°HI + 10G? + a‘h, 


é 
where 
F = aed — 5a,A 1d, + 2ApA2d3 — Saya? + 8ay7ds, 


Ty = dots — 64,d5 + L5aea, — 10a;’, 

F being a seminvariant, and J, an invariant of the sextic Uj. | 

We have, therefore, proved that every seminvariant of the sextie 

can be expressed in the form [ 
ay" Y (a, F, G, H, L, L), 

where ¥ is a rational and integral function ; and, consequently 

every covariant when multiplied by a power of U, may b 

expressed as follows :— 

Wl lle, Pay A8as doe te 2a 

When a rational and integral function of several seminvariant 

is formed so that the result is divisible by a,, a new semin 

variant is obtained which is considered distinct from the others 
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202. Galois’ Theorem.— Ze roots of an equation 
J (#) = (@ - ay) (w - a2) (vw - 3)... (x - a,) = 0 


can be determined when one of the values is given of a rational 
Sunction of those roots which has 1.2.3...n distinct values when 
they are permuted in every way. 

i Let V=¢(m, a2, as... an) be this rational function, and V; 
_ the given value of it. Now, permuting all the roots except a, 
_we have 1.2.3...-1= 4 values of V given by the equa- 
tion 


(V=Vi)(V = Va) (VV) Va) =O. 0) 
- This equation can be put under the form 
FLY a) = 0, 


for its coefficients are symmetric functions of the roots of the 
equation 

I2) 9 
eae? 3 
and as (1) is satisfied by V = V,, we have identically 
F(V,, a)=0. Hence f(x) =0 and F(V,, x) =0 have one 
common root, and only one. If, therefore, we seek the common 
} measure of f(x) and F(V,, x), and continue the process till we 
_ obtain a remainder of the first degree in z, and equate it to 
| zero, we shall find a, = ¥,(V,). Fixing on another root a,, and 
| proceeding as before, we shall find a, = ¥,.(V,); and therefore 
| each root can be determined rationally in terms of the given 
| value of V. 
| 203. Reciprocal Linear Transformation.— When the 
| co-ordinates of a point are transformed by a linear transfor- 
| mation, the tangential co-ordinates of a line and the operating 


ie bol dadadd 
/ menos? dy? ds 
)) transformation, which is said to be reciprocal to the first. 
| Let the linear transformation be 

e2=aX+6,Y +¢,Z, 

y=aX+hY + Z, (1) 


2=a,X + bY + 6,2; 


are both transformed by the same new linear 
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whence any line Ax + wy + vs becomes by transformation 1 
LX +MY + NZ, where ' 
DL = aA + aya + asv, 
M = bX + byw + dyv. (2) 
N =X + Coe + C33 


also 
d d dn d ay d dz 


aX da ae dy ax” dz aX’ 
dx dy dz 
aX’ dX’ dX 
a a d d 


or, substituting for their values, 


d d ad qd a d d d 


ay" 17, ag tae ee 
ona 3 
whence Z, MW, N and the symbols VY’ wZ follow the same 


d ad aq 
dx’ dy’ ds 
also; in fact from equations (2) this transformation is : 
A\=A4,L+ BM + ON, 
Au=4,L + BM + ON, 
Av=A;L + BM + C0,N, 
ies = (ah, A=, B= > ha a. 
This linear transformation is said to be reciprocal to 1 the 
transformation (1) whose modulus is A, its coefficients being — 
Le an ida 1da es q 
Ade, Add Bde 


laws of transformation, and consequently A, u, v and — 


d a - 
The variables 7, y, s, and — i iy = are said to be contra- : | 


gredient to each other, for a linear transformation of z, y, z leads a 
dx’ dy’ da’ which, . 
although not the same, is connected with the first in the manner 


already explained. 


to a linear transformation of the symbols —— 
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MIsceLtaANngous EXxamptLes. 


4 1. Every quantic of an odd degree has a quadratic covariant of the second 
_ order in the coefficients. 
4 For every quantic of an even degree has an invariant of the second order in the 
_ coefficients (Art. 171), which may be written in the form Up(U) or (1, 2)" Ui U2; 
_ and this invariant of the quantic whose degree is 2m will be a seminvariant of one 
_ whose degree is 2m+1=n. The covariant therefore which has this seminvariant as 
- leader will be a quadratic, since na — 2« = 2, « being = —1 and @ = 2. 
_ 2. Every quantic of an odd degree 2m +1 = 7 has a linear covariant of the 
_ degree n in the coefficients when » is greater than 3. 
For if I(x, y)? be the quadratic covariant of the preceding example, we have 


T(U) = Inox + Liy, 


a linear covariant, the order of Z, and Z; being ». It is here assumed that ZL» and 
I, are not identically zero, as they are for the cubic. 

3. Every quantic of an odd degree has an invariant of the fourth order in the 
coefficients. 
The discriminant of I(x, y)? is the required invariant. 
4. Every quantic of odd degree m has a seminvariant of the third order in the 
ecefficients which is the leader of a covariant of the n™ degree. 
For, differentiating with regard to a, the discriminant obtained in the preceding 
example, we have, for the resulting seminvariant, a = 3, « = , and consequently 
da, 
— is 

n 


= nt — 2x =n, which is therefore the degree of the covariant of which da 


the leader. 
: The series of seminvariants obtained in this way for the odd quantics is impor- 
t, the order in the coefficients being low. 
5. When the quintic (ao, a1, 42, @3, 44, 45) (7, y)® has a triple factor, prove that 
the covariant J, is a perfect square, and the covariant J, a perfect cube, the linear 
' factor being the triple factor of the quintic in both cases. 
6. When the quintic has two double factors, the remaining factor is a single 
ctor of Jz. 
7. If Uz = (do, a1, a2, ... an) (x, y)", prove that the resultant of U, and the 
iant Gz is the discriminant of U cubed; that is, R( Uz, Gz) = A* (Uz); and 
ove also R (Uz, Hz) = A*( Uz). 
8. When the quintic has a triple root, the following symmetric functions of the 
roots vanish :— 


% (a1 — a2)? V (a3, a4, 5), (a1 — a2)* V (as, as, as). 
‘ 9. Transform two given quadratics in 2, y to the forms 
au? + bv, a’u® + b'v*, 


here « and v are linear functions of # and y. 
| 2G . 
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10. If the coefficients of three quadratics 


ayn? + 2Qdycy + cry, dau? + 2exy + cay”, azu* + Beary + czy? 


be connected by the relation 


ay dy C} 
a2 be €2 =0 ; 
a3 bs €3 


prove that they may be reduced by linear transformation to the forms 
A,X? + CQ Y?, AcX*?+ C2Y*, A3X? + 03Y?. 


The determinant here written is the condition that the three quadratics should — 
determine a system of points or lines in involution. : 
11. Prove that two cubics can in general be transformed one into the other by | ‘ 
linear transformation. | 


12. Express three cubics, U, V, W. by means of three cubes. 


Assuming 
AU + pV +vW = (x — py), (1) 


and comparing coefficients, we have 
Aq + wag + vaz = 1, 
Abi + phe + vb3 = — p, 
Aci + mez + vez = p?, 
Ad; + wde+ vd3=— p’. 
These equations, by eliminating A, pu, v, give three values of p, and corresponding 


values of A, w, v: in this way we obtain three equations of the form (1) to deter- 
mine U, V, W in terms of ‘ 


(v — piy)®, (x — poy)’, (% — psy)*. 


It is easy to see that p_is given by the equation 
ap+ by aop + be agp + b3 


dip + e1 bop + C2 bsp +e, |=0. 


cp+d, cop +de e3p + dz 


A similar method may be applied to express ” quantics of the n** order in terms 
of nth powers. - 
13. Prove that the three roots of a cubic may be expressed as 


a1, O(%1), 67 (a1), 
where 
lz+m 
oe 3 = 2. 
6 (x) ica wt and @°(4)=¢2 
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F A 
From Art. 60, putting A or os K, where «= 1 or — 1, we derive 


KE (6 — y) = HBy + Hi(6 + 7) + He, 

KE (y — a) = Hya + My + a) + Fp, (1) 

K (a — B) = HaB + Hi(a + B) + Ma. 
These homographic relations between the roots may be written in the form 
: B=0(y), y=0(a), a=6(8); 
where the numerator and denominator in 6 are supposed to be divided by 2K; and 
this being done it will be found that 7, m, 1’, m’ are connected by the relations 
dn —lm=1=1+ m’, and the roots a, y, 8 may be represented as a, @ (a), 7 (a) ; 
6° (a) being equal toa. It is important to observe that the equations (1) are con- 
sistent, the sum of the expressions on the right-hand side being zero; that is to 
say, XK must have the same sign in all three, any other combination of signs being 
inadmissible. (See Serret’s Cours d’ Algébre Supérieure, vol. ii., art. 511.) 
14. Given a binary cubic U and its Hessian Hz, the cubic being satisfied by the 
ratios «: y and x’: y'; prove that 


dH,* dH, 

io ow wy 
F(z, y) = — a 
a vay 


ba an absolute constant, A being the discriminant of U. 

e oF (x, y) is absolutely unchanged by linear transformation, since 
Hy, y= M’*H,y, A’ = M*A, 

Tae 

D gee Gf 


Reducing U to the sum of two cubes by a linear transformation whose modulus 
= 1, the constant may be easily shown to be a This is another form of the 


x d , 
Fag ay ae 


homographic relation of Art. 60. 

15. Prove that a rational homographic relation in terms of the coefficients 
cor nects any two rational functions of the same root of a cubic equation; but 
that the relation is not rational when the roots are different. 

16. Transform the quartic 


(a, 5, ¢, d, @) (x, 1)4 
one whose invariant J shall vanish. 
Assuming y = 2? + Inz+ 
nd making the invariant J of the transformed equation vanish, we have 
2 (p2 — ps)*( — pr)? = 0, (1) 
e @ is a known quadratic function of », not involving ¢ 
2G2 
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Expanding (1), we have 


I¢? = 
p ad ae Yaa 


which. determines ¢, and consequently », by means of a quadratic equation; and ¢ 


may have any value. ; 
By a similar transformation J can be made to vanish. 


17. Prove that the most general rational transformation of a quartic f (7) may — 
be reduced to the transformation 4 


When P= Rf(p) f’ (¢), and Q=— Rf(g) f’ (pv), show that the second term of 
the transformed quartic is absent. 


18. Prove that the transformation 


_ ant + 2Bx t+ ¥ 
es az? + 2Bir+ yn 


may be resolved into the three successive transformations—(1) a homographic 
transformation ; (2) a transformation of the roots into their squares; (3) a homo- 
graphic transformation. q 
19. If p be any integer, prove that 
(x1? — we?) (%3P — x4?) 
(1 — &2) (#3 — #4) 


= So + (a1%2 + x3v4) 31, 


where 3p and 3; are symmetric functions of 7, x2, ws, 24; 

and hence prove 
(p (21) — (22) ((%3) — (24) _ Xo + B1(z1%2 + wes) 
(Y (x1) — Y (w2)) ( (ws) — Y(ws)) Bo! + Ba’ (wire + wears)’ 


where Xo, 31, Xo’, 21’ are symmetric functions of x, 22, x3, x4. 
20. If p(x, y) and W(z, y) be two covariants of the binary form 
U = (a0, M4, dey... An) (a, y)™ 


of the degrees p and q, respectively ; and if 


1 dy 1 dy 
be expanded in the form 
(Vo, Ni, V2; eat te ty Vp) (X, xy}; 
prove that Vo, Vi, V2,...+ Vp are covariants of U. 
Expanding, the coefficient of X?/ Yi is 


See dy AV. 


1.2.3...j \dy de du dy 


The modulus of this transformation of 9 is yp (#, y). 
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- 21. When in the preceding example n =4, and » (x, y) and w(x, y) are replaced 
> by U, find the values of V4, Vi, V2, Va, Vi. 


Ans, U (1, 0, H:, Gs, IU? — 3H*,) (xX, Yy. 
22. Prove for two cubics U and V 


Dy, Da Ds 


@=16}| Diz Da Ds 


’ 


Diz D23 D3 


: where Di, Di2, &c., are the invariants of the three Hessians, and Q has the same 
_ signification as in Art. 185. 


23. Eliminate x’ from the equations 
B= (aox’ + ay) & + (aor? + 8a,x' + 2a2) y, (ao, 1, a2, 43) (x’, 1)? = 0. 
Ans, 23 + 3Hzy2 + Gry =0. 


24. Transform the quadric (a, b, ¢, f, g, h) (x, y, z)? to X, Y, Z, where 


X=axr+Biytyz, Y=axrt Boyty22z, Z=azx + Bsy + yx. 


Ans. Thi TIj2 This x 


Tle) TI22 Tles a 


X Y Z 0 


where My = Aaja; + BBiBj + Cyiys + F (Biys + Biyi) + G (yiag + ais) + H (aiBj + Bi). 


f= 25. Prove that all quartic covariants of Uz whose roots are rational functions 
| ofthe roots of U; are included in the formula 


(pt + 4Ip? — 2p + WeI*) Us — (4p? — Ip + J) He. 
Mr. Russell. 


26. When Uz is a quartic, and Hz its Hessian, prove that the factors of 
U.H, — Uy Hz are x — y, and the three quadratic factors of @, (Art. 176) when 
y replaces 2, and x + y replaces 2z. 


27. Prove that on 4 sl nae is a factor of J?U, — 16/7 Hz, 
5-a 8-B b-¥ 


here Uz = (x — a) (wx — B) (u@ — y) (e — 8). 
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28. If Uz and U’g be two quartics which have the same absolute invariant, 4 
prove that 4 

IJ'H.,U'; — I'TH'g Ux 
may be resolved into four factors of the form 


Ajxt + Byx + Ci& + Dj. 
Mr. Russell. 


29. If the leading coefficients of a covariant involve the coefficients of several 4 
quantics in the orders ®1, @2,... @, and weights #1, k2,... Kr, the degree of 


the covariant is 
MW tNWet... + MrWr — 2 (ki teat. 5 + kr). 


30. If for every difference ap — ag, in the formation of a seminvariant ¢ of an q 
equation U=0, we substitute 


(ap — aq) 
(% — ap) (% - aq)” 


prove that the result is the product of the covariant whose leader is » by U«-7, 4 
where a is the order and « the weight of 9. % 
31. When U is a quintic, what are the invariants of the quartic emanant 


ee ht 
(« oe +Y =) UP 
Ans. The quadric and cubic covariants Z, and Jz. 
32. Give the relation connecting the covariants Hz, Gz, Iz, Jz, of any quantic UV. q 


Ans. — G2 = 4H, _ UHI, + U*te 


33. Show how to transform a quantic of an odd order so that all the new coef- 4 
ficients shall be invariants. ji 4 
Ans. Take two linear covariants for the new X and Y. 


34. Find the relation which connects the coefficients of two quartics when their ] : 
roots are connected by the relation 3 


1 a a’ aa’ 
1 B BBE 
_ [=o 
coe i oe ae 
. gy gy 


Ans, [3J'*—I'J?=0. 
(See Exs. 13, 14, p. 279; and 13, 14, p. 119.) 
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Secrion ILV.—GrometricaL TRANSFORMATIONS.* 


204. Transformation of Binary to Ternary Forms. 
—We think it desirable, before closing the present chapter, to 


_ give a brief account of a simple transformation from a binary to 


a ternary system of variables, whereby a geometrical interpre- 
tation may be given to several of the results contained in the 
preceding chapters. The applications which follow in connexion 
_ with the quadratic and quartic will be sufficient to explain this 
mode of transformation ; and will enable the student acquainted 
_ with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the bi- 
nary system, by a, y,, we propose to transform to a ternary 
_ system by the substitutions 


c= La y — 2LY os s= Yor. 


For example, taking the simple case of a quadratic whose 
roots are a, [3, viz., 


ae — (a+ B) ryot aby.’ = 9, 
and transforming, we obtain 
a- 4 (a+ 3) y+a3z=0. (1) 
We have also the equation 
y? — 4za = 0. 


This is the equation of a conic, which we call V, and (1) is 
plainly the equation of a chord of this conic joining the points 
a and (3, the point determined by the equations 


Bice Mo 
= —-=s, wheregd=-, 


: ¢' 2p Yo 
being referred to as the point ¢ on the conic V. 


* See Quarterly Journal of Mathematics, vol. x., p. 211. 


456 Transformations. 


When a = 3 the quadratic becomes (x —ayo)*, ie. the square 
of a factor of the first degree ; also (1) reduces tow-ay+a’s=0, 
which is plainly the equation of the tangent at the pointato — 
the conic V; whence the line corresponding to a quadratic with 
distinct roots is a chord of the conie V, this line becoming a _ 
tangent when the roots are equal. . 

In further illustration of this method we consider the — 
binary sextic and quintic, so as to show how the transformation | 


is presented differently according as the degree of the quantic : | 


is even or odd. In the former case we have 
To = (a0 — aiYo) (#0 — a2Yo) (> — Aso) (20 — a4Yo) (Ap — AsYo) (Xo — aeYo)s 
which becomes by transformation 
C12034C569 Ci2€35Cs6y Ci2C36C45, 


or some other of the fifteen similar products of chords, where 4 
Cy. = @—% (a, + a2) ¥ + mas is the chord 1, 2; and cy, Cs, &e., F 
have a like signification. In the second case, viz. when the q 
degree of the binary quantic is odd, we must square U, before q 


making the transformation. Thus, if U, represents the pro- 4 ; 
duct of the first five factors written above, U2 becomes when _ 


transformed @,/2t;f,¢;, where t;=2 - my + a,*s is the tangent . 
to V at the point a, and #,, ¢;, &e., have a like signification. 


205. The Quadratic and Systems of Quadraties.— o 


The only invariant that a quadratic has is its discriminant, q : 
and this is also an invariant in the ternary system, its vanishing ~ 


being the condition that the line corresponding to the quadratic ‘ 
should touch the conic V. We now consider the system of two — 
quadratics q 


axe + Wwhayo + CY, Wao + Way, + cy,’, 
* 


which for shortness we call Z and I. 
When transformed these become two lines 


L=axn+ by+ecs, Mza'e+vy+es. 


~ 
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Now the condition that the line whose equation isA LZ + nM=0 


should touch the conic V is 


A*(ae — b*) + Ap (ac + a’e — 2bb’) + pw (a’e’- b") =0. = (2) 


All the coefficients of this equation are invariants in both 
systems: we have already seen that this is true of the first and 


last coefficients, and the intermediate coefficient which is the 


harmonic invariant of the binary system is an invariant in the 
ternary system also, its vanishing expressing the condition that 
the lines Z, Mf should be conjugate with regard to the conic V. 
This equation determines the tangents which can be drawn 
through the point of intersection of Z and MW to the conic V. 
When this point is on the conic the tangents coincide, and the 
discriminant of the quadratic vanishes. Whence we obtain 
geometrically the following form for the resultant of two qua- 
dratics :— 


R=4 (ac in b?) (a’c' — jb) — (ac’ + ie 2bb’)? ; 


for if Z, M, and V have a common point, the original quadra- 
tics must have a common root, and the condition is in each case 
the same. 

_ Again, the pairs of points or lines given by the equation 
AL + uM =0 form a system in involution (ef. Art. 183), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a conic a system of 


points in involution, the double points being the points of con- 


tact of tangents drawn to the conic from the fixed point. 

If we consider next the three quadratics 
Ay? + Wp yYo + CY ory Aap? + Woayyy + Cao? Uy? + Vw WYo + CaYo's 
it is seen that the determinant (a,4.¢c;) is an invariant in both 
systems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 10, p. 450), 


and in the ternary system that the three corresponding lines 
should meet in a point. 
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As a final illustration, we consider-a system of three qua 


dratics connected in pairs by the harmonic relations 
QA, Ce + AegtC, — 2b, bz = 0, &e. 


Transforming the quadratics, we obtain three lines X, Y, Z 
which form a self-conjugate triangle with regard to the conie V. 
The theorem relating to three mutually harmonic quadraties 
viz. that their squares are connected by an identical linear 
relation (see Ex. 6, p. 889), is suggested by a well-known pro- 
perty of conics; for V expressed in terms of X, Y, Z is of theg a 
form ; 


VoX?+V+2; 


whence, restoring the original variables x,, y,, V, vanishes iden- — 
tically, and X, Y, Z become the original quadratics, each divided — 
by a factor which may be seen to be the square root of its dis- — 
criminant (see (1), Ex. 6, p. 389). 5 

206.—The Quartie and its Covariants treated geo- 
metrically.—It will appear from the remarks to be made in 
the next Articles that in applying the transformation now | 
under consideration to the quartic U, = (a, 0, ¢, d, e) (X%, Yo)’, the 
term 6cx,’y,? will be replaced by 2cvz + cy’, so that the quartio 
will be replaced by the two following conics :— i 


U = ax’ + cy’ + es + 2dyz + 2czw + 2bxy, 
V =a? — Aza; 


the form of U here selected being connected with V by an i 
invariant relation. The invariants of UV and V are invariants — 
of the original binary form, for the discriminant of V- pVis = 
4p° - Ip + d, | 
and the invariants of the ternary system are 
where J and J are the invariants of the quartic, the discri- 
minant of U - pV being written as usual under the form 


A — pO + p?0’- p?A’. 
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Let the conics U and V intersect in the points A, B, C, D; 


= — = & 


when ¢ has the four values a, /3, y, 6, the roots of the binary 
quartic ; and let the points of intersection of the common chords 
BC, AD; CA, BD; AB, CD be E, F, G, respectively, where 
_EFG is the triangle self-conjugate with regard to both conics. 
Now, denoting by (a/3) = 0 the equation of the line AB, and 
using a similar notation for the remaining chords, we have by 
the theory of conics 


U- pV = (By) (ad), U-p.V= (ya) (Bo), U-psV= (af) (78), 
where p,, p2, ps are the roots of the equation 4p*- Ip + J =0. 

— On restoring the original variables «,, y, in these equations, 
_V, vanishes identically, and we have U, resolved into a pair of 
quadratic factors in three different ways, depending on the 
‘solution of the reducing cubic of the quartic. Whence it 
appears that the resolution of a quartic into its pairs of quad- 
ratic factors, and the determination of the pairs of lines which 
pass through the four intersections of two conics, are identical 
| problems, each depending on the solution of the same cubic 
| equation. | 
| We now proceed to show that the sides of the common self- 
| conjugate triangle of U, V correspond to the quadratic factors 
of the sextic covariant in the binary system. Since the side 
| FG is the polar of /, the co-ordinates 2’, y’ of # are found by 
: solving the equations (Jy) = 0, (ac) = 0 ; we have, therefore, 


a” : y . = 
By (a+ 8) 0d (B+) 2 (By—ad) B+y-a-8 
| and, substituting for 2’, 7’, s’ the values thus determined in the 
| polar of E, viz., 


i. 
y) 
aa! - a's , 


| we express this equation in the form 
| (B+y-a-8) 2- (By-ad) y+ (By (a+8)-03(B + 7)) #=0. 
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On restoring the original variables ~,, y,, this is seen to be. 
one of the quadratic factors of the sextic covariant (Art. 176). — 
It is therefore proved that the points where FG meets V are. 
determined by the quadratic equation 


(B+y—a—6) ¢?—2 (By— ad) ¢ + By (a+ 8) - ad (B+ y) = 


and consequently the six points on V which correspond to the — 
roots of the sextic covariant are the points where this conic 
meets the sides of the common self-conjugate triangle of J 
and V. 4 
To determine the points on V which correspond to the roots - 
of the Hessian, we calculate for the conics U and V the co- 
variant conic F (Salmon’s Conic Sections, Art. 378) ; thus: 
finding | 


—4$ B= (ac — b°) x + (bd —c’) ? + (ce— a’) 2° + (be — ed) yz 

+ (ae—2bd + ¢) sx + (ad — be) xy; ; 

and on restoring the original variables, we have q 
H (a, yo)*=-4+ Fi; 


also, since the conic F intersects U and V in the points of con- 
tact of their common tangents, we see that the points on V 
corresponding to the roots of the Hessian are the points so 
determined. The Hessian has, moreover, a double goomciaa 
origin, for it may equally well be obtained by transforming the 
conic ® (Salmon’s Conics, Art. 877) which is the envelope of 
line cut harmonically by the conics U and V. 7 

207. We now give some general transformations from the 
binary system to the ternary, which will be useful in comparing: 
the concomitants in both systems. 

(1). Linear transformation of both systems. j 

If the binary variables be linearly transformed, the new 
variables expressed in terms of the old being . 


xX, = Aa + MYos y, ” Na, + 1 Yos 
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the new ternary variables will be expressed in terms of the old 
as follows :— 
X = Nx + Apy + ys, 
Y = 2A x + (Aw’ z, Nn) Y+ Quy sz, 
7 Z=N7r+Nw'y + ws; 
and, consequently, 
Y? - 4ZX = (Ap - Xp)? (y? - 422), 


_ showing that the form of the fixed conic is unaltered by the above 
linear transformation of x, y, z, which conversely leads to the 
general linear transformation of the primitive binary variables. 
The modulus of this ternary transformation is (Ay’ — X’u)° (see 
Ex. 4, p. 363). 


(2). Transformation of Partial Differential Coefficients. 
If f(x, y,) becomes U by the substitution of Art. 204, we 
have 


T 9, A oy a0 

dit, +0 le Jody? 

and therefore 

A AC 
det “dz \" de "dady * deds drdzs dy? ) 


a 200. au 8 dU 
-4 0 (et G 2G, (0), 


: oo a ad? 
where I] is used to denote the operation Ga ae 
Hence, the degree of / being n, and therefore of U being 4, 
we have 


ee dU ae 
des = 2(n-1) ~~ 4a), and similarly 


df dU 
ia: 2(n - 1) 7 + 2yTI(U), 


Ci. aU _ 
Gea = 2(n— 1) 4el(U). 
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If the transformation be such that (UV) vanishes identi. 
cally, we have, for the transformation of the second differential 


coefficients, the following simple values :— 
af ia dU df au 
esc ae Fae dy, = 2(n iy? We da" | 


From these values we find easily 


1 d 1 aU 2 dG ae 
Ges + Yo af e- DE en 
showing that the second emanant (Art. 168) in the binary syste , 
is transformed into the first polar in the ternary system; and in 
like manner all the even emanants are transformed into polar 
curves of one-half the degree. ; 
Again, if the second differential coefficients of f when ex- 
pressed in the ternary system be represented as follows :— 


af wf “yf 
daze = p:(x, y, 8), de, dy, = g2(2, Y, 8), dy, ps (a, Y, &)s 


we will have 
I] (ad, Ye Sa zs) = 0, when I] ($1) = 0, I] (dz) = 0, and I] (ps) = 0 


fer A La aot 
. da?’ 


doy _ dd _ dd 
ds dy dx’ 
= dbs dhe 
but II (xd, + yb2 + 2s) = ta -2—— a 


and consequently vanishes identically, 4 
It may be noticed that when II(¢,), II (#2), 1(¢;) do not 
vanish, we have in general 1 


(1 — 8) I (wp. + yoo + eps) = (m — 1) {aI (pi) + YI (2) + 1 (ps)}. : : 


(3). 


Transformation of the Jacobian. 


The Jacobian, Hessian, and other Concomitants. 


463 


The Jacobian of any binary system w, v is transformed into 
the Jacobian of U, V, and the fixed conic 4z¢- y*= W; 
being here used for the conie V of Art. 204, with sign changed, 


Ww 


and U, V being the transformed values of u,v. For 
I dus du 
| dir, dYo l at, +by, bay + cyo 
ed (u,v) = ~ . ‘ 
dv dv (tT) Eda by. bet CY, | 
at, ay, 


nand»n’ being the degrees of u and 2, respectively, and a, J, ¢ 
being used to denote the second differential coefficients ; whence 


we have 

dU du aul 

. " ; dz. dy (ads 

1 aV dV ae 

J (u,v) = ——| q b’ : pote ald ald 
a, Cie : de dy ds |? 
— dW dW aw 

de dy dz 


the last determinant being obtained from the preceding by the 
transformation in (2). 


In connexion with this transformation it may be noticed that 
J(U+oW, V+~W, W)=JS(U,V,W)+ WI(9, 4, W); 
whence it follows that J(U+~W, V+~W,W) and J(U,V,W) 


give when transformed the same covariant in the binary system. 


(4). 


For the transformation of the Hessian we have 


The Hessian and other concomitants. 


Cu Cu Cu 
nr? (n - 1)? H (W) = = - (Ga) 
0 0 0 


wav _ (avy 
dx dz dy , 


which proves that one curve into which the Hessian may be 


= 4(n-1)? 
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transformed is the locus of the poles with regard to U of 
tangents to the fixed conic. 
The line corresponding to the binary concomitant 
(%Yo —% Yo) 18 ws — dyy' + 82’, 
which is the polar of «’, y’, x’ with regard to the fixed conic. 
The curve corresponding to the covariant 


au dv n du dv au dy 
dz, dy,” dy day dxydyy dxolyy 
1s dUdV adaudV dU dV 


dx ds ds de ~ dy dy’ 


which equated to zero is the condition that the polar lines of a 
point with regard to U and V should be conjugate with regard 
to the fixed conic. This covariant may be written under the 
form 11(UV), when 11(U) = 0, N(V) =0. 7 7 

208. When the transformation of Art. 204 is applied to 17 
quantic f(a, y) of even degree 2m, it is plain that the roots of 
this quantic will be determined geometrically by the points of 
intersection of a curve of the m** degree with the fixed conic 
V. Ifthe degree of the quantic is odd, it must, as already 
stated, be squared before the transformation is effected ; and 
the roots will then be determined geometrically by the pou $ 
of contact of the corresponding curve with the conic. ) 

In transforming the quantic f(x, y), we may obtain an 
indefinite number of ternary forms by varying the mode of 
transformation ; for if U be any one of these forms, U + mV, 
in which the coefficients of @m-. are arbitrary, would equall re 
well be a transformation of /(,, y,), since this form would 
on restoring the original variables return to the quantie 
S (oy) Yo)» Moreover, every possible transformation is included 
in the foregoing. Among these innumerable ternary fo ms 
there is always one, such that the invariants and covariants of 
this form combined with V are invariants and covariants of the - 
binary quantic also. To determine this form take the operator 
II of the preceding Article, which, as can be easily seen, is — 
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_ obtained by substituting the differential symbols D,, Dy, D. 
_ in the tangential form of V, or D., - 2D,, Dz for x, y, z in V 
itself. Operating then with [1 on U + gdm.V, we obtain a 
result V,,. of the degree m - 2; and equating to zero its 
coefficients, we have equations sufficient to determine all the 
coefficients of dm». The required transformation therefore is 
unique, as these equations are of the first degree. 

This mode of fixing the form of U + $n.+.V is unaltered by 
any linear transformation of the binary variables and the con- 
sequent linear transformation of the ternary variables ; for, 
referring to (1), Art. 207, itis easily proved that the differential 
operator 


d’? d* a Wh d? a?\ 
qZax -a¥n dzdz dy?)’ 


and if after linear transformation any function /(2, y, z) becomes 
F(X, Y, Z), we have 


CR Ok | ay ay 
Wik se (a : a) 


which proves that the form F(X, Y, Z) is fixed by the same law 
as f(x, y, s), and this law is independent of the linear transfor- 
mation of the binary system. 

The following method may be employed to obtain the 
proper form of U corresponding to a given binary quantie 
of even degree. Let the quartic w=(d,, ai, dz, ds, Ms) (oy Yo)* 
be written in the form 


] os CU op au : au 
—— 0 dex,’ 00 dx, dy, Ve dy, ; 


transforming the second differential coefficients, and multiplying 
the terms by 2, y, s, respectively, we obtain the proper form for 
U, such that 11 (UV) =0, viz. 


Aa? + agy? + ays? + Qagys + 2azx + Wyry. 
2H 
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Again, in the case of the sextic wv, writing it in the form 
1 oe a du ios ue 
Sl aa? Wo dx, dy, Yo dy,2\’ 


du du au 


dae? dadys dy 


transforming the quartics in the manner 1 
just explained, and multiplying by 2, y, z, respectively, we 
obtain a ternary cubic U of the proper form (see (2), Art. 207). : 
In a similar manner the transformation of the octavic is made ~ 
to depend on that of the sextic; and proceeding in this way — 
step by step we may transform any binary quantic w of even — 
degree to a ternary quantic U of half the degree, such that 
n(U)=0. 4 

209. Combined System of a Quartic and Quadratie. q 
—Transforming this binary system we have a ternary system ~ 
composed of two conics and a line; and for simplicity we shall — 
suppose the conics referred to their common self-conjugate — 
triangle. Denoting the quartic and quadratic by U, and hh, — 
respectively, and the corresponding ternary forms by U and /, ° 
we have 3 


U = ax? + by? + c2*, a+b+c=0, 
Vu @+y +8’, be+ ca+ab=T,, 
l= av + Byt yz, abe= I;. 


To obtain the linear covariants of this system, since a, B, y are _ 
the co-ordinates of the pole of / with regard to V, the polar of © 
this point with regard to Uis aaw + bBy + cys = m, the first co: 
variant ; and treating m in the same way, aa, 0/3, cy being the 
co-ordinates of its pole with regard to V, the polar of this point 
with regard to U is a’ax + b°By + cys =n, which is a second — 
covariant. We cannot derive any more linear covariants in 
this way, for the next one so derived is a 


Car+ PBy + Cys =a(be- 12) ax+b (ca-T,) By +e (ab - T,) yz, 3 | 


and can therefore be expressed in terms of 7 and m in the 


form J,/- 2m. But three more linear covariants /’, m’, n’, may © 
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be obtained by taking the poles of /, m, n with regard to V, 
and joining them two andtwo. This system may be expressed 
by the Jacobians 


Jin, Vy deh Vd (im, 1). 


We have therefore obtained six linear covariants /, m,n, and 
VY’, m’,n’; to which all others may be reduced, for example 


t, = a"ax + O"By + cys 
=a"? (be — I.) ax + b"* (ca -T,) By + c® (ab- T,) yz 


= Istn-s ae Tytn-s ; 
also 
Bear+ Cay + Cbyz= 171+ In + In, 
since 
be=@+1,, ca=0+1, aba +t, 


Similarly, b"c"ax + cta"By +a"b"yz may be reduced to the form 
Al+ Bm + Cn; and other reductions which present themselves 
impose no difficulty. 

These six linear covariants when transformed give six 
quadratic covariants in the binary system. 

There are six invariants, but only, three are special inva- 
riants of this system. To obtain them, let the condition that 
Al + wm + vn should touch V be 


Daa ate Dy? 25 Dy ae 2Dsuv mE 2D.vXr a 2D.ru = 0 ; 


whence we obtain five invariants, D, D,, D., D:, D,, where 
D,, = aa’ + b"[3? + c"y’, three of which only are independent, for 


Dy = a" (be — I) a® + b"* (cac— T2) 3? + ce? (ab - Th) y’ 


= ILD, 3 - L,Dn-23 
whence 
¥ EX = I,D, = Tp. D, = AD os PA 


| and thus we obtain no more than the five invariants J;, J;, D,, 


| D,, D., the two last being special invariants. D, vanishes 
| when / and m are conjugate with regard to V, and D, when 


, Zand n are conjugate with regard to V. 
: 2H 2 


468 Transformations. 


The remaining special invariant may be obtained as the — 
eliminant of /, m, n, viz. % 


ada bB cy oa Bis: 


The square of the last invariant can be expressed in terms G 
of Dy, D:, D,, for . 4 


re © ee ee De ee Dy 
R13 = Chico Oy ey Dy 
aa UB cy Dy Ds Dy 
also D,=1,D,-LhDi, Dy= 1,D, - 1D. 


Ry; plainly vanishes when / passes through one of the 
vertices of the common self-conjugate triangle of Vand V. 7 

We proceed now to express the resultant of the quadratic — 
and quartic in terms of D,, D:, D,. This is the same problem — 
as to find the condition that 7 should pass through one of the ] 
four points U, V, and is most easily solved by finding the con- @ ; 
dition that only one conic of the system U- pV can be drawn 
to touch 7. Now if /touch U- pV 


*(a’ + (3? +’) -— p(aa’ + b[3? + cy’) + bea’ + caf? + aby’ = 0, 
or Dp? - Dip + D. + LD, = 9, 
and the discriminant of this quadratic is R, whence 
R = D? = 4D,D, — 41,D,’. 
The geometrical meaning of the relation D, = 0 is that the | | 
line 7 is cut harmonically by the conics U and V. 4 
To determine the quartic covariants of the binary system. 


from the quadric covariants of the ternary system, we have in 
the ternary system three quadric covariants, viz. the Jacobians — 


J(/, U,V), J(m, U,V), J(n, U, V); 
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there are also the three conics 
J(l,V,W), JI(m, V, W), JT(n, V, W), 
where W=a’x* + b*y*? + ¢’s*, the harmonic conic of az* + by? + cz’ 


and x«+y*+s° with sign changed. 
These three conics are easily reduced, for 


Jt, U,V) ad, V,.W), din U, Vi = Jin, vw): 
Jin, VW) = idm, U,V) hd 
whence there are only three special quadric covariants, and 
consequently only three special quartic covariants of the 
binary system. 
Before concluding this Article we give some of the forms 


which would have been obtained if we had employed the ordi- 
nary equations of the conics U and J, viz. 


U =ax’ + cy? + ex? + Qdyz+ 2czx+ 2hry, 
Vzy’ - 4sz. 


The condition that 7=ar+By+ yz should touch U-pV 


is NOW 
= -pP+p*>S’, where 


= = (ce —d’) a® + (ae -c’) (3? + (ac - b) y’ 

+2 (be -ad) By + 2(bd-c’) ya + 2 (ed — be) af3, 
® = ea’ + 4cf3? + ay’ — 40By + 2cya—- 4daf3, 
Y= 4 (ya - 3’). 


Also R,,, is the Jacobian of S, ®, =’, considered as conics; 
and 


I,=- 4], I,=- 4, 


where J and J are as usual the invariants of the quartic. 
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EXAMPLES. 


1. Ifa quartic have a double factor, prove geometrically that this factor is a 1 
double factor of Hz. 


2. If a quartic have a square factor, prove geometrically that this factor is 
a quintuple factor of the covariant Gz; and construct the point on the conic V — 
which corresponds to the remaining root of the equation G,;=0. q 
3. Resolve the quartic as in Art. 179 by finding the tangents to the conic Vy 
where U meets it, U and V having been expressed as sums of squares. ; 
4. Determine the condition that Aw +yvw should have two square factors, ’ 
where w and w are quartics. 
Transforming, we have in this case 


AU+ mV t+vW= (ax + By + 72); 


consequently, every term in the tangential form of AU+ «VY +vW must vanish, 
giving six equations to eliminate A?, u?, v?, wv, vA, Aw; hence the required con-— ’ 
dition is determined. 1 
5. Apply the method of transformation of Art. 204 to prove the theorem of 
Art. 191. 
Let Tschirnhausen’s transformation be put under the form 


_ ant +2Be+¥ 
aa + 2B'a +7" 


(1) 


Make the numerator and denominator of the last fraction homogeneous in 2, ys + 
replace z by —A, and transform : (1) becomes then 


L+al’ <0, 


where L=ar+Bytyz, D=axr+Byt+yz. 


If x, y, z be eliminated from the equations Z+aL’=0, U=0, V=0, we | 
shall have the transformed quartic in A; which, considered geometrically, deter- 
mines the lines drawn from the point of intersection P of Z and Z’ to the points of 
intersection .4, B, C, Dof Uand V. Again, if « be so determined that the coni¢ 
U+k«V pass through the point P, the anharmonic ratio of the lines PA, PB, P ‘ 
PD, is equal to the anharmonic ratio of the lines 7.4, AB, AC, AD, where TA is 
the tangent to U+ «V at A; that is, of the lines 


t+xt', t+pit’, t+ pet’, t+ pst’, 


where ¢ and ¢’ are the tangents to U and V at A. Now, forming the invariants © 
the quartic whose roots are x, pi, p2, ps, the theorem follows by Arts. 180 and 199. 


a 
‘a 
iy) 


Examples. 471 


6. Let three points a, 4, ¢ be taken on the conic V given by the equations 
pr=aug?+ hota, py = aap* + bed + ¢2, pz = asp" + bsp + ¢3, 


the values of ¢ at these points being a, 8, y, the roots of a cubic U ; prove the fol- 
lowing constructions for determining the points on the conic corresponding to the 
roots of the cubic covariant Gz and the Hessian Hz :— 


1°. Let tangents be drawn to the conic V at the points a, 5, ¢, forming a tri- 
angle ABC, the lines da, Bb, Cc meet the conic at points a’, b’, c’ corresponding to 
the roots of Gz. 


2°. The four triangles abc, a’b’c’, ABC, A'B'C’ are homologous, and their axis 
of homology meets the conic V at the points corresponding to the roots of Hz. 


7. From the constructions in the last example prove that U, and Gz have the 
same Hessian Hz, and that the roots of Hzare imaginary when the roots of U, are 


real, 
—Dublin Exam. Papers, Bishop Law’s Prize, 1879. 


8. Express in terms of their invariants the resultant of the quartic and biquad- 


~ ratic 
axt + 4bx®y + Cex*y? + 4dry? + ey', 


ax? + 2Bxry + yy". 


9. Determine the condition that two quadratic factors («— a) (x — B), (x — y)(x—8) 
of a quartic Uy should form with a given quadratic Az*+2ux+y a system in 
involution. 

Transforming, the three corresponding lines must meet in a point, which point 
is one of the vertices of the common self-conjugate triangle of the conics U and V. 
The tangential equation of these points is J (2, 2’, @) = 0, which is therefore the 
required condition, the tangential form of xU+ V being x°% + n@+2’. 


This condition may also be put under the form 


a @  @y\3 
fachipeie Yeates yk WP oe 
(s dys mores . 


10. Prove that the quartics 
(ai? + 2Bixy + yiy?) (asx? + 2yry + yy’) - (aax* + 2Bary + yy)’, (1) 
(ayx? + Qazry + asy?) (yia? + 2y2ry + yay) — (B12? + 2Bary + Bsy*)? (2) 


have the same invariants. 
Transforming (2) to the ternary system, we have the conic 


(ayx + ay + asz) (yix + yay + yz) — (Biz + Bay + Bs2)’, 
" which for shortness we write as LN — M?, where 


L=ar+a.yt+asz, M=Aiz+ Bryt+Bss, N=yir+ yay t 7s (3) 


472 Transformations. 


Now when the discriminant of 
IN — M*+A(y? — 422) 4 

is formed, the invariants of (2) are the functions — 3H and @ of this cubic in A (or 
the last two coefficients when the second term isremoved). This discriminant may 
be obtained as the resultant of the three equations 

Noi — 2MB, + Lyi —4Az = 0, 

Naz — 2MB2+ Ly2+ 2ay=0, (4) 

Naz — 2MB3+ Ly3 — 4Ax= 0, 
when 2, y, z are eliminated ; or by eliminating the six quantities x, y, z, L, M, Nv 


by means of the three additional equations (3) the resultant is obtained in the 


form a 
1 Bi v1 0 0 -—-—4a 4 


If we had operated similarly on the quartic (1) we should have obtained the same — 3 
resultant 4 (A), the form the determinant takes in this case being obtained by 
dividing. the first three rows of A(A) by — 4A, and multiplying the first three 
columns by — 4A. Whence it follows that the invariants are the same in both — 
eases. 3 
To expand A (A) we replace Z, M, N by their values in equations (4), and then 4 
eliminate x, y, z, thus obtaining 


Tu Tie Ii3 — 2A , 
Tie Teg +A Teg , where 2Jpq = apyq + agyp — 2BpBa- 
Ii3— 2a Ie3 Iss 


This determinant becomes when expanded 
In tis ty 


43 + 4(I22 - Ts) A?—{ Tires — Tis? +4 (IisL22 — Tiel23)} A- | Tie Lee Tes a 
Ks Ie3 Iss | 


every coefficient of which is the same for both quartics, as may be verified directly. : | 
11. Determine the condition that three quadratics should by linear tranfor- 

mation be reducible to the forms 4 
Pp Wp ap 

dx” dady’ dy* q 

Ans. I11Is3 — 4Ii2Tos + I22° + 2Le2I31 = 0. B 
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12. Prove that the condition in Ex. 11 is the same for the following two sets of 
quadratics :— 


a az? + 2Biryt+yiy*, a2x?+2Bary+ yoy”, asx*+ 2Bary + ysy?, 
an 
ait* + 2asry+asy?, Bix? + 2Bory+ Bay, yiz?+ 2yery + yay’. 


210. Principal Concomitants of the Sextie.—The 
binary sextic wu being the next even form, we shall as a final 
illustration briefly indicate how its invariants and the two 
principal covariants may be derived from the ternary system of 
a cubic and conic combined. The two covariants alluded to are 
the quartic Z,,, whose leader is a,a, - 4a,a; + 3a,* = I and the 
quadratic LZ, = Ip(u); for by treating these as a combined 
system, in the manner of Art. 209, we may obtain all the 
forms of the binary sextic as far as the fourth degree. 

Transforming the sextic u = (do, G1, ay Asy As, Us) As) (Loy Yo)° 
we have the ternary cubic 


U=a,x* + asy® + a2° + Gasrys 
+ B3fayary + anaes t+ aay? r + ays + asx + az"). 


Now forming the discriminant of 


1 \2 
“ata? U-XV’, 


6\" de "° dy ds 
or (Un; Un; Uns Us Uny Ui) 21, 8 A 
we have 4. -I(U)X+ J(U), where 
I(U) = U0 3 - 402.0 .g + 3 U 2’, 
Oi Ve Ua 
J(U)=, Un Un Ux 
Ue Un 


Expanding Z(U) in the form (a1, ds2y 335 Gasy Asiy M12) (#, Ys 2)"s 
we find 
Ay, = Ay — 40,d5 + 8a,?, des = Ads — Ba2ds5 + as, 


nq = Uys — 40,4, + 8as, Way, = Ayds — 40,ds + Tay — 4a", 


sg = Ag, — 4y0,+ 8a2, Wyz = Ayds — Bay + 224s; 
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(ot su ay + A2k, Ae + A2y + A38, Age + A3Y + 4 
JT(U) =| et ay + a8, AX t+ Asy t+ Ad, Ast + Ay + O38 
Ag + AgY + 4S, Age + Ay +58, Aqet AsY + Age 
Operating with [1 on Z(U) we get 
re = ApAs — 6a,d5 + Ldaca, ae 10a;’, 


viz. the invariant (1, 2)° U,U, of the sextic. 
Also IJ (U) = L, becomes L, on transformation. 
Again, if we form the discriminant of 


we have 4k3 —- Tk+ Ty, 


where J, and J,, the invariants of J,,, are invariants of the fourth | 
aud sixth orders of the sextic, the general form of all such inva- — 
riants being 

Wit md, Uy + mI + nd. 

The invariants which Dr. Salmon (Higher Algebra, p- 262) : 
selects as fundamental are the invariants - Sand 7 of the cubic 
curve U (Higher Plane Curves, Arts. 220, 221). q 

The condition that the cubic and conic should touch is 
expressed by the vanishing of an invariant J,, and this invariant 
is the discriminant of the sextic. 

The condition that three connectors of the six points of 
intersection of U and V should meet in a point is expressed byl 
the vanishing of an invariant J;; this is the skew invariant of 
the sextic, and may be obtained as the invariant R,.; of Art. 209 
for the combined system 


I(U)+4LV, V, Od(0). 

The covariant J,, may also be obtained from the curve 
U,U; - U,?, which transforms into H,,; for, reducing by the 
relation Uz, = Ux, we find q 

+1] (U,U; - U,’) — U1, 033 — 4U12U 23 + 8U x? =I (UV). 


The covariant Z, may also be obtained by substituting 
D,, — 2Dy, Dz for «, y, s in I(U)+4LV, and operating on U. 


NOTES. 


NOTE A. 
ALGEBRAIC SOLUTION OF EQUATIONS. 


Tue solution of the quadratic equation was known to the Arabians, 
and is found in the works of Mohammed Ben Musa and other writers 
published in the ninth century. In a treatise on Algebra by Omar 
Alkhayyami, which belongs probably to the middle of the eleventh 
century, is found a classification of cubic equations, with methods of 
geometrical construction ; but no attempt at a general solution. The 
study of Algebra was introduced into Italy from the Arabian writers 
by Leonardo of Pisa early in the thirteenth century; and for a long 
period the Italians were the chief cultivators of the science. A work, 
styled L’ Arte Maggiore, by Lucas Paciolus (known as Lucas de Burgo), 
was published in 1494. This writer adopts the Arabic classification 
of cubic equations, and pronounces their solution to be as impossible in 
the existing state of the science as the quadrature of the circle. At 
the same time he signalizes this solution as the problem to which the 
attention of mathematicians should be next directed in the develop- 
ment of the science. The solution of the equation 2°+ mz =n was 
effected by Scipio Ferreo ; but nothing more is known of his discovery 
than that he imparted it to his pupil Florido in the year 1505. The 
attention of Tartaglia was directed to the problem in the year 1530, in 
- consequence of a question proposed to him by Colla, whose solution 
depended on that of a cubic of the form 2° + pa*=q. Florido, learning 
that Tartaglia had obtained a solution of this equation, proclaimed his 
~ own knowledge of the solution of the form 2°+mx=n. Tartaglia, 
: doubting the truth of his statement, challenged him to a disputation 
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in the year 1535; and in the meantime himself discovered the solu. 
tion of Ferreo’s form a°+ mx=n. This solution depends on assuming | 
for 2 an expression ¢/¢— °/u consisting of the difference of two radi- 
cals; and, in fact, constitutes the solution usually known as Cardan’s, — 
rere continued his labours, and discovered rules for the solution 
of the various forms of cubics included under the classification of the 
Arabic writers. Cardan, anxious to obtain a knowledge of these rules, — 
applied to Tartaglia in the year 1539; but without success. After | 
many solicitations Tartaglia imparted i him a knowledge of these — i 
rules; receiving from him, however, the most solemn and sacred pro-_ EB 
mises of secrecy. Regardless of his promises, Cardan published in E 
1545 Tartagha’s rules in his great work styled Ars Magna. It had | 
been the intention of Tartaglia to publish his rules in a work of his — 
own. He commenced the publication of this work in 1556; but died E 
in 1559, before he had reached the consideration of cubic equationsil : 
As his work, therefore, contained no mention of his own rules, these 
rules came in process of time to be regarded as the discovery of — F 
and to be called by his name. 
The solution of equations of the fourth degree was the next 
problem to engage the attention of algebraists; and here, as well as in 
the case of the cubic, the impulse was given by Colla, who proposed 
to the learned the solution of the equation 2* + 6z?+ 36=60x. Cardan 
appears to have made attempts to obtain a formula for equations of 
this kind; but the discovery was reserved for his pupil Ferrari. The — 
method employed by Ferrari was a transformation of such a nature as_ 
to make both sides of the equation perfect squares; a new unknown 
quantity being introduced which is itself determined by an equation 
of the third degree. It is, in fact, virtually the method of Art. 63. — 
This solution is sometimes ascribed to Bombelli, who published it in \ 
his treatise on Algebra, in 1579. The solution known as Simpson’s, 
which was published much later (about 1740), is in no respect essen- | 
tially different from that of Ferrari. In the year 1637 appeared 
Descartes’ treatise, in which are found many improvements in algo- 
braical science, the chief of which are his recognition of the negative | 
and imaginary roots of equations, and his ‘‘ Rule of Signs.” His — 
expression of the biquadratic as the product of two quadratic factors, _ od 
although deducible immediately from Ferrari’s form, was an important — 
contribution to the study of this quantic. Enuler’s algebra was pub- 3 : 
lished in 1770. His solution of the biquadratic (see Art. 61) is 
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| important, inasmuch as it brings the treatment of this form into 
iq harmony with that of the cubic by means of the assumed irrational 
| form of the root. The methods of Descartes and Euler were the 
_ result of attempts made to obtain a general algebraic solution of 
- equations. Throughout the eighteenth century many mathematicians 
~ occupied themselves with this problem ; but their labours were unsuc- 
cessful in the case of equations of a degree higher than the fourth. 

: In the solutions of the cubic and biquadratic obtained by the older 
| analysts we observe two distinct methods in operation : the first, illus- 
| trated by the assumptions of Tartaglia and Euler, proceeding from an 
assumed explicit irrational form of the root ; the other, seeking by the 
- aid of a transformation of the given function, to change its factorial 
_ character, so as to reduce it to a form readily resolvable. In Art. 55 
_ these two methods are illustrated; together with a third, the concep- 
tion of which is to be traced to Vandermonde and Lagrange, who 
published their researches about the same time, in the years 1770 and 
1771. The former of these writers was the first to indicate clearly 
the necessary character of an algebraical solution of any equation, 
viz. that it must, by the combination of radical signs involved in it, 
represent any root indifferently when the symmetric functions of the 
roots are substituted for the functions of the coefficients involved in 
the formula (see Art. 94). His attempts to construct formulas of this 
character were successful in the cases of the cubic and biquadratic ; 
but failed in the case of the quintic. Lagrange undertook a review of 
the labours of his predecessors in the direction of the general solution 
of equations, and traced all their results to one uniform principle. This 
principle consists in reducing the solution of the given equation to 
- that of an equation of lower degree, whose roots are linear functions 
of the roots of the given equation and of the roots of unity. He shows 
| also that the reduction of a quintic cannot be effected in this way, the 
| equation on which its solution depends being of the sixth degree. 

7 All attempts at the solution of equations of the fifth degree 
| having failed, it was natural that mathematicians should inquire 
_ whether any such solution was possible at all. Demonstrations have 
_ been given by Abel and Wantzel (see Serret’s Cours d’ Algébre supé- 
a rieure, Art. 516) of the impossibility of resolving algebraically equa- 
tions unrestricted in form, of a degree higher than the fourth. A 
_ transcendental solution, however, of the quintic has been given by 
' M. Hermite, in a form involving elliptic integrals. Among other 
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contributions to the discussion of the quintic since the researches o 
Lagrange, one of leading importance is its expression in a trinomial 
form by means of the Tschirnhausen transformation (see Art. 194), 
Tschirnhausen himself had succeeded in the year 1683, by means of # 
the assumption y = P+ Qx + 2, in the reduction of the cubic an 
quartic, and had imagined that a similar process might be applied t 
the general equation. The reduction of the quintic to the trinomial 
form was published by Mr. Jerrard in his Mathematical Researches, : 
1832-1835 ; and has been pronounced by M. Hermite to be the most — 
important advance in the discussion of this quantic since Abel’ 
demonstration of the impossibility of its solution by radicals. In a | 
Paper published by the Rev. Robert Harley in the Quarterly Journal : 
of Mathematics, vol. vi., p. 88, it is shown that this reduction had bee aq 
previously effected, in 1786, by a Swedish mathematician named — 
Bring. Of equal importance with Bring’s reduction is Dr. Sylvester’s. 
transformation (Art. 198), by means of which the quintic is expressed _ 
as the sum of three fifth powers, a form which gives great facility t 
the treatment of this quantic. Other contributions which have been — 
made |in recent years towards the discussion of quantics of the fifth | 
and higher degrees have reference chiefly to the invariants and cova-_ 
riants of these forms. For an account of these researches the student 
is referred to Clebsch’s Theorie der bindren algebraischen Formen, an 
to Salmon’s Lessons Introductory to the Modern Higher Algebra. 

There has also grown up in recent years a very wide field of inves 
tigation relative to the algebraic solution of equations, known as th 
‘‘ Theory of Substitutions.” This theory arose out of the researches o 
Lagrange before referred to, and has received large additions from th 
labours of Cauchy, Abel, Galois, and other writers. Many importan 
results have been arrived at by these investigators; but the subject i 
of too great extent and difficulty to find any place in the presen 
work. The reader desirous of information on this subject is referre 
to Serret’s Cours @ Algébre supérieure, and to the Zraité des Substitu 
tions et des Equations algébriques, by M. Camille Jordan. 
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| 
| NOTE B. 
3 


SOLUTION OF NUMERICAL EQUATIONS. 


4 Tue first attempt at a general solution by approximation of nume- 
_rical equations was published in the year 1600, by Vieta. Cardan 
had previously applied the rule of ‘false position” (called by him 
‘regula aurea’) to the cubic; but the results obtained by this 
method were of little value. It occurred to Vieta that a particular 
numerical root of a given equation might be obtained by a process 
_ analogous to the ordinary processes of extraction of square and cube 
3 roots; and he inquired in what way these known processes should be 
modified in order to afford a root of an equation whose coefficients are 
4 given numbers. Taking the equation f(2) = Q, where Q is a given 
: number, and f(2) a polynomial containing different powers of z, with 
| numerical coefficients, Vieta showed that, by substituting in f(x) a 
_ known approximate value of the root, another figure of the root 
. (expressed as a decimal) might be obtained by division. When this 
: value was obtained, a repetition of the process furnished the next 
figure of the root; and so on. It will be observed that the principle 
- of this method is identical with the main principle involved in the 
methods of approximation of Newton and Horner (Arts. 100, 101), 
_ All that has been added since Vieta’s time to this mode of solution of 
- numerical equations is the arrangement of the calculation so as to 
afford facility and security in the process of evolution of the root. 
_ How great has been the improvement in this respect may be judged 
_ of by an observation in Montucla’s Histoire des Mathématiques, vol. i., 
: p- 603, where, speaking of Vieta’s mode of approximation, the author 
| regards the calculation (performed by Wallis) of the root of a biqua- 
| dratic to eleven decimal places as a work of the most extravagant 
- labour. The same calculation can now be conducted with great 
ease by anyone who has mastered Horner’s process explained in the 

text. 
o Newton’s method of approximation was published in 1669; but 

before this period the method of Vieta had been employed and sim- 
| plified by Harriot, Oughtred, Pell, and others. After the period of 
Newton, Simpson and the Bernoullis occupied themselves with the 
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same problem. Daniel Bernoulli expressed a root of an equation in 


the form of a recurring series, and a similar expression was given by 


Euler; but both these methods of solution have been shown by 
Lagrange to be in no respect essentially different from Newton’s 


solution (Zraité de la Résolution des Equations numériques). Up to — 
the period of Lagrange, therefore, there was in existence only one — 
distinct method of approximation to the root of a numerical equation ; { 
and this method, as finally perfected by Horner, in 1819, remains at 
the present time the best practical method yet discovered for this — 


purpose. 


Lagrange, in the work above referred to, pointed out the defects : 4 
in the methods of Vieta and Newton. With reference to the former ; 
he observed that it required too many trials; and that it could not be t 
depended on, except when all the terms on the left-hand side of the — 
equation f(x) = Q were positive. As defects in Newton’s method he F 
signalized—first, its failure to give a commensurable root in finite i 
terms ; secondly, the insecurity of the process which leaves doubtful ; 
the exactness of each fresh correction; and lastly, the failure of the oh 
method in the case of an equation with roots nearly equal. The 1: 
problem Lagrange proposed to himself was the following :—‘ Etant — 
donnée une équation numérique sans aucune notion préalable de la — 
grandeur ni de l’espéce de ses racines, trouver la valeur numérique | 
exacte, s’il est possible, ou aussi approchée qu’on voudra de chacune | 


de ses racines.”’ 


- 
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Before giving an account of his attempted solution of this problem, 4 
it is necessary to review what had been already done in this direction, — 


in addition to the methods of approximation above described. Harriot — 
discovered in 1631 the composition of an equation as a product of — 


factors, and the relations between the roots and coefficients. Vieta 


had already observed this relation in the case of a cubic; but he- 
failed to draw the conclusion in its generality, as Harriot did. This | 
discovery was important, for it led to the observation that any integral 
root must be a factor of the absolute term of an equation, and New- | 


ton’s Method of Divisors for the determination of such roots was — 


3 
3 
| 


a natural result. Attention was next directed towards finding limits 1 


of the roots, in order to diminish the labour necessary in applying the 
method of divisors as well as the methods of approximation previously 


in existence. Descartes, as already remarked, was the first to recog- | 


nise the negative and imaginary roots of equations; and the inquiry 


hinge: 


§ 
= 
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_ commenced by him as to the determination of the number of real and 
_ of imaginary roots of any given equation was continued by Newton, 
| Stirling, De Gua, and others. 

Lagrange observed that, in order to arrive at a solution of the 
problem above stated, it was first necessary to determine the number 
of the real roots of the given equation, and to separate them one from 
another. For this purpose he proposed to employ the equation whose 

| Toots are the squares of the differences of the roots of the given equa- 
tion. Waring had previously, in 1762, indicated this method of 
separating the roots; but Lagrange observes (Equations numérigques, 
Note ili.), that he was not aware of Waring’s researches when he 
_ composed his own memoir on this subject. It is evident that when 
| the equation of differences is formed, it is possible, by finding an 
' inferior limit to its positive roots, to obtain a number less than the 
f least difference of the real roots of the given equation. By substi- 
f tuting in succession numbers differing by this quantity, the real roots 
of the given equation will be separated. When the roots are sepa- 
| rated in this way Lagrange proposed to determine each of them br 
_the method of continued fractions, explained in the text (Art. 105). 
/This mode of obtaining the roots escapes the objections sbove stated 
= to Newton’s method, inasmuch as the amount of error in each suc- 
/cessive approximation is known ; and when the root is commensurable 
‘the process ceases of itself, and the root is given in a finite form. 
‘Lagrange gave methods also of obtaining the imaginary roots of 
‘equations, and observed that if the equation had equal roots they 
‘could be obtained in the first instance by methods already in existence 
(see Art. 74). 
| Theoretically, therefore, Lagrange’s solution of the problem which 
= he proposed to himself is perfect. As a practical method, however, it 
Sis almost useless. The formation of the equation of differences for 
equations of even the fourth degree is very laborious, and for equa- 
tions of higher degrees becomes well-nigh impracticable. Even if 
ithe more convenient modes of separating the roots discovered since 
Lagrange’s time be taken in conjunction with the rest of his process, 
‘still this process is open to the objection that it gives the root in 
he form of a continued fraction, and that the labour of obtaining 
it in this form is greater than the corresponding labour of obtaining it 
by Horner’s process in the form of a decimal. It will be observed 
0 that the latter process, in the perfected form to which Horner 
21 
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has brought it, is free from all the objections to Newton’s method 
above stated. 5 

Since the period of Lagrange, the most important contributions to 
the analysis of numerical equations, in addition to Horner’s improve- 
ment of the method of approximation of Vieta and Newton, are those 
of Fourier, Budan, and Sturm. The researches of Budan were pub- 
lished in 1807; and those of Fourier in 1831, after his death. There — 
is no doubt, however, that Fourier had discovered before the publica- 
tion of Budan’s work the theorem which is ascribed to them conjointly 
in the text. The researches of Sturm were published in 1835. The — 
methods of separation of the roots proposed by these writers are fully 
explained in Chapter IX. By a combination of these methods with 
that of Horner, we have now a solution of Lagrange’s problem far 
simpler than that proposed by Lagrange himself. And it appears — 
impossible to reach much greater simplicity in this direction. In _ 
extracting a root of an equation, just as in extracting an ordinary © 
square or cube root, labour cannot be avoided; and Horner’s process a 
appears to reduce this labour toa minimum. The separation of the 
roots also, especially when two or more are nearly equal, must remain 
a work of more or less labour. This labour may admit of some reduc- 
tion by the consideration of the functions of the coefficients which — 
play so important a part in the theory of the different quantics. If, 
for example, the functions H, J, and J, are calculated for a given 
quartic, it will be possible at once to tell the character of the roots 
(see Art. 68). Mathematicians may also invent in process of time 


some mode of calculation applicable to numerical equations analogous 
to the logarithmic calculation of simple roots. But at the present 
time the most perfect solution of Lagrange’s problem is to be sought 
in a combination of the methods of Sturm and Horner. | 
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NOTE OC. 
THE PROPOSITION THAT EVERY EQUATION HAS A ROOY. 


Ir is important to have a clear conception of what is proved, and 
what it is possible to prove, in connexion with the proposition dis- 
cussed in Arts. 115, 116. If in the equation a,2"+a,2""'+...a,=0 
the coefficients a, a@,...4a, are used as mere algebraical symbols 
without any restriction—that is to say, if they are not restricted to 
denote numbers, either real, or complex numbers of the form treated 
in Chapter XI., then, with reference to such an equation it is not 
proved, and there exists no proof, that every equation has a root. 
The proposition which is capable of proof is that, in the case of any 
rational integral equation of the »™ degree, whose coefficients are all 
complex (including real) numbers, there exist » complex numbers 
which satisfy this equation; so that, using the terms number and 
numerical in the wide sense of Chapter XI., the proposition under 
consideration might be more accurately stated in the form—LZvery 
numerical equation of the n degree has n numerical roots. 

As regards this proposition, there appears little doubt that the 
- most direct and scientific proof is one founded on the treatment of 
_ imaginary expressions or complex numbers of the kind considered in 
Chapter XI. The first idea of the representation of complex numbers 
by points in a plane is due to Argand, who in 1806 published anony- 
mously in Paris a work entitled Lssai sur une maniere de représenter 
les quantités imaginaires dans les constructions géométriques. This 
- writer some years later gave an account of his researches in Gergonne’s 
Annales. Notwithstanding the publicity thus given by Argand to his 
new methods, they attracted but little notice, and appear to have been 
discovered independently several years later by Warren in England 
and Mourey in France. These ideas were developed by Gauss in his 
works published in 1831; and by Cauchy, who applied them to the 
proof of the important theorem of Art. 114. With reference to the 
proposition now under discussion, the proof which we have given in 
Art. 116 is a modification of a proof found in Argand’s original me- 
moir, and reproduced by Cauchy in his Evercices d Analyse. A proof 
in many respects similar was given by Mourey. 

212 


a 
4 fii) nr sans 
Pee tue! er 
eae feat? 


484 Notes. 4 


Before the discovery of the geometrical treatment of complex 
numbers, several mathematicians occupied themselves with the pro- 
blem of the nature of the roots of equations. An account of their 
researches is given by Lagrange in Note IX. of his Zguations numé- — 
riques. The inquiries of these investigators, among whom we may | 
mention D’Alembert, Descartes, Euler, Foncenex, and Laplace, re- : 
ferred only to equations with rational coefficients ; and the object in — 
view was, assuming the existence of factors of the form 7- a, x —- B, 
&c., to show that the roots a, 8, &c., were all either real, or imagi- — 
nary quantities of the type a+ 4/-—1; in other words, that the 
solution of an equation with real numerical coefficients cannot give rise — 
to an imaginary root of any form except the known form a+ 6b./-1, 
in which a and J are real quantities. For the proof of this proposition — 
the method employed in general was to show that, in case of an — 
equation whose degree contained 2 in any power 4, the possibility of 
its having a real quadratic factor might be made to depend on the 2 


oy 
or 


solution of an equation whose degree contained 2 in the power k-1 
only ; and by this process to reduce the problem finally to depend on eS 
the known principle that every equation of odd degree with real coef. 
ficients has a real root. Lagrange’s own investigations on this subject, — 2 
given in Note X. of the work above referred to, related, like those 

of his predecessors, to equations with rational coefficients, and are g 
founded ultimately on the same principle of the existence of a real — = 
root in an equation of odd degree with real coefficients. : 

As resting on the same basis, viz. the existence of a real root i in 

an equation of odd degree, may be noticed two recently published 
methods of considering this problem—one by the late Professor Clif. 
ford (see his Mathematical Papers, p. 20, and Cambridge Philosophical — 
Soctety’s Proceedings, I1., 1876), and the other by Professor Malet 
(Transactions of the Royal Trish Academy, vol. xxvi., p. 453, 1878). — 
Starting with an equation of the 2m degree, both writers employ — 
Sylvester’s dialytic method of elimination to obtain an equation of the 
degree m(2m-—1) on whose solution the existence of a root of the 
proposed equation is shown to depend; -and since the number m(2m—1 yi 
contains the factor 2 once less often than the number 2m, the proble nf 
is reduced ultimately to depend, as in the methods above mentioned, 
on the existence of a root in an equation of odd degree. The two 
equations between which the elimination is supposed to be effected are ‘ 
of the degrees m and m—1; and the only difference between the two. : 


RP etiags 


iy ee as 


4p 
ae 
- : 
‘ 


Notes. 485 


modes of proof consists in the manner of arriving at these equations. 
In Professor Malet’s method they are found by means of a simple 
transformation of the proposed equation, while Professor Clifford 
obtains them by equating to zero the coefficients of the remainder 
when the given polynomial is divided by a real quadratic factor. The 
forms of these coefficients are given in Ex. 88, p. 306; and it will be 
readily observed that the elimination of 8 from the equations obtained 
by making 7, and 7, vanish will furnish an equation in a of the degree 
m (2m —- 1). 


NOTED. 
DETERMINANTS. 


Tne expressions which form the subject-matter of Chapter XII. 
_ were first called ‘‘ determinants” by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
_ ternary quadratic forms. Although Leibnitz had observed in 1693 
aq the peculiarity of the expressions which arise from the solution of 
linear equations, no further advance in the subject took place until 
4 Cramer, in 1750, was led to the study of such functions in connexion 
_ with the analysis of curves. To Cramer is due the rule of signs of 
_ Art. 118. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandermonde, and Lagrange. In the present century the earliest 
| cultivators of this branch of mathematics were Gauss and Cauchy ; 
| the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
formal treatise on the subject. In his memoir on Alternate Functions, 
published in the Journal de l’Ecole Polytechnique, vol. x., he dis- 
cusses determinants as a particular class of such functions, and 
proves several important general theorems relating to them. A 
great impulse was given to the study of these expressions by the 
writings of Jacobi in Crelle’s Journal, and by his memoirs published 
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in 1841. Among more recent mathematicians who have advanced 
this subject may be mentioned Hermite, Hesse, Joachimsthal, Cayley, 
Sylvester, and Salmon. There is now no department of mathematics, 
pure or applied, in which the employment of this calculus is not of 
great assistance, not only furnishing brevity and elegance in the 
demonstration of known properties, but even leading to new discove- 
ries in mathematical science. Among recent works which have 
rendered this subject accessible to students may be mentioned Spot-. 
tiswoode’s Elementary Theorems relating to Determinants, London, 1851; 
Brioschi’s La teortca dei Determinanti, Pavia, 1854; Baltzer’s Theorie 
und Anwendung der Determinanten, Leipzig, 1864; Dostor’s Eléments 
de la théorte des Déterminants, Paris, 1877; Scott’s Theory of Deter- 
minants, Cambridge, 1880; and the chapters in Salmon’s Lessons 
Introductory to the Modern Higher Algebra, Dublin, 1876. For furthe 
information on the history of this subject, as well as on that of Elimi-— 
nants, Invariants, Covariants, and Linear Transformations, the reader 
is referred to the notes at the end of the work last mentioned. 


NOTE E. 


COMBINED FORMS. 


We give here, as an appendix to Chap. XVII., an enumeration ¢ 

the concomitants of two quartics U and V. For this purpose it i 
convenient to use the notation (¢, yW)? for (1, 2)? di, when the di 
tinction between the variables is removed. In this notation we hay 
sixteen covariants (U,,V,)*, (U,, H'.), (V., H.), (H,, H',)?, whe 
p has the four values 1, 2, 3, 4; but of these Sylvester has reduced 
(H,, H',) and (H,, H’,)*, so that only fourteen independent cova- 
riants are obtained in this way ; we have, however, to add the four 
covariants (H,, G’,), (H’., G.), (H., @’.)', (H'., G,)*. These arenay 
the eighteen special covariants of this system (Gordan, Math. Ann. 0. 

275). To this list are to be added the five forms belonging to each — 
quartic separately, viz. U,, H,, G,,J,J, and V,, H',, G',, I’, ‘4 : 
Hence there are in all twenty-eight forms made up as follows :— : 
eight invariants, eight quadric, seven esau and five sextic con 
variants. 
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The Table which follows gives the number of forms of the combined 
systems from I., I. to IV., LV. :— 


fr | IV. 
ies 5 | 13 | 20 
Il. 6 116-46 
III. 26 | 61 
IV. | 28 

NOTE fF. 


THE QUINTIC AND ITS CONCOMITANTS. 


Gorpan fixes the number of independent concomitants as twenty- 
three, which may be derived as follows :—the first fourteen, viz. four 
invariants, four linear covariants, three quadratic covariants, and three 
cubic covariants come from the covariants J, of the second degree and 
J, of the third degree considered as a distinct combined system in the 
manner of Art. 184; one reduction, however, in the number there ob- 
tained occurs in this case, for the resultant of 7, and J,, or R(J,, J), 
is the same as the discriminant of J,, or A (J,), both leading to the 
same invariant of the twelfth order. In addition to the fourteen thus 
obtained the remaining concomitants are defined as follows, HX, being 
used to denote the Hessian of J, :— 


Quartic Covariants: J,(H,) = Q., J(J,, Q); 
Quintic Covariants: U,, J(U,, I,), J(U., KE.) ; 
Sextic Covariants: H,, J(J,, H,), 

Septic Covariant: J(H,, J); 

Nonic Covariant: J(U,, H,). 


The foregoing results are collected in the following Table, where 
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p signifies the degree in the variables, a the order in the coefficients 
of the quintic, and v the number of concomitants of each degree :— _ 


p @ v 
0 4 8 a us sk 
1 5 7 1 | 13 4 
2 2 6 8 3 
3 3 5 9 3 
4 4 6 2 
5 1 3 7 3 
6 2 7 2 
7 5 1 
9 3 1 


Adopting the definitions of the invariants given by Clebsch and — j 
Gordan, and implied in the following equation (see Art. 183), the | 
connexion between the four invariants of the quintic is established as _ 
follows :— ; 


-J*(1,, K,) = LK? - 24,0,K, + lel? ; 
also | 44 (J,)=L,= Lott + Thy. 

Now, substituting Z, and —- Z, for x and y in J,, X,, and J(J,, K, 
we find - JT? = (Lh, 4, Lie), | 
since RU, L.) = 1203 - 1614, 

Fe eae Fy a Fas A 


Thus JZ, is defined, and its square expressed in terms of the other — 
invariants which are not skew. : 
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NOTE: G. 
THE SEXTIC AND ITS CONCOMITANTS. 


Tue first sixteen forms come from J, and Z, treated as a combined 
system (Art. 209). In this way we obtain all the invariants, quad- 
ratic covariants, and quartic covariants. There are in general 
eighteen forms in the combination of a quartic and quadratic, but in 
this special case, owing to the nature of the coefficients, the invariant 
D,, which is an invariant J, of the sextic, is expressible in terms of the 
invariants /,, 4, J, in the form J, = p/,? + q/,J,: also the covariant 
sextic of J, is reducible to those which occur in the enumeration 
which follows. It should be noticed that since n= — 2x is even for 
the sextic, all the forms are even in the variables. 
The following is a complete enumeration of the covariants :— 


Quadrics: Z,=1,(U), M,=L,(J,), N,=M,(1,), 
Ii, Woy D0 NS, TUE NA. 

Quartics: J HU.) JU, Bs a, oC). 

Sextics : U, Jo JUG, Best, Bo Le. 

Octavics: d7,, Sf CU 1) ne Lo, 

Decimie: J(2,, H,). 

Duodecimic: G,. 


These results are collected in the following Table, in which p is 
the degree of the concomitant, @ the order in the coefficients, and v 
the number of each kind :— 


| p | ; @ | v | 
| | ee 
— —_——| 
a | 

Pie: 4 | 6 10 | 16 | 6 
| Sl 8 5 | 7 $10) a oe 
ea 2 4 | 5 7 9 | 6 | 
Pet a] 4 ye. Po 
be 8 2 3 3 | tee Gee 
1 4 | a 
12 || 3 | a 
| | ; 
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It will be noticed that there are two covariants of the sixth degree ey: 


in the variables, and of the sixth order in the coefficients; this is the 


first instance in which there are two seminvariants of the same order __ 


and weight in the binary system (see p. 331). 

It may be observed that if the ternary forms of any three of the 
quadratic covariants be taken as lines of reference, the sextic will be 
represented by a cubic and conic combined, such that every coefficient 
in the equation of either curve is an invariant of the sextic. | 


NO Lay 
DETERMINATION OF THE UNIQUE TERNARY FORM. 


Tue following is the simplest method of finding, for a given binary 
quantic of degree 2m, the ternary form JU, of degree m, such that 
1( 7) =0. | < 
Let Ube written with trinomial coefficients complete in form; for 
the variables z, y, s substitute 2, 27%, yo”, respectively, and arrange ) 
the result as a binary form of the 2m degree; this form will then 
become 3% (pa, + qa,+ 1rd, + &¢.) xo" yf, Where dy, a, a, &e. &e. 
are the literal coefficients of the ternary form, and g, g, 7, &c. &c. 
their numerical multipliers. The reduction of U from having 
m(m + 3) 7 
2 2 
will be accomplished by putting a, =a, =a,, &c. in such compound terms. 
When this change is made it will be found that the differential equa- 
tion ofa ~ es 
dadx = dy? 
is the proper binomial multiplier in the binary form. When, for 
example, m = 4 we have the following quartic for U:— 


+ 1 coefficients to aform with only 2m + 1 distinct coefficients 


= 0 is satisfied identically: also that y+q+7r+ &e. 


Agu* + agy* + agzt + 6 (agy?s? + ayx?x? + dgx*y’) 
+4 (aay + dov*s + agy®x + Asy*s + dgx'a + a;2°y) 
+ l2xryz (asv + ayy + ap2), 
which becomes on transformation 
8 
(ao, &, Az, A3, M4, As, Me, A, As) (2, Yo) : 


All.the concomitants of this ternary quartic U and the conic y’ — 42x 
combined, are also concomitants of the binary octavic. 
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Abel, 477. 
Absolute invariants, 444. 
Addition of determinants, 266. 
Algebraical equations, 2, 200. 
their solution, 105. 
solution of cubic, 108. 
of biquadratic, 121. 
note on their solution, 475. 
Alkhayyami, 475. 
Alternants, 303, 342. 
Approximation to numerical roots : 
Newton’s, 210. 
Horner’s, 212. 
Lagrange’s, 226. 
Arabians, 475. 
Argand, 483. 
Argument of complex variable, 234. 
variation of, 241. 
Arrays, square, 250. 
rectangular, 277. 


Ball, on quadratic factors of sextic co- 
variant of quartic, 398. 

Baltzer, 486. 

Ben Musa, 475. 

Bezout’s method of elimination, 350. 

Binary forms transformed to ternary, 

455. 

Binomial coefficients, 68. 

Binomial equations : solution of, 90. 
leading general properties of, 92. 
solution by circular functions, 98. 
Gauss’s method of solving, 102. 


Biquadratic, 73. 
Euler’s solution of, 121. 
Ferrari’s, 129. 
Descartes’, 133. 
transformed to reciprocal form, 
135. 
solved by symmetric functions, 
139. 
equation of differences, 142. 
nature of its roots, 144, 196. 
Bombelli, 476. 
Bring, 478. 
Brioschi, 486. 
Budan: theorem of Fourier and, 174. 


Cardan: solution of cubic, 108. 
his relations with Tartaglia, 476. 
Cauchy: his theorem, 243. 
on determinants, 485. 
Cayley : method of forming invariants 
and covariants, 388. 
solution of cubic, 395. 
number of covariants and invariants 
of cubic, 395. 
solution of quartic, 402. 
results of Tschirnhausen’s transfor- 
mation, 426. 
Circulants, 304. 
Clebsch, referred to, 388, 444, 478. 
Clifford, on the proposition that every 
equation has a root, 484. 
Cogredient defined, 384. 
Colla, 475. 
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Combined forms, concomitants of, 410. 
two quadratics, 410. 
quadratic and cubic, 412. 
two cubics, 413. 
note on, 486. 
‘Combinants and combining covariants, 
415. 
Commensurable roots: theorem, 201. 
Complex numbers, 22, 234. 
graphic representation of, 234. 
addition and subtraction of, 235. 
multiplication and division of, 236. 
Complex variable, 238. 
Concomitants, 410. 
Continuants, 305. 
Continuity, rational integral function, 9. 
function of complex variable, 240. 
Contragredient, 448. 
Covariants : definitions, 366, 376. 
formation of, 367. 
properties of, 369. 
formation by operator D, 371. 
theorem relating to, 373. 
homographic transformation ap- 
plied to, 374. 
properties derived by linear trans- 
formation, 378. 
propositions relating to their for- 
mation, 381, 383, 385. 
of cubic, 392. 
their number, 395. 
of quartic, 397. 
their number, 405. 
special, 410. 
Cube roots of unity, 43. 
Cubic, 71. 
equation of differences, 81. 
criterion of nature of its roots, 84. 
Cardan’s solution of, 108. 
as difference of two cubes, 111. 
solved by symmetric functions, 113. 
homographic relation between two 
roots, 120. 
covariants and invariants, 392, 395. 
transformed by ‘Tschirnhausen’s 
method, 426. 
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Darboux, reduction of two quadrics to 
sums of squares, 441. 
Darwin, G. H., numerical equation, 
231. 
De Gua: rule for finding imaginary 
roots, 182. 
Derived functions, 8. 
graphic representation of, 154. 
in terms of the roots, 157. 
Descartes: rule of signs, 28, 30, 182. 
solution of the biquadratic, 138. 
his improvements in Algebra, 476. 
Determinants: definitions, 247. 
propositions relating to, 252-273. 
minor determinants, 257. 
development of, 257, 262, 264, 265. 
addition of, 266. 
multiplication of, 273. 
reciprocal determinants, 283. 
symmetric determinants, 285. 
skew and skew-symmetric, 288. 
miscellaneous examples in, 294- 
dil. 
note on their history, 485. 
Dialytic method of elimination, 349. 
Discriminants, 357. 
Divisors, Newton’s method of, 202. 


Elimination, 344. 
by symmetric functions, 345. 
Euler’s method, 348. 
Sylvester’s method, 349. 
Bezout’s method, 350. 
other methods of, 355. 
Emanants, 384. 
Equal roots, 25. 
condition for in cubic, 84. 
in biquadratic, 144, 
determination of, 159. 
Equation of squared differences : 
of cubic, 81. 
of the general equation, 84. 
of biquadratic, 142. 
Equation whose roots are any powers of 
roots of given equation, 78. , 
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Equations linear, solution of, 280. 
linear homogeneous, 282. 

Euler: solution of biquadratic, 121. 
his reducing cubic, 122. 
method of elimination, 348. 
publication of his Algebra, 476. 


Ferrari: solution of biquadratic, 129. 
Florido, 475. 
Fourier: his theorem, 174, 440. 
the theorem applied to imaginary 
roots, 179. 
corollaries from the theorem, 182. 
Fundamental theorem, 245. 


Gauss, binomial equations, 102. 
Galois, 478. 
his theorem, 447. 


Gordan, investigations on fundamental | 


concomitants, 410. 
covariants of two quartics, 486. 
concomitants of quintic, 487. 
Graphic representation : 
of polynomial, 13. 
of derived functions, 154. 
of complex numbers, 234. 
Greatheed: solution of biquadratic, 
136. 


Harley, 478. 
Hermite : his theorem relating to limits 
of roots, 435. 
on the reduction of the quintic, 
478. 
Hessian: of cubic, 367, 368, 372, 393. 
of quartic, 371, 372, 397. 
its form in general, 384. 
of quartic expressed by factors of 
sextic covariant, 400. 
Homogeneous : linear equations, 282. 
quadratic expressed as sum of 
squares, 432. 
Homographic transformation, 75. 
reduced to double linear transfor- 
mgtion, 375. 
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Homographic relation between roots of 
a cubic, 120, 451. 
Horner : his method of solving nume- 
rical equations, 212. 
contraction of the process, 220. 
process applied to cases where roots 
are nearly equal, 223. 
his improvements in solution of 
numerical equations, 481. 


Imaginary roots, 21. 
enter equations in pairs, 26. 
Invariants: definitions, 366, 376. 
formation of, 367. 
properties, of, 369. 
modes of generation, 382, 383, 
385, 386. 
of cubic, 395. 
of quartic, 368, 397, 405. 
of the form «U — AH,, 403. 
skew, 369. 
absolute, 444. 


Jacobi, theorem, 433. 
Jacobian, defined, 386. 
Jerrard, 478. 

Jordan, 478. 


Lagrange: method of approximation, 
226. 
on equation of differences, 142. 
on solution of equations, 477. 
his treatise on Numerical Equations 
referred to, 143, 480, 481, 484. 
Laplace: development of determinant, 
262. 
proof that every equation has a root, 
484. 
Leonardo, 475. 
Limits of roots: definitions, 165. 
propositions relating to superior 
limits, 165, 166, 170. 
Newton’s method, 170. 
inferior limits, and limits of nega- 
tive roots, 171. 
Limiting equations, 172. 
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Linear equations: solution of, 280. 
homogeneous, 282. 
Lucas de Burgo, 475. 


Magic squares, 270. 

Malet, on the proposition that every 
equation has a root, 484. 

Maxima and minima, 17, 155. 

Method of least squares, 311. 

Minor determinants, 257. 

Modulus: linear transformation, 376. 
of complex numbers, 234. 

Multiple roots, 25, 158, 159. 
determination of, 159. 

Multiplication of determinants, 273. 
of complex numbers, 236. 


Newton’s method of finding limits, 170, 
182. 
method of divisors, 202. 
of approximation to numerical 
roots, 210. 
theorem on sums of powers of 
roots, 312. 
Numbers, complex, 22, 234. 
Numerical equations, 2, 200. 
commensurable roots of, 201. 
multiple roots of, 159, 207. 
methods of approximation, 210, 
212, 226: x, 
note on the solution of, 479. 
note on the proposition that every 
equation has a root, 483. 


Order of Symmetric Functions, 322. 


Polynomials: general properties, 5, 6. 
change of form of, 8. 
continuity of, 9. 
graphic representation of, 13. 
maxima and minima, 17. 
Purser, property of Sturm’s functions, 
199. 
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Quartic: covariants and invariants, 397. 
expressed by quadratic factors of 
sextic covariant, 400. 
resolution of, 402. 
number of its covariants and inva- 
riants, 405. 
transformed by Tschirnhausen, 427. 
two transformable into each other, 
443. } 
Quintic: solution of special form, 104. 
reduction to trinomial form, 431. 
to sum of three fifth powers, 442. 
impossibility of its solution by ra- 
dicals, 477. 
table of its concomitants, 488. 
Quotient and remainder: when poly- 
nomial is divided by binomial, 10. 
when one polynomial is divided by 
another, 306. 
general forms of the coefficients 
when polynomial of even degree 
is divided by a quadratic, 306. 


Reality of roots: of cubic, 84. 
of biquadratic, 144. 
in general, 195. 
Reciprocal determinants, 283. 
Reciprocal roots and reciprocal equa- 
tions, 62. 
solution of reciprocal equations, 90. 
transformation of biquadratic to 
reciprocal form, 135. 
Rectangular arrays, 277. 
Reducing cubic, 122. 
Removal of terms, 67. 
of three terms by Tschirnhausen’s 
transformation, 430. 
Resultant of two equations, 344. 
properties of, 346. 
Roberts : on an equation derived from 
two cubics, 118. 
on equation of squared differences 
of biquadratic, 144. 
identical relation, 153. 
example on quartic and quintic,198. 


i 
~ 


Index. 


- »ubdérts: on source of covariant, 367. 
on product of covariants, 390. 
multinomial theorem, 390. 

Rolle’s theorem, 157. 

Roots : theorems relating to, 19. 
imaginary, 21. 
number of, 22. 
equal, 25. 

Descartes’ rule for positive, 28. 

for negative and imaginary, 30. 

how related to coefficients, 35. 

cube roots of unity, 43. 

symmetric functions of, 46, 312. 

multiple, 158, 207. 

limits of, 165. 

separation of, 174. 

commensurable, 201. 

common to two equations, 360. 

Hermite’s theorem on limits of, 

435. 

Cauchy’s theorem concerning, 244. 
Routh: examples in determinants, 308. 
Rule: Descartes’, 28, 182. 

of signs for determinant, 250. 

De Gua’s, 182. 

of the double sign, 182. 

Russell, examples on covariants, 453, 
454. 


Salmon’s Modern Higher Algebra, re- 
ferred to, 308, 388, 478, 486. 

Scipio Ferreo, 475. 

Semicovariants, defined, 329. 
formation of by operator D, 330. 
how they differ from covariants, 

370, 380. 
theorem relating to roots, 373. 
Seminvariants, defined, 329. 
calculation of by operator D, 
331, 332. | 
compared with invariants, 380. 
number of, 446. 
Separation of roots, 174. 
Serret’s Algebra referred to, 431, 451, 
477, 478. 
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Sextic, principal concomitants, 473. 
table of its concomitants, 489. 
covariant of quartic, 398. 

Simpson, 476. 

Skew and skew-symmetric determi- 

nants, 288. 
Skew invariants, 369. 
Special roots of binomial equations, 95. 
Squares, least, 311. 
Sturm : his theorem, 183. 
for equal roots, 188, 
application of theorem, 191. 
leading coefficients of functions ex- 
pressed as determinants, 333. 

Sylvester’s forms of his remain- 
ders, 437. 

Sums of powers of roots: 

Newton’s theorem on, 312. 

in terms of coefficients, 316, 321. 

coefficients expressed by, 317, 
322. 

Sylvester : method of elimination, 349. 
reduction of quintic to sum of 

three fifth powers, 442. 
forms of Sturm’s remainders, 437. 

Symmetrjc functions: definitions, 46. 
theorems relating to, 53. 
transformation by means of, 76. 
expressed rationally in terms of 

coefficients, 314. 
order and weightwf, 52, 322. 
calculation of, 323, 327. 
applied to elimination, 345. 
of the roots of two equations, 361. 


Tabulation of functions, 12. 
Tartaglia, 475. 
‘Transformation : of equations, 60. 
of cubic, 71. 
of biquadratic, 73. 
homographic, 75. 
by symmetric functions, 76. 
in general, 80. 
reduction of homographic to double 
linear, 375. 
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Transformation : linear, applied to co- 
variants, 378. 
theorem relating to, 422. 
Tschirnhausen’s, 424, 
geometrical, 455. 
of binary to ternary forms, 455. 
Tschirnhausen’s transformation, 424. 
applied to cubic, 426. 
to quartic, 427. 
reduction of cubic to binomial 
form, 428. 
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Tschirnhausen’s transformation : of 
quartic to trinomial form, 429. 
of quintic to trinomial form, 431. 


Vandermonde, 477, 485. 
Variable, complex, 238. 
Vieta, 479. 


Wantzell, 477. 

Waring, expressions for sums of powers, 
318. 

Weight of symmetric functions, 53, 322. 
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